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PREFACE.

THIS book is an outgrowth of a course of lectures prepared for

instruction at Cornell at a time when there was but little available

in English on the subject of geodesy outside of the Coast Survey

Reports.

Field practice in geodetic, hydrographic, and topographic sur-

veying was introduced as a part of the course, the work advancing
from year to year continuously over the territory as in actual

practice. This furnished data for reduction, computation, and

mapping, so that the course has been thoroughly practical.

The lecture notes have been revised from time to time and

printed by one of the duplicating processes for the use of the stu-

dents, as they have seemed to meet our needs better than the

books which have been published on the subject.

In preparing the notes for publication they have been elaborated

to give them the character of a text-book, and they have been

thoroughly revised in the effort to bring the work up to the best

standard practice.

Acknowledgment is due to many friends for data and sugges-

tions, and especially to Mr. Ross M. Riegel, C.E., an instructor in

the college, for intelligent and conscientious aid in carrying through

the revision and proof-reading.

The material for the work has been gradually collected from

various sources, some of which have been referred to in the text.

The principal are: Clarke's Geodesy, Jordan's Vermessungskunde,

Chauvenet's Method of Least Squares, Wright and Hayford's Ad-

justment of Observations, and the Reports and data furnished from

the office of the Coast Survey.

For a bibliography of geodesy reference is made to Appendix
No. 16 of the Coast Survey Report for 1887, prepared by Professor

Gore.
"

ITHACA, N. Y., Nov., 1906
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GEODESY AND LEAST SQUARES.

PAET I.

GEODESY.

CHAPTER I.

INTRODUCTION.

I. Geodetic Survey. Geodesy is the science and art of making
the measurements and reductions required in relatively locating

with accuracy, on the earth's surface, points which may be widely

separated. It hence supposes a knowledge of the figure of the

earth, a knowledge of the various phenomena which affect physical

measurements, and a knowledge of the construction and use of

instruments, in addition to the accuracy of sight and touch so

characteristic of the good observer.

A triangulation-net, or chain of triangles, is usually employed
as giving the best results, both in quantity and accuracy, for the

expenditure. Elevated points are chosen for the triangle ver-

tices at distances apart, varying with the character of the survey,

from a few miles up to a hundred; one or more level lines shorter

than the others are selected for base lines, in such positions that

they can be readily connected with the main net; signals are es-

tablished which define the vertices accurately, yet are conspicuous

enough to be seen by the aid of a telescope from the adjacent

stations; the horizontal angles of the triangles, and usually the

vertical also, or the inclinations of the sides, are then accurately

measured with a theodolite, and the base lines with a base appara-
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tus. All the. triangle sides and the differences in elevation of the

v vertices ^i-ii then be computed.

Usually the elevations above sea-level of one or more vertices

. ^r& jn\e&lsure(f,- \while the latitudes of one or more vertices, and

their longitudes with reference to some standard observatory or

reference station, and the azimuths of one or more sides, are de-.

termined by astronomical observations. The actual positions on

the earth's surface, both horizontally and vertically, can then be

computed.
The objects of a geodetic survey are usually twofold:

(a) The location or recovery of boundary and division lines or

monuments, and the furnishing of a net with which to connect a

topographic or hydrographic survey, so that the inaccuracies of

the latter cannot accumulate over large areas.

(6) The accurate determination of the figure of the earth.

The- distance between the parallels or meridians through any two

stations or vertices can be found from the triangulation, and their

difference in latitude and in longitude from the astronomical

observations. Dividing the difference in latitude in linear units

by the angle in degree-measure will give the length of a degree

of the meridian, or by the angle in 7r-measure will give its radius

of curvature. From these values in different latitudes the semi-

axes a and 6, the meridian quadrant Q and the eccentricity e, or

compression c,* can be computed, assuming the section an ellipse, or

the actual form can be approximated. Similarly, the parallels,

assumed to be circles, can be computed, giving an ellipsoid of

revolution, or their actual shape can be approximated.
2. Historic Outline. (a) In glancing at the development of

the science of Geodesy we may note as of special interest :

The first authenticated hypothesis of the spherical form of the

earth by Pythagoras, who is supposed to have been born about

582 B.C.

The first determination of the circumference by Eratosthenes,

230 B.C. He originated the method of deducing the size of the

earth from a measured meridional arc, for he found that while the

sun's rays were vertical at noon during the summer solstice at

0-6
a
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Syene in southern Egypt, they made an angle 27T/50 with the vertical

at Alexandria in northern Egypt, and reasoned from this that the

earth's circumference must be 50 times the distance between the

points. The distance, according to the statements of travelers,

was 5 000 stadia, giving 250 000 stadia for the circumference by
assuming both points to be on the same meridian (Syene is nearly
3 east of Alexandria). Jordan (Vermessungskunde, Stuttgart,

1890, vol. 3, p. 2) estimates this value to be about 16% in excess

by taking 1 stadium= 185m
,
the exact value of a stadium being

unknown.

Omitting the arc of 2 degrees of the meridian, which was directly

measured with wooden rods under the direction of an Arabian

caliph in 827, and the measurement made by Fernel in 1525 by
counting the number of revolutions made by a carriage wheel in

going from Paris to Amiens, and reducing the broken line to the

meridian, giving, by an unusual compensation of errors, a computed
circumference only 0.1% in excess, we come to

The arc measured by Snellius of Holland in 1615, it being the

first in which the principle of triangulation was employed. He
used 33 triangles; measured his base line with a chain, his angles

with a sector having sights attached; and found a meridional arc

of about 1 II'. His computed circumference was 3.4% too small.

The introduction of cross hairs in the telescope, and its adapta-
tion to angle instruments, by Picard in 1669. He extended a

triangulation over an arc of about 1 23' from a base line nearly

seven miles long, and derived the most accurate degree length

thus far given. His angles were carefully measured with a sector

of 10 feet radius, to which a telescope was attached.

The facts reported by Richer, on his return from an astronomical

expedition in 1672, namely, that his clock, which beat seconds at

Paris before starting, lost about two minutes per day while at the

island of Cayenne, South America, and could only be corrected

by shortening the pendulum 1 Paris lines.

The announcement by Newton in the Principia, 1687, of the

theory of universal gravitation, and of the corollary of the oblate

spheroidal form of the earth. The first was confirmed by Picard 's

more accurate degree length; for, with the diameter of the earth

thus given, the force of gravity at the surface and the force re-

quired to hold the moon in its orbit were to each other inversely



4 GEODESY. ( 2.)

as the squares of the distances from the earth's center. The

second was confirmed by the behavior of Richer's pendulum;

for, since *

t= n\ - (1+1

(where t is the time of oscillation in seconds in vacuo, I the length,

g the acceleration of gravity, and h the versed sine of the semi-arc

of oscillation, supposed small) ,
an increase in t, for a given value of

/ in the lower latitude, indicated a decrease in g, or an increase in

distance from the earth's center in approaching the equator.

The extension of Picard's triangulation each way from the vi-

cinity of Paris to include a meridional arc of 8 31' between 1683

and 1716 by J. and D. Cassini, from which the length of a degree

of the meridian was found to be less at the northern end than at

the southern. The earth would thus be a prolate spheroid and

not an oblate, as advocated by Newton, Huygens, and others.

Huygens had published in 1691 the results of experiments

whereby he found that a flexible hoop when rotated about one of

its diameters would become flattened at the poles if unrestrained.

The controversy which arose finally induced the French Acdemy
as the French at this time took the lead in Geodesy to send out

two expeditions, one to Peru under the equator in 1735, the other

to Lapland under the Arctic Circle in 1736, to definitely settle the

question. The degree length in Lapland, when made known in

1737, was found to be greater than at Paris; Cassini's arc, when
revised in 1744, gave a greater length for a degree of the meridian

at the northern end than at the southern; so that, when the result

from Peru was received about a year later, all agreed in confirm-

ing the oblate hypothesis. The details of the measures of these

arcs are extremely interesting. The first is described by Maupertuis
in La figure de la Terre, Paris, 1738, and by Outhier in Journal

d'un Voyage au Nord en 1736-37, while its remeasure by Svanberg,

1801-3, is described in Exposition des Operations faites en Lapponie,

by J. Svanberg, Stockholm, 1805; the second, by Cassini de

Thury, in La meridienne de I'Observatorie de Paris, verifee, Paris,

1744; and the third in La figure de la Terre, by M. Bouguer, Paris,

* Church's Mechanics, 78.
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1749, and Mesure des trois premiers Degres du Meridien by M. de

la Condamine, Paris, 1751. Clarke, Geodesy, Oxford, 1880, pp.

3-13, gives an excellent resume of the work in Lapland and Peru.

The triangulation to connect the observatories of Paris and Green-

wich proposed in 1783, and that to determine the earth's merid-

ian quadrant in 1791 from the measure of an arc of about 9 40',

extending south from the extreme northern end of France; one

ten-millionth part of this meridian quadrant was to be used as a

standard unit of length to be called a meter.

The French introduced the repeating circle (see 31) on the first,

and the Borda base apparatus (see 60) on the second. With the

one, the angle to be measured between two signals is added on the

circle as many times as desired, or, as there are repetitions as may
be done with an ordinary railroad transit. Then, subtracting the in-

itial reading from the final (with 360 added for each full circumfer-

ence passed) and dividing by the number of repetitions, the value of

the angle is found with the errors of graduation and of reading di-

vided by the number of repetitions, or by as great a number as desired.

With the other, the change in length of the measuring rod, due to

a change in temperature, is inferred from the actual change with

reference to a companion rod, having a different rate of expansion,

forming a metallic, or Borda, thermometer. While the theoretical

advantages have never been fully realized in either case, the im-

portance of the principles developed may be inferred from the

fact that both have held an important place in geodetic work
from that time to the present. For descriptions of the French

portion of the work see Expose des Operations faites en France en

1787 pour la jonction des Observaloires de Paris et Greenwich, by
MM. Cassini, Mechain, and Legendre, and the three volumes

entitled Base du systeme metrique decimate, by Delambre, Paris,

1806-10.

On the part of the triangulation which fell to the Eng-
lish, a Ramsden theodolite was introduced, of such excellent

quality that the repeating circle and the corresponding method

of repeating angles have never crossed the Channel. This instru-

ment has remained in use on primary triangulation in England
and in India to the present time; and Col. Clarke in 1880 (Geodesy,

p. 14) says that, with the exception of some very trifling repairs,

it is as good as when first used. The circle, 36 inches in diameter,
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was graduated with a dividing engine by dots into spaces of 15';

it is read by three micrometer microscopes to single seconds. The

telescope has a focal length of 36 inches, and is supported by an

axis two feet long. For a description of the work see Account of

the Observations and Calculations of the Principal Triangulation . . .
,

by Capt. A. R. Clarke, R. E., London, 1858.

3. Historic Outline. (6) The increased accuracy introduced

by the French and English on the survey to connect Paris and

Greenwicii, and on the survey to determine the length of the meter,

mark the close of the eighteenth century as the beginning of the

era of modern geodesy.

General interest in the subject became awakened, and geodetic

surveys began to extend over Europe, while the degree of accuracy

attained, in some respects at least, compares not unfavorably with

that of the present time, e.g., large triangles were easily closed

within 3" with the 36-inch Ramsden theodolite, a maximum limit

which has long been prescribed by the U. S. Coast Survey for

primary triangles, although the average closure is very much less.

In England the Ordnance Survey developed from the triangu-

lation connecting Paris and Greenwich; it has extended over the

entire kingdom, with a triangulation and detailed topography,
under Gen. Roy, Capt. Mudge, Col. Colby, and Gen. James re-

spectively, as directors. See Account of the Trigonometrical Survey

of England and Wales, 1799, also Account of the Observations and

Calculations of the Principal Triangulation . . .
, by Capt. A. R.

Clarke, London, 1858.

In India work was commenced in 1802 under Col. Lambton,
a short arc was measured in 1790 by Burrow (Monatliche Corre-

spondenz, XII, 488); it has been continued under Col. Everest,

Sir A. Waugh, Lieut.-Gen. Walker, Col. Thuillier, and Col. Gore.

The objects have been mainly topographic, but, in order to prop-

erly check the work over such large areas, chains of primary tri-

angles, with an occasional tie-chain at right angles, have been

carried along meridian lines, at such distances apart that the inter-

vening country can readily be covered by secondary triangles.

A meridional arc of about 23 49' has resulted, and an arc of the

parallel of some 30; the first is of value in degree-determinations,

but the difference in longitude has not been determined with

sufficient accuracy to warrant the use of the second. See An
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Account of the Measurements of an Arc of the Meridian between the

Parallels of 18 03' and 24 07' ...
, by Col. Everest, London, 1830,

also An Account of the Measurement of Two Sections of the Merid-

ional Arc of India, by Lieut.-Col. Everest, 1847, and Account

of the Great Trigonometric Survey of India, by Lieut.-Gen. Walker,
Col. Thuillier, and Col. Gore respectively, for the different volumes.

On the Continent geodetic work was begun in Prussia in 1802

by von Zach. In Switzerland and Italy work was begun in 1811,

the object being to join the French triangulation and secure an arc

of the parallel from the Atlantic Ocean to the Adriatic Sea; when

completed in 1832 it was not found very satisfactory and has never

received much credit.

In Russia the first work of value was begun in 1817, under

Tenner and Struve; in 1855 a meridional arc of about 25 20',

extending from the Danube to the North Sea, had been completed.

The report of the work in the two volumes, Arc du Meridien, de

25 20f

,
entrele Danube et la mer glaciale mesure depuis 1816, jusqu'en

1855 . . . ouvrage compose sur les differents materiaux et redige,

by F. G. W. Struve, St. Petersburg, 1860, is considered the great-

est contribution yet made to the subject of the figure of the earth,

and should be studied by all who are interested in Geodesy.

In Hanover Gauss measured a meridional arc for a degree-

measure, 1821-23, and extended the triangulation over the coun-

try, 1824-44. His work is classic; to it is due the first application

of the method of least squares to the adjustment of a triangulation-

net; the theory of conical coordinates; the general theory of geo-

detic lines on curved surfaces; and the invention and use of the

heliotrope.

In 1831 Bessel and Bayer began a triangulation to connect

the chains of France, Hanover, Denmark, Prussia, and Bavaria,

with that of Russia, and to serve for degree measurements. This

work is also classic; the publication of the report, Gradmessung
in Ostpreussen und ihre Verbindung . . .

, by F. W. Bessel, Berlin,

1838, is thought by Col. Clarke to mark an era in the science of

Geodesy, on account of the precision of the book, and of the work

of which it treats, many of the methods which are there for the

first time described being still in use.

The Russian and Austrian chains were connected between

1847 and 1851, and the Swiss and Lombardian chains at about
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the same time. The English and Belgian were joined in

1861.

But little work was done in Italy until the formation of the

Italian Commission, 1865. Work was begun in Spain in 1858,

and excellent results have been obtained under Col. Ibanez. A
remeasure of the French arc of Delambre and Mechain was begun
in 1870 under the direction of M. Perrier, and this was followed

by an extension of the French and Spanish chain across the Med-

iterranean to Algiers in 1879, giving a meridional arc of 27, ex-

tending from the Shetland Islands to the desert of Sahara.

The chains of Russia and England have just been connected

through central Prussia, with small discrepancies between the ten

base lines joined. Accurate topographic surveys and lines of

geodetic levels have also been extended over the greater part of

Europe.
The development of least squares has added much to the pre-

cision of geodetic work. The theory was first stated by Legendre
in 1805, and added to by Adrian in 1808; but its full develop-

ment was due to Gauss in 1809, and its first application to the

adjustment of a triangulation was made by him in adjusting the

Hanover arc, as already noted.

The method as now extended and perfected is applied in the

reduction of every important geodetic survey.

4. Geodetic Work in the United States. The English astron-

omers, Mason and Dixon, in running out the celebrated line bear-

ing their name, found the position of the division line between

Maryland and Delaware, which coincides approximately with the

meridian, to be on low and level ground, and hence well adapted
to direct measurement for a degree determination. Accordingly,

with the aid of the Royal Society of London, they made a direct

measurement with wooden rods, starting at the southwest corner

of Delaware and extending into Pennsylvania, of about 1 29',

and determined the azimuths of the different portions of the line

and the latitudes of its extremities. The work, described in Lon-

don Philosophical Transactions, 1768, by Mason and Maskelyne, is

not accepted with much confidence.

The U. S. Coast Survey was authorized by Congress in 1807;

but, owing to lack of funds, work was not commenced until 1817,

and but little was done except in detached surveys along the coast
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until 1832. The triangulation, which was commenced in the ;

vicinity of New York harbor, has been gradually extended along:

the entire Atlantic coast, along the Gulf coast, and along the greater

part of the Pacific coast, not including Alaska. In 1871 the pro-

ject was authorized of connecting the Atlantic and Pacific systems
and of furnishing trigonometric surveys to such states as should

make the necessary provisions for carrying on the topographic-

and geologic portions of the work.

This connection has been made by a chain of triangulation

along the 39th parallel. A chain has also been extended approxi-

mately along the 98th meridian from latitude 28 to latitude 46.

Considerable work has been done at the Hawaiian Islands, Porto

Rico, and the Philippines.

The opportunity afforded for state surveys has been improved

by quite a number of states, while the country will eventually be

covered with a triangulation-net which will compare favorably

with any in Europe.

Since the extension to include interior work, the survey has been

known as the Coast and Geodetic Survey. It was under the Treas-

ury Department until 1903, when it was transferred to the De-

partment of Commerce and Labor.

The superintendents, and times of their appointments, have

been: F. R. Hassler, 1807; A. D. Bache, 1843; Benjamin Pierce,

1867; C. P. Patterson, 1874; J. E. Hilgard, 1881; F. M. Thorn,

1886; T. C. Mendenhall, 1889; W. W. Duffield, 1894; H. S. Pritchett,

1897; O. H. Tittmann, 1900. The yearly reports contain much
valuable material, especially in the appendices.

The survey of the Northern and Northwestern Lakes was com-

menced in 1841, under the War Department; better instruments

and methods were introduced in 1851, and the character of the

work was gradually improved to 1870, when the survey passed under

the charge of Gen. C. B. Comstock of the Corps of Engineers. From

that date to the close in 1882 a continuous chain of triangulation,

depending upon eight carefully measured bases, was extended

from St. Ignace Island, on the north shore of Lake Superior, to

Parkersburg in southern Illinois, a distance in latitude of 10,

and from Duluth, Minn., via Chicago, to the east end of Lake

Ontario, a distance along its axis of 1300 miles, or of 16 in longi-

tude. Some very excellent base line work has been done, and the
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triangulation has been carefully executed. The work was re-

organized in 1892, and resurveys and extensions are now in progress.

See Primary Triangulation U. S. Lake Survey, 1882, by Gen. C. B.

Comstock; or see the yearly reports of the Chief of Engineers.

The Missouri and Mississippi River Commissions, under the

charge of the Corps of Engineers, have extended triangulation a

distance of 2550 miles along the Missouri and 1600 miles along the

Mississippi.

5. Degree Measurements. At the suggestion of Gen. Baeyer,

the Middle European Association for the measurement of arcs

in middle Europe was formed in 1864. At this time only three arcs

of the meridian had been measured in Europe. Nineteen states

rave support to the project, but the work was largely of local

importance.

In 1887 the association was merged into the International

Geodetic Association, and its scope enlarged to include the principal

nations. Its reports, at first published yearly but now less fre-

quently, are of great scientific interest, taking up the investiga-

tions by the different nations of such subjects as the variation of

latitude, the force of gravity, the aberration of light, etc., in con-

nection with degree measurements.

Two sets of values for the semi-axes of the ellipsoid of revolu-

tion which best corresponds with the earth are in use in Geodesy,

one set by Bessel, the other by Col. Clarke.

The first was determined in 1841 from a discussion of 10 merid-

ional arcs, total amplitude 50.6, giving
*

a= 6377397m
;

6= 6356079m
;
a-6= 2131&m

;
c= 1/299.

The second was determined in 1866 from a discussion of 5 merid-

ional arcs, the English, the Indian, the Russian, the Cape, and the

Peruvian, total amplitude 76.6, giving

a= 6378206m
;
&=6356584m

;
a-&= 21622m

;
c= 1/295.

On account of the importance of the meridional arcs in Peru

and Lapland, described in 2, the French government began the

remeasurement of the Peruvian arc in 1899, while Russia and

Sweden began the measurement of a northern arc on the island of

Spitzbergen. Their amplitudes are only 6 and 5 respectively,

* a= semi-major axis; b = semi-minor axis; c= compression= (a 6)/a.
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but they are important on account of their positions, one near

the equator, the other near the pole.

A large number of meridional arcs have been measured. The

following have an amplitude of over 20: the French-English,

from the north end of the Sahara desert to the Shetland Isles,

28; the Russian, from the mouth of the Danube to the Arctic

Ocean, 25; and the East Indian, 24.

Two important arcs of parallels have been measured : an arc of

70 from Valentia, Ireland, to the Ural Mts., latitude 52; and an

arc of 48.8 from Cape May, N. J., to Point Arena, Calif., latitude

39. Both of these arcs indicate sharper curvature than given by
the Clarke ellipsoid.

The Eastern Oblique Arc of the Coast Survey, extending from

the Bay of Fundy to the Gulf of Mexico, is important as being the

first to utilize on a grand scale a measurement oblique to the merid-

ian. The results were published in 1901.

Two long meridional arcs are now in progress, one of 65 from

the Cape of Good Hope to Egypt, with the possibility of an exten-

sion through Asia Minor to join the Russian work. This would

give an amplitude of 106. The other of 50 along the 98th merid-

ian from the southern coast of Mexico to the Arctic Ocean. The

portion in the United States is nearly completed, while Canada

and Mexico have both agreed to extend the work across their

territory.

Former Supt. Pritchett states that the completion of this arc

would, with the 39th parallel already completed, furnish data

which could probably never be improved upon for this continent.

The relative location of these arcs is shown on Fig. 1.



CHAPTER II.

TRIANGULATION, RECONNOISSANCE, SIGNALS.

:-

6. Primary, Secondary, Tertiary Triangulation. When a

triangulation is to be extended over a large tract of country, or

between two or more distant points, a system of primary triangles

is employed, which is characterized by the maximum develop-

ment of which the topography will admit. This, in level or slightly

undulating country, will allow of triangle sides of only 15 to 25

miles, on account of the height of signal and of observing-stand

required to overcome the earth's curvature; while, in mountainous

country, sides of from 40 to 60 miles are common, and those of

from 100 to 150 miles are not unknown. Distances are determined /3-d ^
with an accuracy or probable error of about 1/100000, the ranga

r̂ *~

being from about 1/60 000 to 1/200 000.

If points are required nearer together than the primary stations,

secondary ones are established. The triangles connecting them

with the primary ones, or with each other, are called secondary

triangles. Their sides usually vary from 5 to 25 or more miles,

while an accuracy of from 1/20 000 to 1/50 000 is usually attained.

If an accurate topographic or hydrographic survey is to follow,

points not more than from 1 to 3 miles apart will be required. The

triangles connecting them with the secondary ones are called

tertiary triangles. Their sides do not usually exceed about 5

miles, while an accuracy of from 1/5 000 to 1/20 000, or an average

of 1/10000 is usually attained.

I'or surveys of less extent, the primary triangulation, and the

secondary also, is sometimes omitted. Greater care and accuracy
will then be required in the tertiary triangulation, as it must check

its own work. In primary work the base lines are usually from
13
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4 to 12 miles long, and they are placed from 150 to 600 miles apart,

measured along the triangulation. In secondary work, which

does not start from primary work or check upon it at sufficiently

small intervals, they are about 2 to 3 miles long, and are placed

at distances apart of from 50 to 150 miles. In tertiary work,

which is not sufficiently checked by secondary, they are from

J to 2 miles long, and are placed at intervals of from 10 to 40 miles.

These distances vary with the character of the work and of the

country, as well as with the individuality of the person conducting
the survey.

7. Triangulation Systems. In connecting two distant points,

or in following a line as a coast or boundary, a principal chain of

triangulation should be laid out, along which distances and azimuths

or directions can be carried with the greatest accuracy and direct-

ness. At the end of the chain, and at as many intermediate points

as may be thought necessary, a check is had by measuring a base

and comparing the measured length with that computed through
the chain.

In covering a large area with a network of triangulation, the

method often employed is to extend around the area a main chain,

which is checked by closing upon itself, and which serves as a

framework with which to connect longitudinal chains. These in

turn serve for transverse chains, which complete the gridiron of

primary triangulation and allow the intervening areas to be reached

by secondary and tertiary triangles. The discrepancies due to

imperfect measurement are adjusted for each series, in order,

and each is then considered perfect in fitting the next lower to it.

The adjustment is thus comparatively simple, while if the whole

area were covered with a series of continuous triangles, all measured

with the same accuracy, the labor would increase so rapidly with

the number of triangles as soon to become prohibitive, except by
subdividing into more or less arbitrary sections.

The above methods should be flexible enough to allow of taking

advantage of routes most favorable for the triangulation, even

though they are some distance from the boundary, or do not give

cross chains at right angles or at uniform distances apart.

The composition of the chain also deserves attention. In order

to make a comparison of strings of practically the same length,

Mr. C. A. Schott (Coast Survey Report, 1876, App. 20) takes a
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string of 10* equilateral triangles with sides of unity; 3 regular

hexagons with sides of unity, each divided into 6 equilateral tri-

angles by joining a central point with the vertices; and 7 quad-
rilaterals with diagonals of unity (Fig. 2) ,

and finds that :

The actual lengths of the strings will be 5, 5.2, and 4.95

respectively.

The numbers of stations will be 12, 17, and 16.

The numbers of the sides to be sighted will be 21, 34, and 36.

The total lengths of the sides will be 21, 34, and 29.6.

The areas covered will be 5, 9, and 4.04.

X
X
X
X
X
X
X

FIG. 2.

The number of checks upon the observed angles, due to geometric

conditions, will be 10, 21, and 28'. While these regular figures

and separate systems usually are not feasible, the above compari-

son indicates that the single string of triangles is the most

favorable for rapidity and economy, the difference being more

apparent in level or prairie country, as only about two-thirds

as many expensive elevated signals will be required; while, if

the level ground be wooded, the additional saving in clear-

ing only about two-thirds the length of lines will usually compel
its adoption even for the best grade of work. The string of hexa-

* The 9 which Mr. Schott used is here changed to 10, to give the same

actual advance of triangulation rather than that of extreme points. A
quadrilateral in geodesy is a four-pointed polygon having all the vertices

joined.
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gons, or other polygons having their vertices joined to an in-

terior point, commands attention when greater width and accu-

racy are desirable; while the string of quadrilaterals affords

greater accuracy with less stations and less labor, and is the system

usually adopted by the Coast Survey, except for densely wooded

level country.

8. Coast Survey, Character of Figures. In January, 1905,

definite instructions were furnished the field parties of the Survey
as to the degree of accuracy desired, the methods to be used, and

the field computations required. They are the outcome of a

study to secure greater effectiveness and economy in the triangu-

lation.*

For primary triangulation the chain between base nets or base

figures is made up of completed quadrilaterals and of central point

figures, with all stations occupied. It is not to be allowed to

degenerate, even for a single figure, to simple triangles. There

must be two ways of computing the length through each figure,

but with no overlapping of figures and no excess of observed lines

beyond those necessary to secure the double determination of

every length, except that in a four sided central point figure one

of the diagonals may be observed.

For secondary the same rules apply, except that certain sta-

tions may be left unoccupied, as indicated in 10. If supple-

mentary stations are necessary in order to fix certain required

positions, these occupied stations should be connected with the

main scheme by the simplest figures possible in which there is a

check, preferably by single triangles with all angles measured.

For tertiary the same rules apply as for secondary, including

supplementary stations, while the main scheme is allowed to

drop to simple triangles at any point where it is extremely dif-

ficult to be avoided.

9. Coast Survey, Uncertainty of Length. In a given figure

the accuracy of a side computed from the base increases with

the number of checks upon the observed angles, and also with

the size of the angles used, the sines varying much more rapidly
for small angles than for large ones.

* Condensed from a mimeograph print kindly loaned by the Superin-
tendent.



Eq. 1.) UNCERTAINTY OF LENGTH. 17

In Part II it is shown that this relation is expressed by the

following :

,. ... (1)

where p= probable error of the computed log side; d=p.e. of

an observed direction; Nd= number of directions observed; Nc
=

number of conditions or checks to be satisfied; A and dp= log

differences for I" for the distance angles A and B of a triangle

(A } opposite computed side, B, opposite given side); 2= the sum-

mation for the triangles used in computing the side in question
from the side supposed to be absolutely known.

In (1) the two terms
d
~

c
- and I(dA

2 + dAdB + $B2)
* d

depend entirely upon the figures chosen, and are independent of

the accuracy with wrhich the angles are measured. Their product
is therefore a measure of the strength of the figure with respect

to length, in so far as the strength depends upon the selection of

stations and of lines to be observed over. The second term de-

pends upon the distance angles. The value for each triangle can

be taken from Table XII, and these values summed as the total

for the figure.

To compare two alternative figures (e.g., either quadrilaterals

or central point figures) for the strength with which length is

carried, proceed as follows:

1. For each figure take out the distance angles to the nearest

degree, if possible, for the best and second best chains of triangles

through the figure. These chains are to be selected at first by

estimation, the estimate to be checked later by the results of com-

parison.

2. For each triangle in each chain enter Table XII with the

distance angles as the two arguments and take out the tabular

value.

3. For each chain (the best and second best) through each

figure take the sum of the tabular values.

4. Multiply each sum by the factor -~^
:

for that figure.

The product, viz.
Nd~ NC

I(dA
2+ $A dB + (JB2

), will be called

RI and R2 for the best and second best chains respectively.
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5. The strength of a figure is dependent mainly upon Rlt hence

the smaller RI the greater the strength. R2 contributes some-
what to the total strength, and the other weaker and progressively
less independent chains contribute still smaller amounts. In de-

ciding between figures they should be classed according to their

best chains, unless these best chains are very nearly of equal

strength and the second best differ greatly in the two cases.

Nd, the number of observed directions, is readily found by
inspection of the figure, omitting the direction at each end of the

starting line which is supposed to be completely fixed. For Nc ,

the number of checks in the figure, see Part II. For simple figures

add the number of independent triangles (those in which the

angles cannot be found by taking sums and differences of those

used in other triangles) to the number of distance checks in the

figure. Thus in a completed quadrilateral there are three observed

directions at each station, a total of twelve; subtracting the one

at each end of the fixed line, leaves ten. There are three inde-

pendent triangles and one distance check.--
Nd 10

If a station at one end of the fixed line is unoccupied, two tri-

angle closures and two directions drop out, giving a result =0.75.

If a station not on the fixed line is unoccupied, two triangle

closures and three directions drop out, giving a result =0.71.

10. Coast Survey, Strength of Figure. In a chain of primary

triangulation between base nets the extreme limits for R 1 and Ry

are 25 and 80 respectively, in units of the sixth place of logs.

These limits are reduced to 15 and 50 respectively, if it does not

increase the estimated total cost over 25%.
For secondary between base nets the extreme limits are 50

and 150, and the 25% extra cost limits 25 and 80 respectively.

One station in each figure may be left unoccupied, or, if all are

occupied and considerable time could be saved by so doing, lines

to the limit of three may be left observed in one direction only,

subject to the above limitations for RI and R2 . In the latter case

RI and R2 are computed as if one outside station of the figure were

omitted. The advantage of keeping R small, and thus avoiding
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the necessity of measuring bases at short intervals, is indicated

in 11. For a triangle connecting a supplementary station with

the main scheme #<50.
For tertiary the same conditions are imposed as for secondary,

except that the extreme limits of 50 and 150 may be exceeded

when it would be extremely difficult to keep within them.

ii. Examples of Strength of Figure. The following are

some of the examples given by the Coast Survey as guides on

reconnoissance in selecting stations which will give small computed
values for R. The heavy lines in each figure are the given and

required sides.

The completed quadrilateral. Fig. 3. If square, R\ = 5, #2= 5;

# 1
'*=

6, #2
' = 6. Shortening the length in the direction of the

chain to one-half the width, forming a rectangle, strengthens the

figure, but reduces the advance for given length sights: thus Ri = l,

R<2
= 1

; RI =
2, RJ = 2. Increasing the length to double the width

reduces the strength: thus 7^=22, R2
=

22; R l

ff =
27, R2

" = 27.

Changing the quadrilateral to a rhombus with angles of 60 and

120 gives #i=5, R2 =12; #i" = 6, fl2"=15. Lengthening .the

required side of the square to double the given side by extending

FIG. 4.FIG. 3.

the end at A gives a figure of good strength for rapid expansion

or contraction: thus Jfti=5, R2
=

22~, Ri"=6, R2
f= 27. If this

extension is made one-half at each end, Ri = 7, R2
=

7; RI'= $,

R2
' = 9.

The triangle with interior point. Fig. 4. If equilateral, with

the point in the center, Ri=2, R2 =12; #i" = 3, R2
" = 15. The

*
R', any one station not occupied. R"

',
one station on fixed line not

occupied. R'". one station not on fixed line not occupied. Rlv
,
one out-

side station not occupied. Rv
,
center station not occupied.
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effect of moving the interior point towards the unused side until

0=10 is to reduce #1 to 2 and R2 to 4, while #i"=3 and #2"=5.
If moved the same amount towards the given side, #i=2,
#2 = 71; #!" = 3, #2

"= 89; #i"' = 3, #2'" = 84, thus weakening
the figure for R2 .

The quadrilateral with interior point. Fig. 5. If square, with
the interior point in the center, R l

=
13, R2

=
13; #i iv=

16, #2
IV =

16;

#i v=
17, #2

V= 17. Increasing the length to twice the width gives

#!=40, #2= 40; #^=
47, #2

^=
47; #^ = 50, #2

V= 50. Re-

ducing the length to one-half the width gives #i = 19, #2 =19;
#! IV=

22, #2
>v=

22; #x
v=

24, #2
V= 24. These figures are all

weaker than the corresponding shapes for the completed quad-
rilateral.

The five-point figure with interior point. Fig. 6. For the

regular polygon, with interior point in the center, R 1
=

10, R2
=

15;

#! IV =11, #2
IV =16; #iv =13, #2

V =19.

FIG. 5. FIG. 6.

The six-point figure. Fig. 7. For the regular polygon, with

interior point in the center, ^ =
11, R2 =I1; R 1

IV
=12, R2

lv
=12;

#! v=14, #2
V=14. Changing the required side to A

}
R l
=

8,

#2=14; #i^=9, #2
IV=15; 5iv=ll, #2

V=18.

Base net. Fig. 8. This gives an expansion of two to one.

#i = 5, #2=5, -
^

g=- =0.43. #1 can be reduced to

4, while #2 would be increased to 7, by moving the base parallel

to itself until the left-hand triangle has angles of 5, 5, and 1 70.

Fig. 9 shows how to make an advance by a completed quad-
rilateral with one station unoccupied and obtain a small value for

#. #j = l, #2=1.
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Buffalo base-net, U. S. Lake Survey. Fig. 10. This base,
about 4.2 miles long, was measured in 1875. It shows an enlarge-
ment of nearly 3/1 with Ri=ll and R2

= 16.5.

FIG. 8. FIG. 9.

Fig. 11 shows a portion of the primary and secondary triangu-
lation near the Edisto base of the Coast Survey, from Report, 1885,

App. 10. The country is flat and wooded, no elevations of 20

TouawancU

Ridgway Buffalo

FIG. 10.

feet being available. The use for secondary sides of lines cleared
for primary ones may be noted. In the same appendix may be
found a sketch of the secondary triangulation of Boston Bay, an
open country with suitable elevations.
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Ex. 1. In Fig. 3 compare the strength of the figures A and B.

For A 40

For B. . .68 20

50

15

50

80

Ex. 2. In Fig. 4 compare the strength of the figures A and Z?.

For A. . . . bJ

For B.. .08
33 C

58

28C

28

i

28C

28

29

50 08

12. Coast Survey, Length of Line. For primary triangula-

tion, outside the base nets no line should be less than six kilometers.

There is little, if any, gain in accuracy by making the lengths much

FIG. 11.

greater; therefore an effort is made to use the economic lengths

of line, i.e., such lengths for each region as will make the cost of

reconnoissance, building, and triangulation a minimum per mile

of progress, subject to the limitations stated in the instruc-

tions.

For secondary and tertiary the economic lengths should govern

as stated above, with the lower limit considerably below 6km . On

very short lines it is difficult to obtain the accuracy necessary to

close the triangles within the required limit. On long lines there

is danger of delays due to non-visibility of signals, while supple-

mentary stations to reach required points are more apt to be

needed.

13. Coast Survey, Frequency cf Bases. For primary tri-

angulation. if the character of the country is such that a base site

can be found near any desired location, RI between bases should

equal about 130. This will give a chain of from 15 to 35 triangles,
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according to the strength of figures secured. Strong figures thus

reduce the cost for base lines. If it is difficult to secure a base

site at the desired location, RI may approach, but not exceed, 200.

When this is done, there will be danger that an intervening base

may be necessary; for, if the discrepancy between adjacent bases

should exceed one part in 25 000, an intervening base must be

measured.

For secondary and tertiary the same limits are used for RI,
while the discrepancy between adjacent bases (either measured

ones or lines of primary or secondary triangulation used as bases)

is extended to one part in 10 000 before requiring an intervening
base for secondary, and one part in 5 000 for tertiary. For tertiary

the intervening triangulation may be strengthened instead.

14. Coast Survey, Base Sites and Base Nets. For primary

triangulation grades of 10% for any 50-meter tape length are

allowed, and ravines not over a tape length wide in the direction

of the line are regarded as no obstacle to measurement. The

length of base is limited between 4 and 12 kilometers.

For the base net as good geometrical conditions as possible

are secured, even if the base is forced upon rough ground. It

should not be longer than two ordinary figures of the main chain

between bases. It may be strengthened by observing over as

many lines of the net as can be obtained without excessive cost

for building or cutting, provided the figure is not made so compli-
cated as to be excessively difficult and costly to adjust.

For secondary, grades up to 20% are allowed if the geometrical

conditions can be improved by so doing. The length is chosen

primarily to give small values for R, and this will usually tend

towards a long base, which in turn will lengthen the distance

between bases. The economic length will be from 2km to 8km as a

rule. The base net will be of the same character as to figures

and strength as the chain between base nets. If made up of

two or more figures, they may overlap, but should not be tied

together.

For tertiary, the same conditions are imposed as for secondary,

except that the economic length is not given or called for.

15. Coast Survey, Intersection Stations. In selecting these

it should be kept in mind that the geographic value of a triangula-

tion depends upon the number of points determined, the area over
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which they are distributed, and the permanence with which they
are marked, and that for a given area this value is lost when the

points cannot be recovered. The chance of permanency is in-

creased by increasing the number of points as well as by thorough

marking.

These considerations should lead to the determination as inter-

section stations of many artificial objects of a permanent charac-

ter, as lighthouses, church spires, cupolas, towers, and large chim-

neys; should lead occasionally to the determination of specially

marked stations established for this particular purpose; and should

frequently lea.d to the permanent marking upon the ground of topo-

graphic or hydrographic stations and their determination as inter-

section stations. The practice of permanently marking such

hydrographic points as are in commanding positions, on promon-
tories for example, will frequently obviate the necessity for a new

triangulation when a later hydrographic survey is made. It is

^specially desirable to increase the area effectively covered for

geographic purposes by selecting intersection stations which are

outside the area covered by the main scheme.

When feasible without undue expense, the section corners and

other survey marks should be connected with the triangulation,

either by distance and direction from a station or by using them
as intersection stations.

1 6. Elevation of Signal. Usually the question of intervisi-

bility of stations is best settled by actual observation; but, when the

station points are not intervisible and signals can only be rendered

so by elevation, the required heights may be difficult to deter-

mine by observation, unless there is a tree or other elevated object

near, from the top of which the desired view may be had. In

such cases, if the heights of the stations are known, and that of

the intervening ground which obstructs the view can readily be

determined, as would be the case for level ground or for a line

passing over water, the required heights can be readily computed.
In the vertical section through the two stations C and C", Fig. 12,

let AA' be a straight line tangent at D; BDB f

the line of sight

between the two intervisible points B and B'
',
concave downwards

on account of refraction. Denote the distances AD, A'D, in

miles, by k, k'; the required heights BC, B'C'
,
in feet, by h, h';

the radius, in miles, by R (log #=3.597317); and the coefficient
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of refraction, with mean value 0.07, by ra, or the refraction angle

ADD by mXAOD. Then, in the right triangle AOD,

k2AC=
2R> nearly.

2mADC,
and the angles are small,

. . AB= 2mAC, and BC, in miles, or

h _
. . p k2

5280" ~2E

k2
h=

2fiX 0.86X5280,
FIG. 12.

k2= 1.743/z, (2)

where k is in miles and h is in feet;

i.e., the square of the distance in miles is about If times the re-

quired elevation in feet a convenient rule easily remembered.

For k in kilometers and h in meters, (2) reduces to

k2 = 14.807/2. (3)

The line of sight should not pass nearer the surface than 10 feet

at the tangent point, on account of the lack of transparency and

danger of lateral refraction, due to the disturbed lower air.

Ex. Two stations of the U. S. Lake Survey, Buchanan, on the north

side of Lake Superior, and Brule River on the south, are 10 and 19 feet

above lake level respectively, and 16 miles apart. A signal 35 feet high
was used at Brule. How high should the instrument and observing-stand
be elevated at Buchanan, in order to see the upper 20 feet of the signal at

Brule?

Solution. 19 + 35-20= 34; 34-10= 24, the available height at Brule.

Placing h= 24 in (2), k=Vl.743X24 =6.5 miles, the distance from Bruld

to the tangent point. 16 6.5= 9.5 miles, the distance from the tangent

point to Buchanan.

52 + 10= 62, the required height above lake level, or 52 feet above the

ground.

17. Hints in Selecting Stations. For the main chains choose

the highest elevations, even if at greater first cost on account of
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inaccessibility. The stations will then better command new

ground, if at any time it becomes necessary to extend the work

beyond its original limits; while high lines meet less atmospheric
disturbance.

Avoid low lines and lines passing over cities, furnaces, etc.

In finally locating stations make certain that those intended

to be intervisible really are so, even at the expense of time and

patience in waiting for clearing weather; otherwise the observing

party may suffer vexatious and expensive delays.

Select stations so that permanent station marks can be placed

and protected, or so that accurate references can be had to per-

manent objects.

The base line site should be selected with reference to securing

suitable ground for measurement and a convenient expansion

through the base net. If the base is to be measured with bars,

the line should be free from obstructions and quite smooth for a

width of at least 12 feet; longitudinal slopes up to from 3 to 5,
depending upon the apparatus used, do not offer serious incon-

venience or affect the accuracy of the measurement. The ends

need not be intervisible from the ground, if they can be made
intervisible by signals and observing-stands of moderate eleva-

tion. The measurements can be made along two straight seg-

ments, not differing widely in direction, if better ground will thus

be secured. Narrow ravines can be crossed by bridges or trestle-

work with complete success, while a wide one, or a bog or similar

obstruction to direct measurement, can be passed by triangula-

tion without very serious decrease of accuracy.

If the measurement is to be made with a tape, as is now fre-

quently done, rougher ground may be used, as indicated in 14.

18. Reconnoissance. A general reconnoissance should pre-

cede the selection of stations, in order to become sufficiently fa-

miliar with the topography to be able to recognize the most promi-
nent features and elevations, as seen from different points of view,

and in order to determine the general scheme of triangulation and

the general routes best suited to the ground, for aid in conducting
the detailed reconnoissance.

Unless the surface is level and unbroken, points will be found

which from their position or elevation will offer such advantages

that they probably must be used for stations. Starting from these,
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others must lie within prescribed areas, in order to fulfill the re-

quired geometric and other conditions, and to use the economic

lengths for sides.

From each of these probable station points, sights should be

taken to the others, if visible, and also to such points in the pre-

scribed areas as will possibly serve for stations.

Other available points can be occupied, and the process re-

peated, if necessary. Should a point be occupied which has not

been cut from at least two other stations, sights must be taken

upon at least three known points, when its position can be de-

termined by 19.

Magnetic bearings often aid in orientation on arriving at a new

station, and in identifying objects already located, by giving

approximate directions, while they sometimes aid in plotting, when

insufficient angles have been taken.

A hasty outline profile sketch of the ground in the vicinity of

each object sighted will aid very materially in identification from

surrounding stations, while if the estimated distance in miles

is written on the sketch near the object, and the circle reading

or bearing is written above on a vertical through it (see Fig. 13),

FIG. 13.

very clear and concise notes will result. The obstructed arcs at a

station should be noted, also their cause, and whether they can

be removed by cutting or by signal elevation. Should the loca-

tion of stations be likely to prove difficult, vertical angles should

be taken to aid in deciding upon the intervisibility of signals by

giving differences of elevation.

A plat of this preliminary triangulation should be kept up by

angles, starting from a known or assumed side; or by computed

triangle sides, if greater accuracy is desired. Then, working from

probable station points or from stations already located, the pos-

sible point in a given area is picked out which will best fulfill the
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conditions imposed as to length of line, intervisibility, etc. In

the same manner as many new ones are chosen from the plot as

desired.

On reaching an elevated point it is quite difficult, without ex-

perience, to orient one's self and be able to identify signals and topo-

graphic features at distances of 40 to 50 miles, even under the

most favorable conditions. When, as is often the case, the fea-

tures are not prominent, and the air is thick with haze and smoke

for days at a time, the skill and patience of the experienced are

fully taxed. With wooded elevations the observations must be

usually taken from the top of a tree, or, if none can be found of

sufficient height, from the top of a ladder formed by splicing several

ladders together and supporting them by guys.

High elevations with the summits free from timber afford (he

best station sites. Wooded summits require sight lines to be

cut through. These for pole signals on long lines should be

about 100 feet wide, and they should be extended so far back

of the station that the signal will not be seen against near

woods.

As the summits broaden or the timber becomes valuable,

elevated signals and observing-stands should be considered before

clearing the lines, although they generally should not be adopted
unless a considerable saving will result.

Parallel wooded ridges may present much difficulty if so near

together that the triangle sides must reach over an intermediate

ridge, instead of spanning an intermediate valley. The direction

across the ridge to an invisible station can be found from the plat

or from 21 when the required signal elevation can be found from

vertical angles or from carefully taken aneroid barometer read-

ings; but, if two or more ridges intervene, actual tests from ladder-

tops, or an examination of the entire line, will be necessary.

In level country an elevation of 70 feet for signal and observ-

ing-stand will allow of 20-mile sides. If wooded, these had best

be used in a chain of nearly equilateral triangles having all the

lines cut through; but if clear, as on prairie, quadrilaterals with

diagonals of 21 miles and sides of about 15 will add only one more

station in 30 miles of progress, which will be more than compen-
sated for by the increased precision attained.

If the level ground be cultivated and contain patches of valuable
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timber, the difficulties will be so much increased, even if the ground
be rolling, that the greatest care and skill will be required to avoid

insuperable obstacles. Sometimes chains of secondary triangles

along the watercourses have proved effective.

Full notes and sketches should be taken of the points most

important for the subsequent work. Among these are the means

of access, the timber which can be found at the site for the signal,

the roads which have to be opened by the angle party in occupy-

ing the station, the places nearby where board can be had, etc.

The efficiency and economy of the survey will depend very

materially upon the skill^ good judgment, and experience of the

person who conducts the reconnoissance.

If a topographic or hydrographic survey is to follow, the inter-

section stations should include as many prominent objects, usually

from 1 to 3 miles apart, as may be needed by the topographer in

tying up his work or by the hydrographer in taking angles to

locate soundings, etc., such as church spires, cupolas, chimneys,

flags in prominent trees, large white crosses or triangles painted

upon rocky cliffs, etc. Well shaped triangles are not so important
as the securing of a sufficient number of convenient points for the

topographer, since the errors introduced do not accumulate over

large areas.

19. N-point Problem. To determine the position of a point

when only angles at the point have been observed between known
stations :

Lay off the angles on tracing cloth in order around a point,

place the cloth on the plat and move it until each line passes through
the station to which it belongs, when the vertex can be pricked

through. Two angles will locate a point, giving the 3-point prob-

lem, except when the point lies on or near a circle passing through
the three stations on which the sights are taken; 3 or more angles

are better, forming a check. A 3-armed protractor is often used

in place of the tracing cloth; also a sheet of paper, by cutting out

a narrow strip along each line near the portion to be used.

When a more accurate solution is desired than can be had

from a careful plat on a large scale, a numerical one is used. In

Fig. 14 let S be the required point at which the angles P, P', P" ,
. . .

have been observed upon the known stations, F, G, H, . . . B is

rJso known, it being an angle between known stations.
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In the triangles, SFG, SGH, by formula 18]
*

a sin A b sin C
n =

sin P sin P'

.'. asm A sinP' 6 sinCsinP=0. .

In the polygon 8FGH, P+P' +A+B + C= 360,

whence C=Q-A, where Q = 360 -(P+P'

H

. . . (a)

... (6)

(4)

FIG. 14

Substituting in (6), with the expansion of sin (Q-A) from formula 3],

a sin A sin P' b sin P (sin Q cos A cos $ sin A) = 0, or

a sin P' - 6 sin P sin Q cot A + b sin P cos Q=

a sin P'
or

,.& sin P cos Q

Having A, all the angles of the triangles become known, whence

6sin(P
/

; ^c
sin P

;
-^r-.

sin P'
6tC.

(5)

(6)

Ex. At Sheldrake Point, Cayuga Lake, N. Y., the following angles were

observed upon three known stations, Willets, King's Ferry, and Kidders.

Required the position of Sheldrake.

Wil.-Shel.-King's

King's-Shel.-Kid.
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By (4)
"

(5)

Solution.

Q = 8205'.6.

a= 7150.2, log 3.85432

P'= 58 31/2, sin 9.93086

3.78518
6-3050.7, log 3.48440

P=11S 15'.2,sin.. 9.94490

82 05'.6, cos. 9.13849 2.56779

+ 16.497 1.21739

= 82 05.6, cot 9.14264

A= 22 22.1, cot

C = 5943.5= Q-^1 by (4).

By (6) a= 7150.2 3.85432

37'.3, sin. . '9.80239

0.38561

3.65671

P=118 15'.2, sin. . 9.94491

n= 5149.9ft.. . 3.71180

By (a) 6= 3050.7 3.48440

C=59 43'.5, sin. . . 9.93632

3.42072

5831'.2, sin. . . 9.93086

3089.3ft.. . 3.48986

Computing n' by the first equation of (a) the same value is found as above.

20. Two-point Problem. If two unknown stations, C and D,

Fig. 15, see each other, and also twro known stations, A and B,
their positions can be determined by

measuring the angles ACS, BCD,
CDA, ADB, as follows:

Draw the line C'D' of convenient

length on tracing-cloth and at Cf

and D' lay off the measured angles;

the intersection of the two lines

which pass through A will determine

its position on the cloth, and simi-

larly for B', join A' and B'; place

the cloth on the plat so that A' will coincide with station A and

B' will fall on the line AB of the map, produced if necessary; prick

through the points B', C', and D'. Then through B draw parallels

to B'C' and B'D'; their intersections with AC' and AD' produced
will determine C and D on the map.

If more accuracy is desired, assume CD as unity and compute

FIG. 15.
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AC and AD in the triangle ACD, and BC and BD in the triangle

BCD. Having two sides and the included angle in ACB, AB
can be found, formula 20]. The ratio of the true value to the

computed one will be the ratio which the other sides bear to their

computed values.*

Ex. The following angles were observed at Giles and Elm of the C. U.

Skaneateles Lake Survey in 1892 upon the known stations Haight and

Olmstead.

Haight-Giles-Elm = 50 02' 17"

Olm.-Giles-Elm =35 05' 03"

Giles-Elm-Olm. = 88 01' 27"

Giles-Elm-Haight =50 04' 29"

Haight-Olmstead = 12,944 feet.

Required the positions of Giles and Elm.

Haight Olnastead

Giles

FIG. 16.

21. Direction of Invisible Stations. If enough angles have

been taken so that the stations can be platted by methods already

given, the direction of the line joining any two can be taken directly

from the plat with a protractor. Or, starting from some known

side, the sides of the preliminary triangles can be computed from

the observed angles when, by assuming a meridian, the distance

in latitude and longitude of each point from an initial one can

be computed as in an ordinary land survey. The tangent of the

azimuth of the line joining any two points can then be found by

dividing the difference in longitude by that in latitude. The

line can then be cleared from either end if obstructed by timber,

or the height of signal for intervisibility can be determined if the

obstruction is an intervening ridge.

* For fuller treatment of the N- and two-point problems see Zeitschnjt

fiir Vermessungswesen, 1888, p. 140.
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For an example in difficult country in northern Alabama see

Coast Survey Report, 1885, App. 10.

If two stations, C and D, each see two points, A and B, Fig. 15,

the direction to trim from one to the other can then be found as

follows: At A measure BAD and DAC, and at B, DBC and CBA.

Compute AD in the triangle ABD and AC in the triangle ABC,
calling AB unity; then in ACD two sides and the included angle

are known, from which the angles at C and D can be found by
formula 20]. Or the directions can be found by platting.

22. Outfit for Reconnoissance. When accurate angles are

required, a light transit with good telescope is most convenient.

The needle will give bearings, while, by adding a level to the tele-

scope tube and a gradienter screw or good vertical circle, elevation

angles can be measured with sufficient accuracy for determining

intervisibility. An aneroid barometer is also convenient for de-

termining differences of elevation. For distances over 25 miles

a reconnoitering glass with stand will be found desirable on account

of the larger telescope. If care is taken in setting up to place the

tripod head level, the small horizontal circle will give angles quite

accurately.

In a wooded country where angles have to be measured from

tree tops, a sextant will be necessary; also a telescope or field-

glass for identifying the stations, and a set of spurs or creepers for

climbing. An azimuth or pocket compass is convenient; also the

best available map of the region.

To these should be added some 100 feet of about f-inch manila

rope, a ball of twine, an ax, and material for different colored

flags to be spread out upon trees or other objects for temporary

signals. An assistant who is quick and handy at all kinds of work

and who is used to climbing, and a horse and covered wagon, will

complete the outfit. Much of the traveling will necessarily be on

foot, or possibly on horseback if the country is hilly or wooded.

If away from all supplies, a cook and the usual camp outfit

will be necessary; while for primary triangulation, in rough coun-

try with good railroad facilities, like much of New England, it may
be more convenient to travel the long distances between stations

by rail, hiring a horse when use can be made of one.

23. Signals. After the exact station points have been located,

the signals which are to be erected over them to give definite
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points for sighting in measuring the angles should fulfill the follow-

ing conditions:

They should be conspicuous, so as to be readily seen and dis-

tinguished from surrounding objects; they should have a well-

defined central line or point upon which to fix the cross-hairs;

they should have little or no phase, i.e., this line or point should

not change in apparent position with the direction of the illumina-

tion by direct sunlight; they should be firm in position, unless of

the class which require an attendant; they should be cheap, or

light and portable; while often it is convenient if, when in place,

they will allow an instrument to be set up over the station point.

With these general requirements in mind, the relative advan-

tages offered by the different signals to be described will be more

readily appreciated.

24. Pole Signals. When height is not required for intervisi-

bility, one of the most common forms of signal consists of a vertical

pole set in or on the ground and supported by braces or wire

guys, or of a pyramid or tripod surmounted by
a pole. On sharp mountain peaks, where only

small, stunted timber can be found, the rect-

angular pyramid, Fig. 17, is convenient. A
signal with height of apex of from 12 to 18 feet,

and legs from 3 to 5 inches in diameter at the

top, can be erected, and a center pole 8 to 12

feet long inserted by 3 men, without tackle. By
inclosing the top with boards, cloth, or slats made
from small poles, visibility can be given, while

the apex and pole remain for accurate bisec-

FIG. 17. tion. The pole can be increased to any desired

diameter by nailing on slats or poles after erection, while the

signal can be anchored to the rock by wiring the legs to anchor-

bolts, or by wire guys extending from the top of the pole.

On flatter peaks more height must be given for visibility, render-

ing the tripod signal, Fig. 19, more convenient. By bolting all four

pieces together on the ground, with a 1- to If-inch bolt, as shown

in Fig. 18, or, better, with the head raised 6 feet on a bent or stag-

ing, 5 men can raise a 25 to 35 foot signal of round timber, each

piece being 5 or 6 inches in diameter at the top, with no special

outfit except about 30 feet of rope. Pits are dug, or stones piled
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up to prevent two of the feet from slipping; the head is then

lifted and pushed to position by the third leg, when the pole is made
vertical by pulling down the large end with a rope; it is secured

by spiking braces to the tripod legs.

If the angles at the station are to be measured with the signal

in place, the legs should be so placed as not to obstruct the lines

of sight to the other stations. They should extend a couple of

feet into the ground; or, if on rock, be securely tied to anchor bolts

by wire rope, or notched and horizontal cross-pieces attached and

FIG. 18. FIG. 19.

loaded with stones. Wire guys from the top of the pole may also

be desirable.

A tin cone or barrel of larger diameter than the pole is often

placed at the top, especially when the tripod head will not be seen

against the sky.

The pole should not be more than 6 to 8 inches at the tripod

head, even for a large signal, on account of the weight in erection.

It can afterwards be increased, or the pole straightened, by nail-

ing on light slats; or, when lumber is available, a square box

of 2-inch plank in place of the pole will give diameter without

increased weight. One or more slats along the center of each side

will make it more nearly cylindrical.

A very convenient and portable signal for tertiary work can

be made by supporting a pole on a tripod having a light, cast iron

head and about 10-foot legs. By holding the pole in position with

wire guys, a signal 15 to 20 feet high can be made very stable,
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while there is room enough underneath to set up an instrument.

Any portion of the pole can be enlarged to any desired diameter

by light slats.

25. Diameter and Height. The diameter of pole for short

lines may be large enough to subtend an angle, as seen by the ob-

server, of 4 or 5 seconds; but, as the distance and the power of the

telescope increases, the angle should diminish, according to Coast

Survey practice, down to one second for about 15 miles, and not

fall below this value for greater distances (see also 26) .

Diameter to subtend one second at

1 mile =0.307 inch 40 miles =12.3 inches

10 miles = 3.100 inches 60 " =18.4 "

20
" =6.100 "

80 " =24.6 "

Increased diameter beyond that necessary for visibility gives

increased range to the cross-hairs in bisection, and introduces the

uncertain element of phase with cylindrical signals which do not

show against the sky.

The height of signal in feet should be about one-half the dis-

tance in miles, plus 10. Less height may answer for long lines,

or for signals on sharp peaks with a sky background, but height

adds to visibility without diminishing accuracy, and with only

the increased cost of construction.

A signal to be seen against the sky should be painted black or

wound with black cloth, one to be seen against the. ground should

be painted white or wound with white cloth; unless two colors

are needed on the same signal for ready identification from sur-

rounding objects, when the pole, or pole and tripod, can be painted

in alternate rings of black and white or red and white, each ring

being several feet wide.

26. Signals without Phase. Various signals have been de-

vised to avoid phase, or the effect produced by the unequal illu-

mination by direct sunlight of the portion of the signal facing the

observer, whereby the apparent and real centers do not coincide.

One devised by Bessel for the Prussian triangulation in 1831,

and used on the U. S. Lake Survey, consists of a board in place,

or in front of, the pole, with its face perpendicular to the line of

sight. On the latter survey a width was given of about 4 seconds,

as seen by the observer, yet good results were obtained. The
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station must be visited and the board changed each time the ob-

serving party moves to a new station.

Another, designed in 1881, and used on the Mississippi River

Survey for distances of from 5 to 12 miles, gave excellent results.

It consists of a horizontal board 6 inches in diameter, to the cir-

cumference of which are attached 4 stiff vertical wires, 90 apart,

each 5 feet long. These wires are held in position by a wire ring

at the top, and another one-third the distance from the top, each

joint being well soldered. Two opposite wires are connected

for the upper and lower thirds by a white cloth, and the other

two for the central third by a black cloth; 4 guy wires are attached

at the central ring, and the board rests on a tripod or other support.

27. Elevated Signals and Observing-stands. When the sig-

nal and the instrument at the station require elevating, and no

existing structure can be utilized,

a suitable one must be erected.*

In order that the instrument may
not be disturbed by the move-

ments of the observer, its sup-

port must be independent of the

observer's. The standard tripod

for the instrument and scaffold

for the observer, adopted by the

Coast Survey for heights from

32 to 96 feet, are described in the

Report for 1882, App. 10. See

also App. 9, p. 158, and Pri. Tri.

U. S. LakeSur.,p. 318.

The more recent standard used

on the 98th meridian work is

described in App. 4, Report for

1903. Fig. 20 shows the dimen-

sions for a 60-foot tripod and a

FIG. 20. 66-foot scaffold. The tripod legs

are in three lengths, scarf spliced with a 30-inch lap, and spiked, viz.

* An ingenious adaptation of existing natural features to the purposes
of a signal is given in Transcontinental Triang'n, 1 900, p. 601. The observer's

platform was supported by small scaffolds upon the top of a tree trunk,

and the instrument stand was built around the trunk, but not touching it.

TRIPOD -^Gl.S -i- SCAFFOLD
ELEVATIONS
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6" by 6" by 24' at bottom, 5" by 5" by 22', 5" by 5" by 24' at

top. The bottom horizontal and diagonal braces are 3" by 4",

the others 2" by 4". The scaffold legs are scarf spliced as

above. The pieces are 6" by 6" by 24' at bottom, 5" by 5" by
26', 5" by 5" by 26' at top. The two bottom horizontal and

diagonal braces are 3" by 4", all the others 1" by 4".

The tripod legs are brought together at the top, while the

scaffold legs are about 7 feet apart 3 feet from the top. The floor

for the observer is 10 feet below the top of the scaffold, and the

top of the tripod is cut off so as to support the instrument at the

exact height required by the observer. A top floor is placed

3 feet from the top for the light tender, and a 3' by 3' table at the

top in the center, for supporting the lamps and heliotropes. Two

trap-doors are placed in the lower floor, one where the ladder comes

up and the other in another corner, for hoisting the instrument.

In putting on the bracing, the legs for both structures are sprung
out somewhat between the ends, for increased stiffness. Holes

are dug for the legs and foot planks inserted. Instead of placing

these all on the same level, the legs can be cut to fit.

For erection, two legs of the tripod are placed on the ground
in relative position, and the bracing spiked on. A bottom piece

of a scaffold leg is used as a gin-pole, and the tripod legs brought
to position and guyed; the third leg is then drawn to place and

the bracing spiked on the other two sides. Two opposite sides

of the scaffold are then put together and raised, using the tripod

in place of the gin-pole. The bracing for the other two sides is

then attached.

The cost for these signals for the season of 1902, with lumber

at about $25 per 1000 feet at the yard, was about $3.20 per vertical

foot, measured to the light table.

These slender signals are cheaper than the broader ones of the

old type, yet the experience of the season of 1902 indicates that

there is less twist due to sun and less vibration due to wind, even

without the protecting cotton sheet frequently used on the sunny
or windward side of the scaffold.

For different heights the upper 10 feet of the signal remains

the same, while the lower horizontal tie changes length as follows,

the scaffold leg in each case being 6 feet longer than the tripod

leg:



FIG. 21.





FIG. 21a.
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Length of tripod leg in feet. . 10 15 25 45 60 75
" bottom tripod tie. . 6 7.5 10 14 18 19

" " "
scaffold tie. 10 11.5 13.5 17 22 23

For heights greater than 75 feet the bottom sections should

be heavier than those given for 60 feet. Up to 90 feet they may-
be framed and erected without bolts, as described. If over 90

feet high, the top must be framed with bolts and then raised to>

position and erected on top of the lower part.

In exposed situations f-inch wire rope guys with turn buckles

may be used, although but few of the signals have been collapsed

by storms.

The method of erection on the U. S. Lake Survey for heights

up to 1 40 feet was to put together one side of the observing tower on

the ground, attach radiating ropes at different points, all leading

to the rope through the block; erect a derrick boom, and haul the

side to position with teams. The side was then held by guys and

the block shifted to it, and one side of the inner tripod hauled

up and held in the same way. Then the third leg of the tripod was

hauled up and the braces attached to the side already in position,

and the opposite side of the tower was raised and the braces

attached. Sills some 3 feet underground were used for the tower,

but not for the tripod. The station mark was placed after the

signal was up. The work was let by the vertical foot. The con-

tractor, with 15 men and 2 teams, would frame, erect, and com-

plete a signal in 2 days.

Recently the Lake Survey has adopted an elevated signal and

observing-stand, made of gas pipe, which has proved very satisfac-

tory, and more economical than timber, on account of its portability.

The method of erection is shown in Fig. 21. The upper portion

of the instrument pyramid is put together on the ground and then

erected. The upper part of the observing stand is then put to-

gether around the pyramid. Tackles are attached at the four

corners as shown, and this upper portion of the stand is drawn

up so that the next section can be attached underneath.

Afterwards either structure can be drawn up, if the other is

high enough for attaching the blocks, and an additional section

attached, the workmen remaining on or near the ground. Guys
are used for steadying during erection.
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Fig. 21a shows a completed signal 108 feet high erected on

Great Duck Island, Lake Huron.

A portable tripod and scaffold, having a floor about 12 feet

high, is shown in Fig. 22. The tripod legs are 6 by 8 inches, 18

FIG. 22.

feet long. They are held by an inch bolt 16 inches long, and by
three horizontal braces. The scaffold posts are 5 by 5 inches, 16J

feet long; the horizontal braces are 7 feet long, and the diagonal

ones 10 feet. The posts are interchangeable, and the braces are

FIG. 23.

held by wood-screws. The posts all extend about 2 feet into the

ground, and the floor is placed from 2 to 3 feet below the top.

Only a few hours are required for erection after everything is in

readiness.



Eq. 6.) HELIOTROPES. 41

In crossing the plains of India, hollow masonry towers, 50 feet

or more in height, were extensively used for the support of the

instrument; while in the early French surveys, church spires, large

towers, etc., were often used with inaccurate results, due to phase.

28. Heliotropes. One of the most common forms in use is

called the gas pipe heliotrope, Fig. 23. A piece of 2-inch iron pipe

FIG. 23a.

serves as a telescope tube, while it carries 2 rings or diaphragms,
each with about an inch opening, and a 2|-inch plate glass mirror

having motion about a horizontal and a vertical axis. The whole

instrument is supported by a wood-screw, which can be screwed

into a tripod head or other block. It is set up directly over the

station mark, or on line and a few feet in front of it, and the cross-

hairs of the telescope brought on the distant observing party.
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The mirror is then turned so that the reflected sunlight will pass

through the first or near diaphragm and give a concentric ring

of light around the second, which is a little smaller. This ring is

maintained by gently tapping the mirror at intervals of from J to

2 minutes.

The adjustment of the instrument should be tested by bring-

ing the cross-hairs on an object within a few hundred feet, throw-

ing the light as above, and noting if it falls as far above the object

as the rings are above the cross-hairs.

FIG. 24.

A more recent form, used on the Coast Survey, is shown in Fig.

23a. The mirror is rotated by tangent screws and the telescope

can be more accurately pointed.

The Steinheil heliotrope differs from that already described

in having only one mirror and no rings, making it very simple

and convenient for reconnoissance work.

The axis of the frame is hollow, and it contains a small lens,

L, Fig. 24, and a white reflecting surface, C, usually chalk, at the

focus of the lens.

By turning this axis towards the sun a hole through the silver-

ing of the mirror allows a beam of sunlight to reach the lens and

be concentrated upon the white surface. It is reflected from the
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surface back to the lens and emerges in parallel rays which reach

the back of the mirror in a direction just opposite to that of the

incident rays. Enough of these rays will be reflected from the

back to give an image of the bright spot, C, and in a direction, AO,

directly opposite to the reflection of sunlight from the face of the

mirror. Hence, if the eye be placed at so as to see the observ-

ing party through the opening A in the direction AT, and the

mirror be turned until the bright spot C is seen (the axis pointing

towards the sun), the sunlight will be reflected in the direction

OAT to the observing party.

The distance from the reflecting surface to the lens is adjust-

able for focus.

When the alignment has been once secured, if there is no natural

landmark in range, a pole should be set up at a distance of 100

to 200 feet, so that its sharp top will be on or a little below the line.

The light can then be shown, and will often be seen by the

observing party, on days when haze and smoke will prevent the

heliotroper from seeing even the outline of the hill or mountain at

the observing station.

A second mirror is usually supplied, which can be screwed up
and light reflected from it to the first, if at any time the first falls

in shadow or its angle of incidence becomes so great that the re-

flected beam will not fill the diaphragm.

Extreme accuracy in pointing is not essential, the range being

about the diameter of the sun, or 32 minutes.

About a 2-inch mirror is used for lines from about 20 to 60

miles, and usually in connection with pole or other signals. For

shorter lines a pasteboard or other screen with a smaller opening
should be attached to the second ring. For longer lines larger

mirrors are used. Thus, on the U. S. Lake Survey, for the longest

lines a common mirror, 9 by 12 inches, was set up, and light thrown

through a circular hole in a wooden screen some 20 feet distant

in the direction of the observing station, this having a diameter

of from 8 to 10 inches on sides of 90 to 100 miles. On the longest

line ever observed, Mt. Shasta-Mt. Lola in northern California,

192 miles, a helio 12 inches square was used.

Wilson, Topographic Surveying, gives

(7)
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for the length of the side of the mirror in inches, where the dis-

tance d is in miles and d > 10.

Too much light gives, by irradiation, a diameter too large for

accurate bisection, and increases the unsteadiness. An opening

suited to the distance, or one which will subtend from one-fourth

to one-fifth of a second, will give in quiet air a small, bright disk

easy to bisect.

An intelligent and very faithful person should be picked out

for the heliotroper; otherwise delay and vexation will result. If

he is to occupy the station a long time, he can usually be picked

up with economy in the locality; if for only a short time, it may
be more economical to have one who is familiar enough with the

work and with instruments to go to new stations and establish

himself without assistance, when directed by the observing party.

29. Night Signals. Lamps with 10-inch reflectors for short

lines and the Drummond light for long ones were used on the

English Ordnance Survey in the last century, while night signals

have been extensively used in the recent prolongations of the

Nouvelle meridienne de France by M. Perrier, and Argand lamps
and heliotropes are exclusively used in India.

The electric light, in the focus of a reflector 20 inches in di-

ameter and 24 inches focal length, proved very successful recently

on a line of 168 miles across the Mediterranean, where, on account

of fog and mist, a 12-inch heliotrope had failed to once show dur-

ing a three months' trial.

On the Coast Survey experiments were made in' 1879 with

night signals (Report, 1880, App. 8), and the conclusion reached

that night observations were a little more accurate than day ob-

servations; that the average time of observing in clear weather

could be more than doubled; and that reflector lamps, or optical

collimators, burning coal-oil could be used to advantage up to

some 40 miles, while the magnesium light would be better and

cheaper for longer lines.

The optical collimators used were M. Perrier's French lamps,

Fig. 25. The large lens has a focal length of 24 inches, and a di-

ameter of 8 inches. The emergent rays subtend an angle of about

1. The intensity of light, as compared with the magnesium, was
about as 2 to 5. It made a very pretty mark to point upon on

clear nights, but, at a distance of 43 miles, it would often be scarcely
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visible in the telescope, and would not allow of illuminating the

cross-hairs, when the magnesium light was clearly visible.

The magnesium lamp was made up of a small lamp, an 8-inch

reflector, a clockwork, and a reel of magnesium tape, which was

fed into the lamp by the clockwork and burned intermittently

in the focus of the reflector. For accurate bisection a pasteboard
screen was used to reduce the diameter on all but hazy nights on

a line of 60 miles. The apparatus weighed but 5 pounds, but the

tape was expensive.

FIG. 25.

The acetylene lamp is now used on the Survey (Report, 1903,

App. 4). It is made from an ordinary bicycle lamp by substitut-

ing for the lens a cylindrical tube containing two 5-inch lenses.

It is mounted upon a metallic stand which is provided with ad-

justing-screws for pointing. The weight when packed with 5

pounds of carbide is but 22 pounds. It has been used on lines

from 3 to 31 miles long with satisfactory results, the light under

unfavorable conditions sometimes becoming a small, bright point,

finally growing too faint to be observed, rather than a faint blur,

as in the case of the oil lamp.

Collimators and reflectors, with kerosene lamps, were both

successfully used on the N. Y. State Survey for distances up to

about 50 miles. The field however was left dark, and the cross-
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hairs illuminated from behind, giving light lines in the dark

field.

30. Station Reference. In referencing a station, the object

should be to render the recovery of the locality and of the exact

station point as easy and certain as possible, at any time, and by

any one unfamiliar with the country but familiar with the kind

of work. The station point is usually marked by an underground
and by a surface mark. The underground mark should be placed

below frost and plow, or some- 3 to 4 feet below the surface. It

may consist of any material which is durable, foreign to the locality,

and capable of receiving and retaining an exact center mark.

Jugs and bottles, cut stone blocks, and hollow cones of stone-

ware are among the most common. The stone block, holding a

copper bolt and surrounded by masonry, is much used at the ends

of base lines, where a very accurate mark is essential, on account

of working up from so short a side.

The surface mark should not be in contact with the under-

ground mark, while it should project enough above the surface to

be readily found. A stone post, with the top dressed some 4 to

6 inches square and the center marked by a cross or hole, is much

used; often the number of the station or the initials of the survey

are cut near the top.

Should the station be on firm rock, a hole is drilled some 12 to

15 inches deep and filled with lead or sulphur, or a copper bolt

is inserted with a wedge at the bottom which tightens as the bolt

is driven down. Along coasts and rivers, where stations are forced

out within reach of the action of the water, and on soft, yielding,

and shifting soil, much difficulty may be met in securing proper

station marks without undue expense. Screw-piles protected by

masonry or riprap, etc., are among the expedients resorted to when

reference cannot be had to near, permanent objects, or to reference

marks set for the purpose. A stake driven down in soft, wet soil,

a hole made with a bar and filled with quicklime or charcoal in

impervious soil, mounds, references to trees, etc., are among the

marks often used for the less important stations.

A topographic sketch of the station and its surroundings should

be given, on which are shown the features likely to aid in identi-

fication, and especially those objects which can be used for refer-

ence points, This should be accompanied by the distances to
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these points, taken with steel tape if near enough, or by includ-

ing them in a sweep of angles which includes one or more distant

objects and a magnetic bearing. If to these are added the kind

of a signal, with the heights above the station mark of the points

most convenient for sighting in measuring vertical angles, as tripod

head, top of pole, etc.; the name of the landowner or person who
has been requested to look after the station, or of those who would

know most of its position; the name of the nearest railroad station,

and the best method of approach, the description will be reasonably

complete.

The various tertiary points sighted upon should be described,

to aid the topographer in identifying stations with ease and cer-

tainty, and to aid in securing the stations for use in future topo-

graphic and hydrographic work.

A station should be named from the popular name of the hill

or locality, from some well known peculiarity of the ground, from

the owner of the land, or in such a way as to best call attention

to the special locality. Numbers are sometimes used in the com-

putations and records, as being more concise.

On the Coast Survey at least one reference mark of a perma-
nent character is called for, not nearer than 10 meters for each

station of the main scheme, to be accurately connected by dis-

tance and direction. These reference marks are preferably on

fence or property lines, and should be always in a locality chosen

to avoid disturbance by cultivation, erosion, and building. Such

reference marks are desired at all marked stations.

Descriptions are required for all marked stations. For each

station which is in itself a mark, as a cupola, sharp peak, etc.,

a description is required, or the angle records must show the exact

point used. Each land section corner connected with the triangu-

lation must be fully described. Nothing is to be put into the

description which does not aid in recovery or identification. A
sketch should not be used as a substitute for words, but all essen-

tial facts which can be stated in words should be so stated, even

if shown on the accompanying sketch.



CHAPTER III.

INSTRUMENTS AND OBSERVING.

31. Development of Angle Instruments. When Snellius of

Holland introduced the principle of triangulation in 1615, angles

were measured with quadrants, rectangles, or semicircles gradu-

ated on their peripheries, and having alidades with sights attached.

Defects in graduation were early detected, and efforts made to

remedy them by using large radii; 6 to 7 feet was the smallest

radius for a sector, while those cf 180 feet were not uncommon
with the Arabian astronomers.

A means of measuring parts of a division was devised by Nunez

in 1542; the present form of the vernier was first used by Vernierus

in 1631; the entire circle was first used by Roemer in 1672; and

the first micrometer and cross-hairs in the telescope were used by
Picard, although constructed by Auzout in 1666.

The great advance in instrument construction dates from 1783,

when the survey to connect the observatories of Paris and Green-

wich was begun.

The French brought out the repeating circle constructed upon
the principle pointed out by Tobias Mayer in 1752. Fig. 26

shows the general construction. The horizontal circle just above

the leveling screws is an auxiliary not essential in the measure-

ment of angles. The long vertical axis is forked at the upper
end to carry the short horizontal axis which supports the repeat-

ing circle on one side and a counterweight on the other. The

plane of the circle will thus rotate with the horizontal axis,

while the circle itself can be rotated in its plane which is parallel

with the axis.

The horizontal and vertical axes allow of placing the circle in

any plane from horizontal to vertical, while its motion in that

48
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plane about an axis perpendicular to the horizontal axis allows

of measuring angles on any part of the circle.

The circle carries two telescopes, one above, the other below,

both eccentric, each capable of rotation about the axis, with inde-

pendent clamps and tangent screws; the lines of collimation are

parallel to the circle, and the position of the upper telescope can

be read by means of verniers.

To measure an angle the following steps are necessary: Bring

the plane of the circle into the plane of the objects; clamp the

upper telescope at zero; rotate

the circle until the upper tele-

scope bisects the right hand ob-

ject and clamp the circle (the old

French circles were graduated
counter -

clockwise) ; bring the
lower telescope to the left hand

object and clamp; unclamp circle

and rotate until lower telescope

bisects right hand object and

clamp; loosen upper telescope,

and bring onto left hand object.

The reading will now be twice

the angle, for in rotating the

circle so that the lower telescope

changes from the left hand to

the right hand object, the zero

rotates through the same angle

to the right of the right hand

object, and the upper telescope

must be brought back over the

angle to reach the right hand

object and once again from the

right to the left, giving a read-

ing of twice the angle. The above

steps are continued until a suf-

ficient number of repetitions have been taken, when the last read-

ing (increased by the proper number of 360 's) is divided by the

number of repetitions for the value of the angle. It should be

noted that this angle may be in an oblique plane. In such a
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case the vertical angles upon the two points must be measured

before the horizontal angle between them can be determined.

In measuring vertical angles a level on the side of the lower

telescope comes up in position, not shown in Fig. 26, to serve

for the reference horizon when the circle is vertical.

At the same time (in 1783) the English brought forward the

celebrated Ramsden theodolite, partially described in 2, which

in its essential principles is the same as the modern theodolite

and does not need separate description.

The different parts of an instrument will be taken up in detail,

beginning with the telescope.

32. Normal Vision. The eye is an optical instrument, consist-

ing essentially of a series of transparent refracting media bounded

by curved surfaces, forming a lens, and a delicate network of

nerve fibers, spreading out from the optic nerve, forming the

retina. A pencil of light entering the eye is refracted by the

lens and brought to a focus upon the retina, and the impression

is carried to the brain along the optic nerve.

The normal eye at rest is supposed to be adjusted for parallel

rays; the curvature of the lens and its distance from the retina

will increase with the nearness of the object up to the limit of

distinct vision, which is some 8 to 10 inches; the pupil or aperture

for the admission of light is also adjustable. The distance from,

the center of the lens to the retina is about 0.6 inch.

With this ratio of distances of retina and object from lens

(0.6 and 8) the image will be only 0.6/8 -.075 times as large as

the projected object.

For the projected object at the distance of 8 inches from the

eye,

0.000 039 4
Angular magnitude for 1^= =

1",
o sin 1

where
/i
= the millionth part of

a meter, -0.000 039 4 inches.

The minimum angle be-

tween two bright points or

lines upon a dark ground, or

FIG. 27. the reverse, which the eye can

distinguish without running them together is found to be about
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60". This would give for the distance on the retina between the

images

60 X.075= 4.5*.

The surface is made up of minute papillae or nerve elements

called rods and cones from 2^ to 6^ in diameter, with an average
of 4.5-"; the retina thus shows no power to distinguish impres-
sions on parts of a papilla.

A single dark line upon a bright ground can be distinguished, it

is said, when the visual angle is only one-fiftieth as large as the

above (image 0.09/1

).

According to Prof. Forster's investigations as given in Jordan's

Handbuch der Vermess., Vol. II, p. 147, the minimum distance 6,

between a hair and a scratch, which can be distinguished in g

bisecting a division mark upon a bright scale, as with the III

cross-hairs of a micrometer microscope, Fig. 28, is 2.5"

measured upon the retina. With this width of line the

probable error of the bisection, with a magnifying power of

25, was found to be 0.25^ measured upon the retina. This

width 2.5", referred to the object and unaided vision, would

correspond to 6 = 2.5/.075 = 33", or a visual angle of 33";
while the probable error of bisection would be one-tenth as

-p.

great. A power of 33 would thus give a probable error of 28.

0.1^ in bisecting a division, and b would =1".

It is found that if b be increased 16-fold, or so as to cover 8

papillae or nerve elements, a power of 85 is necessary for a probable
error of 0.1^ in bisection; and if widened to cover 1^, a power of

150 is necessary.

33. The Astronomical Telescope. This in its simplest form

consists of two biconvex lenses fixed in a tube: the eyepiece and

the object glass. Its advantages over the unaided eye in accurately

sighting an instrument upon a point are: (a) increased light;

(b) magnifying power; and (c) the use of cross-hairs. .

The following are from Geometric Optics:

A lens is a portion of a refracting medium bounded by two sur-

faces of revolution having a common axis; this axis is called the

axis of the lens. The surfaces of revolution are usually spherical or

plane; if they do not intersect, the lens is supposed to be bounded

by a cylinder in addition having the same axis. The thickness is
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the distance between the bounding surfaces measured on the axis.

The optical center is a point of the axis, usually within the lens;

if any ray of light pass through this point, its direction after pass-

ing through the lens will be parallel to its direction before, a

slight offset taking place for oblique rays
on account of the refraction towards the

normal on entering the lens.

For spherical surfaces this point is

FIG. 29. found by drawing any two parallel radii,

joining the points where each cuts its own surface, and noting
the intersection of this line with the axis. The ratio of the dis-

tances of the centers of curvature from the optical center equals
the ratio of the radii. When one surface is plane, the optical

center is found at the other surface. The principal focal length
of the lens, /, is found from

where r and r
f
are the radii of the surfaces, and n the index of

refraction.

The fundamental equation connecting conjugate foci is

*

where /" is the distance of the object and /' that of the image

(negative if the image is virtual*).

34. Magnifying Power. In Fig. 30, let be the object glass

and O f the eyepiece. The rays of light from the arrow head, A,
will be brought to a focus at A' where the ray through the optical

center meets the focal plane, and those from C at C", these two

central rays preserving their direction beyond the lens, but suffer-

ing a slight offset as indicated in 33. Join A' and C' with the

optical center of the eyepiece. All the rays of light coming from

A and C which pass through the telescope will emerge in pencils

* For further discussion of lenses, telescopes, etc., see W. Watson's

Physics, Book IV, Chap. III.
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parallel with, or slightly diverging from, these two directions

A'O'
',
C'0'

t
if adjusted for distinct vision for a normal eye. The

lines A'O', C'O'
', give directions only for the rays passing through

A' and C".

Without the telescope, the angular magnitude of the object

with the eye at would be 0. With the telescope, the angular

magnitude is a.

To find the magnifying power draw FH= f, the focal length

of the objective; erect the perpendicular HJ=\A'C'', take

FK= fv the focal length of the eyepiece; ere,ct the perpendicular

KL= HJ, join J and L with F, giving HFJ=%p, and HFL=\a.
Extending FL to M to refer both images to the same distance,

th? ratio of the apparent magnitudes or the magnifying power will

equal the ratio of HM to HJ.

But

or,
F

magnifying power, G=-r,
h

(10)

i.e., the magnifying power equals the focal length of the object glass

divided by the focal length of the eyepiece.

Also,

tan

or,
tan

, nearly,
p
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i.e., the magnifying power equals the angular magnitude as seen

through the telescope divided by the angular magnitude as seen with

the naked eye, nearly.

Since, by (9), /' increases with the nearness of the object, G
will be greater for a near than for a distant object; /' for parallel

rays is taken as the standard.

For normal eyes the eyepiece would be focused for a virtual

image at the distance of most distinct vision, or from about 8

inches to infinity; myopic (near-sighted) eyes, unless corrected

by glasses, would require that the eyepiece be pushed in, and

hypermetropic (far-sighted) eyes that it be pulled out, thus

changing / t
and G.

In Fig. 31 it may be noted that the extreme rays from a point

A striking the object glass at the distance apart D will intersect

at a' in the focal plane and may be focused to emerge in parallel

lines (a=0, /?=0) at the distance apart d'.

FIG. 31.

From similar triangles, neglecting the thickness of the lenses,

or from (10) G=
d"

i.e., the magnifying power equals the diameter of the clear aperture

of the object glass divided by that of the emergent cylinder of rays

from a point.

For the magnifying glass, or simple microscope, with the eye

placed close to the lens as with the eyepiece, take FH= 8 inches,
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the distance for normal vision; FK^f^ HJ= %AC. Then,

from (10),

(13)

If an objective is added,

making a compound micro-

scope,* it will magnify the

image AC in the ratio /'//"

(AC being now regarded as

replacing A'C' of Fig. 30).

Hence T- 4. . (14)

Ex. 1. Find the power of a

magnifying glass having a focal

length of 1" and placed so that

the virtual image will appear 8"

from the eye.

Ex. 2. Show that the change H

in focal length of an object glass

with distance, has the effect of

placing the initial point for stadia work at the focal length in front of

the object glass.

Ex. 3. Find the range in motion of the object glass slide to focus at

distances from 10 feet to infinity, for /=9", G=25.

35. Measurement of Magnifying Power. (a) Set up the tele-

scope where two prominent well defined objects can be seen sym-

metrically with reference to the center of the field, on looking

through the object end, and focus for parallel rays. Set up a

transit back of the telescope, and measure the angle A subtended

by the objects as seen through the telescope. Remove the tele-

scope; set the center of the transit in the position occupied by
the eyepiece and measure the angle A' between the same objects

as seen directly.

* With the magnifying glass or compound microscope the eye cannot

replace the lens or objective and focus on the object as with the telescope,

the distance being less than 8 inches.
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Then, by (11),

(b) Focus the telescope for parallel rays ; point it towards the

sun, or a bright sky, and measure the diameter d f
of the emergent

cylinder at the eyepiece as thrown upon a paper screen; measure

the clear diameter D of the objective by pushing a pencil in from

the edge until it will just cast a shadow on the screen, and noting
the reduction from the apparent diameter. Square pieces of

paper of different sizes, moistened and placed around the cir-

cumference, will show the clear diameter more accurately than

the pencil point.

By (12), 2=G (approx.).

(c) Sight to a speaking rod, a clapboarded house, or other

object which will answer for a scale of equal parts. While look-

ing through the telescope at a scale unit with one eye count the

number of units which it covers as seen by the other or free eye;

this number will be the power Gr
for the given distance.

To find G, the power for parallel rays : Measure the distance /'"

from the center of the objective to the back of the cross-hair dia-

phragm when focused for the above scale reading, and the dis-

tance /' when focused on a distant object. From (10),

G=-fr,0'
......... (16)

The method (a) is the most accurate; (6) will give fair results

except for high powers for which it is difficult to measure d' with

sufficient accuracy; (c) is the most convenient for low powers.

Ex. The angle subtended by two objects when seen looking into the

object end of the telescope focused for parallel rays was A = 2' 11".

The angle subtended, as seen directly, was A'= 1 18' 06". Required G.

Solution.

n .1 18' 06" 4686
By (15), approx. G=

^, n/ ,
= = 36.

f
tan 39' 03"

By(15) ' G=
tan V 05" =36 '
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36. Intensity and Brightness. Let D= diameter of the object

glass; d= that of the eyepiece; d' = that of the emergent cylinder

of rays; di = that of the pupil of the eye, assumed = 0.2 inch by
Chauvenet for astronomical work, and 2.24 mm. or 0.09 in. by
Jordan for geodetic work, the actual size varying with the indi-

vidual and with the brightness over a greater range than indi-

cated by the above values; m= percentage of light striking the

object glass, from a given point in the optical axis, which passes

through the lenses, =85% for the best telescopes, and often fall-

ing to 60%.*
With the unaided eye, the cone of rays which can enter it

from a given object has a diameter d\. With the telescope, the

diameter of the cone which may be condensed to enter it is D.

The quantities of light, for the same distance from the object,

will vary as the squares of these diameters. Hence, allowing for

the loss due to absorption and reflection, the intensity or ratio of

the light received by the eye through the telescope, to that re-

ceived by the unaided eye, is

For all this light to enter the eye, di>d', or, substituting the

value of d' from (12),

If di<-~, as may be the case with telescopes designed for

special purposes, the effective diameter of the object glass will

be reduced to d\G. This value substituted in the value of I will

give mG2
. Collecting results,

7)2 _D

D \

=mG2 when c?i<~. I

Or J

* It is stated by Nolan in The Telescope that about 7% is lost by each

lens, one-half of this being reflected back from the outer surface and the

other half from the inner surface as it passes through.

Experiments at the University give m about 60% for the older tele-

scopes with terrestrial eyepieces.
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Owing to the magnifying power, this light appears to come

from an area G2 times as large as without the telescope.

Hence the brightness, or light per unit area as compared
with the naked eye, ID2 D

when

B=m when
,D

'G'

(18)

Tabulating (18) for different values of D and G, we have the

following

TABLE FOR BRIGHTNESS.

G
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ever the loss. For this reason the loss is not very noticeable

until quite large.

In looking at a fixed star, the more perfect the telescope, the

more nearly will the image appear as a bright point, regardless

of the power; the brightness will therefore increase directly with

the intensity, there being no magnification. The brightness of

the field will however reduce as G2
,
as the area from which the

light appears to come is increased in that ratio. This is why
fixed stars can be seen in the daytime with telescopes of small

apertures and large powers when they are invisible to the naked

eye, the darkened field allowing them to show through as at night;

also why faint stars can be seen at night which would be invisible

with the same telescope and a lower power. On the other hand,

faint nebulae, tails of comets, etc., which have nearly the same

degree of brightness as the sky, become invisible under high powers,

because, although the ratio remains constant, the difference in

brightness soon becomes too small to be distinguished by the eye.

Ex. 1. Find the intensity and brightness of a stadia rod at 1000 feet

with a telescope having a power of 30 and a 1^-inch object glass, as com-

pared with the naked eye at 100 feet.

Solution.

B=I/G*=18% as compared with the eye at 1000 ft.

The light radiating from any point of the rod in cones, its intensity

would diminish as the square of the distance, so that moving the telescope

from 100 feet to 1000 feet from the rod would reduce the intensity (100/1000)
2

fold. The linear magnification, G, would be reduced 100/1000 fold.

10

Ex. 2. An engineer's level telescope has a power of 35 and a If-inch

object glass. Find the intensity and brightness.

Ex. 3. Find the distance to which a leveling rod can be removed from

the level of Ex. 2 for the divisions to be of the same size on the retina as

when the rod is seen at a distance of 10 feet with the naked eye.

37. Field of View. It is customary to limit the focal plane

by a circular diaphragm to about 0.5/j on account of the diffi-

culty of securing good images with an eyepiece of larger field.

From Fig. 33, since the image of each object is on the line
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joining the object with the optical center, we have, by (10),

0.5/, 0.5
4" Q T\ -V* ^ "y i" Q T 1 -

, r.(tin
i i

tdii i -
f

-
f^r*

But tan 1 = 0.017,

on
.-. r

=
^(approx.) (19)

E.g., Mag. power, 0-10 20 30 40 60

Angular field of view, r
= 3 1 30' 1 00' 45' 30'

As the field becomes small r the eyepiece is often made movable

in order to include a greater range in one direction, either alti-

tude or azimuth, by moving it with a tangent screw, the simul-

FIG. 33.

taneous field being as above. In order to find X, the angle of

the bright field, or field from which all the light which passes

through the object glass from a given point will reach the

eyepiece, draw the diagonal lines AC and EF, and join their inter-

sections with the focal plane, a and 6, with the optical center 0.

All the rays coming through the object glass from any point on aO
will pass through the focus a, and reach the eyepiece, those from C
passing just to the limit at A. Similarly for bO. Hence aOb, = X,

is the angle of the bright field, or field for total light.

From this field out the intensity and brightness both diminish,

and they would reach zero at cOd were the field not restricted to f

by the diaphragm. Since f is about equal (not much larger than
/I)

objects should retain their brightness nearly or quite to the edge
of the field.

In order to take in the whole extent of this field the eye
must be placed at the point in which the axes of the extreme
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pencils, diverging from the center of the object glass, meet the

axis of the telescope after emergence. The position of the eye is

therefore at the focus of the eyepiece which is conjugate to the

center of the object glass. The telescope tube is prolonged to

this point and furnished with an eye stop.

38. Spherical and Chromatic Aberration. The simple tele-

scope described above would be satisfactory only for very low

powers. For, with spherical surfaces, the only ones which can

be conveniently ground, the rays from near the border of the

lens are brought to a focus nearer than those passing through

the central portion; the distance along the axis between these

foci is an indication of the spherical aberration. Spherical aber-

ration is reduced for a given diameter by increasing the focal

length of the lens, as a less portion of the sphere is used. Again,

the different colors have different indices of refraction as seen

from the spectrum, the violet coming to a focus nearest the lens,

and the red the farthest; the distance along the axis between

these foci indicates the chromatic aberration. To obviate these

difficulties, the object glass is usually composed of two simple

lenses (see Fig. 34), an outer double convex one of crown glass

having a low dispersive or spectrum-forming power, and an inner

double concave one of flint glass having a high dispersive power
but with flatter curvature. The dispersive powers can thus be

made equal for any two colors of the spectrum by a proper rela-

tion between the focal lengths, rendering the combination nearly

achromatic, while the sharper curvature of the convex lens leaves

a residual of converging refractive power. The combination can

be rendered nearly aplanatic, or free from spherical aberration,

by giving proper radii of curvature to the four surfaces. The

two adjoining surfaces usually have the same curvature; they

are sometimes united by Canada balsam to prevent the loss

of light by reflection from the inner surfaces, sometimes cemented

around the outside to prevent the entrance of moisture, and some-

times they are held in place by the cell simply.

The grinding of the lenses and the first polishings are extremely

simple. The finishing of a fine object glass requires great skill

and patience on the part of the optician, as the effect of every

flaw in the glass and defect in the grinding must be counteracted

by polishing here and there each of the four surfaces, with the
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finger alone or using a little of the finest rouge and water, until

after repeated tests the desired degree of perfection is attained.

With two lenses thus adjusted to each other, it is evident that

their relative positions in the cell cannot be disturbed without

injury.

39. Eyepieces. The correction for the eyepiece is usually

made by using two separate lenses of the same kind of glass placed

at such a distance apart that the colored rays produced by the

first lens shall fall at different angles of incidence upon the second

and become recombined. The two lenses may be treated like a

single one with the equivalent focal length, as found from optics.

(20)

where //, //', are the focal lengths of the separate lenses, and a

is the distance between them.

The Huygenian, or negative eyepiece, is one of the best when

cross-hairs are not required. It consists of two plano-convex

lenses, Fig. 34, with the plane sides towards the eye, the focal

length of the farther or field glass being three times that of the

A
T~

FIG. 34.

nearer or eye glass. They are placed about half the sum of the

focal lengths apart. The field glass receives the converging rays

from the object glass before they have reached the focus, and

brings them to a focus between the lenses. Cross-hairs are often

placed at the focus to define certain portions of the field, as in

the sextant telescope, but not for accurate measurements, since

the cross-hairs will be distorted, seen through the eye glass only,

while the object will not be, seen through the corrected combination.

Airy replaces the plano-convex field glass by a concavo-convex,

increasing the flatness of the field.
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The Ramsden, Fig. 35, is the form most commonly used when

accurate measurements with cross-hairs or micrometer are required.

It is a positive eyepiece, i.e.,

it receives the diverging rays from

the object glass after they have

passed the focus. The two plano-

convex lenses have their convex

sides turned towards each other;

they have the same focal length, and are placed two-thirds the

focal length apart, giving by (20) an equivalent focus of three-

fourths that of one of the lenses.

The Kellner and the Steinheil are modifications of the Ramsden

which are coming into favor on account of the greater flatness of

FIG. 35.

Kellner Eyepiece.
FIG. 36.

Steinheil Eyepiece.

the field or freedom from spherical aberration. In the former the

eye glass is an achromatic combination, and in the latter both are

achromatic (Fig. 36). The former has the larger field. None of

these eyepieces invert the image, and as the object glass inverts,

the objects all appear inverted.

The terrestrial eyepiece consists of four lenses, the object being

to invert the image so that objects seen through the telescope

will appear erect. Quite an appreciable loss of light results from

Airy Eyepiece.
FIG. 37.

Fraunhofer Eyepiece.

the two extra lenses (14% on the basis of Mr. Nolan's estimate

of 7% per lens), and a serious shortening of the focal length of

the object glass for a given length of telescope, which increases

the difficulty of securing a flat field. Two combinations are shown,

the Airy and the Fraunhofer.
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Diagonal eyepieces. For convenience in looking at very high

objects, a mirror of polished speculum metal is placed between,

the two lenses of the eyepiece, at an angle of 45, so that the light

emerges perpendicular to the telescope tube. This erects the

object (reverses the image) in altitude but not in azimuth. For

objects near the zenith, the perpendicular portion of the tube

must frequently be lengthened for accessibility. This is secured

by placing the mirror between the central lenses of the terres-

trial eyepiece, which then inverts the object in altitude and leaves

it erect in azimuth.

Instead of the speculum mirror, a glass isosceles right-angled

triangular prism can be used with less loss of light.

40. Cross-hairs. Since with the telescope the image of any

point is at the intersection of the focal plane with a line through

the point and optical center of the object glass, this optical center

may be taken as a fixed point for all lines of sight. The inter-

section of a horizontal and a vertical hair placed in the focal plane

(it should be in the optical axis) will give a second fixed point.

The line joining them, called the line of collimation, is taken for

the direction of the telescope; its greater precision is due to the

magnifying power and increased light of the instrument.

In pointing, the eyepiece is first focused upon the cross-hairs

and then the object glass upon the object; the focal plane of the

object glass is thus brought to coincide with that of the cross-

hairs, so that the latter will remain fixed upon the object as the

eye is moved from side to side behind the eyepiece. The first

is for the eye of the observer, and this focus does not need to be

disturbed when once properly made; the second is for the dis-

tance to the object, which requires change with each new dis-

tance.

Spider lines are usually used for cross-hairs. Some prefer to

have them spun directly by a spider as needed, others to take

them from cocoons. They should be opaque, cylindrical, free from

dust, and as small as is compatible with distinct visibility. Platinum

wires are used by some instrument makers as being more opaque
and less liable to stretch with age. The requisite fineness is obtained

by coating with silver, drawing down the wire, and afterwards

removing the silver by nitric acid.

A glass diaphragm with etched lines is sometimes used in place
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of cross-hairs, with perhaps some advantage as to permanence of

position but with the disadvantage of loss of light, and the mag-
nification of all dust on the glass unless thick and the cross-hair

side inclosed in a sealed cell.

The reticule of wires consists of one horizontal and one ver-

tical for the ordinary surveying instruments. Sometimes stadia

wires are added. For triangulation work the vertical wire should

be replaced by an X for pole signals, while on the Coast Survey
two vertical wires some 15" apart and two horizontal wires much
farther apart are used for heliotropes and night signals. The
horizontal wires limit the portion of the vertical wires to be used

for bisection. For astronomical work several horizontal and

vertical hairs are used, either equidistant or arranged in groups

symmetrically with reference to the center. The linear distance

required between the wires can be computed and laid off with a

micrometer from the focal length of the object glass as measured

on the outside of the tube to the cross-hair diaphragm. Or, better

and more accurately, by using a micrometer microscope as an

eyepiece and measuring the distance subtended by the divisions

of a rod at a measured distance; from this distance the required

distance between wires is readily computed and laid off by the

micrometer. Allowance must of course be made for the change
in focal length for parallel rays. The angular distance can be

determined from astronomical observation, or directly from circle

readings.

41. Tests of Telescope. To test for spherical aberration, reduce

the effective area of the object glass about one-half by a ring of black

paper and focus upon a well defined point. Then remove the

ring of paper and cover the other half of the object glass; the dis-

tance the latter must be moved in or out for distinct vision,

which should be small if any, is an index of the spherical aberration.

To test for definition, focus upon small clear print at a dis-

tance of 20 to 100 feet, depending upon the magnifying power,

and note if the print is as sharp and well defined as when viewed

with the naked eye at a distance of 8 to 10 inches. Poor defi-

nition may be due to spherical aberration, or to inaccurate cur-

vature, or to variable density or non-centering of the lenses.

To test for centering, or for the coincidence of the optical axes

of the different lenses, fix a white paper disk, about one-eighth
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inch in diameter with sharp outline, in the center of a black sur-

face, and look at it when placed in a good light at a distance of

30 to 40 feet. If the image of the disk, when a little out of focus,

is surrounded on all sides by a uniform haze, the centering is

good.

Astronomical objects are sometimes preferred for testing as

follows: The correction for spherical aberration is well made when

the image of a star under favorable atmospheric conditions appears

as a small well defined point or round disk. Having this in the

best focus, the slightest motion of the object glass out or in should

enlarge the image, it remaining circular if the lens is symmetrical

throughout; while in the most perfect telescopes the image will

enlarge to several concentric circular rings of light before dis-

appearing. An imperfect, unsymmetrical lens will give distorted

rings, or only a confused mass of irregularly colored light. If the

glass is not homogeneous, bright stars will show "
wings

'" which

it is impossible to remove by perfection of figure or adjustment.

The defective portion can be found by covering up different por-

tions of the object glass and testing.

The correction for chromatic aberration is well made when,
after focusing on a bright object as the moon or Jupiter, pushing
in the eyepiece slowly will give a ring of purple and pulling it

out one of pale green; thus showing that the extreme colors of

the spectrum, red and violet, have been corrected.

The flatness of the field depends mainly upon the correction

for the spherical aberration of the eyepiece. It can be tested

by drawing a square some 6 to 8 inches on a side, with heavy
black lines upon white paper, and looking at it when flat and at

such a distance as to nearly mT the field of view. If the lines

appear perfectly straight, the field is flat. A telescope may dis-

tort the image appreciably without introducing any error in

ordinary work, but it is objectionable for stadia work and inad-

missible when measurements are to be taken in the field with a

micrometer eyepiece.

The object glass should be mounted so that its optical axis

coincides with the axis of the telescope tube. The object glass

slide should be parallel to this same line, and the vertical plane
of collimation should contain it, when adjusted perpendicular to

the telescope axis.
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The rear end of the object glass slide is sometimes supported

by an adjustable collar for ease in meeting the above require-

ments, but with first-class workmanship it is usually considered

unnecessary, while it adds an element of instability. The accu-

racy of workmanship can be appreciated by remembering that

10 seconds of arc will subtend only 0.000049 of an inch for a focal

length of 10 inches.

The object glass slide is tested by placing the vertical wire in

adjustment for distant objects (slide drawn in) and then testing

the adjustment for near ones (object glass slide pushed out).

This test is of more importance for ordinary instruments than

for geodetic or astronomical ones, for which the precaution is

taken not to disturb the slide or focus of the object glass between

sights which are combined on the supposition of a fixed line of

collimation. This is possible for sights over 1J miles, no mat-

ter what the inequality, while it is not for short sights unless

they are nearly equal.

The horizontal line of collimation is not restricted so closely

as the vertical; so that if it is adjusted parallel to the object glass

slide, the deviation from the optical axis of the object glass, or

from the axis of the telescope, will have but little effect.

This adjustment is effected by the three peg method of adjusting

a level.

42. Level Tubes. These for accurate work are carefully ground
with emery on a revolving arbor which has been turned so as to

give the desired curvature. The tube is slowly rotated about its

axis so as to distribute the grinding uniformly around the cir-

cumference. The surface is then polished, the tube filled and

tested on a level tester for uniform curvature by noting if equal

angular changes will give a uniform motion of the bubble. For

delicate levels the defects found after this rough grinding must

be corrected, requiring repeated trials and much skill and patience.

The upper inner surface, when completed, must be highly

polished to render the friction of the bubble as small and uni-

form as possible.

The tube should be of uniform bore and thickness and of hard

glass.

The liquid used for filling is usually alcohol for the more com-

mon levels, alcohol with a little ether added for fluidity for more



68 GEODESY. (43, Fig. 37,

sensitive ones, and sulphuric ether, with possibly a little chloro-

form for the most sensitive ones.

For delicate levels a chamber is added at one end so that the

bubble can always be used at about its normal length for greater

convenience and accuracy; a change of length with the tem-

perature changes the zero, if the curvature or size at one end

differs from that at the other, while a short bubble is more slug-

gish and its position of rest more affected by friction and by local

defects of the tube than a long one. The best results will be

obtained with the length used by the maker in testing the tube.

The tube should not be directly held in rigid metallic supports

on account of the danger of distortion from pressure due to

changes of temperature. The support should be at two points

only and with rings of cork or other yielding material which will

give sufficient stability.

A very sensitive level should be inclosed in a glass box or

tube so as to form a closed air space, to diminish local distortion

from sudden changes of temperature.

The value of a division should be determined for different por-

tions of the tube to test uniformity, and at different temperatures

to determine the temperature coefficient if any. An appreciable

coefficient will usually denote a cramping of the tube by the sup-

ports.

43. Graduated Circles. The process of graduating a circle

can be readily understood from the description of the Saegmuller

dividing engine given in Zeit. filr Instrumentenkunde, 1894, p. 84.

(See Fig. 38.) The engine is built entirely of cast iron and steel

with the wearing parts hardened. These metals have nearly the

same coefficient of expansion so that slow temperature changes

have no appreciable effect upon the working of the parts. For

dividing large circles a glass case is provided, and the machine

kept automatically at a constant temperature by a thermostat.

The weight of the large one-meter horizontal circle and its

axis (over 500 pounds) is almost wholly relieved from the bear-

ings. The circle is rotated by means of two diametrically opposed

worm gears driven by pinions at the left, as shown in the figure

These pinions are driven through ratchet wheels by a long rack

working back and forth on the bed plate. The teeth on each

end of the rack are cut to match the corresponding teeth on the;
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pinions so that it is claimed the worm gears move absolutely

alike in driving the large circle.

One turn of the worm gear rotates the circle through five

minutes of arc, so that there is always a whole number of turns

FIG. 38.

between division lines; this number is regulated by the motion

of the rack between adjustable stops. The rack is driven for-

ward by the belt wheel through the flexible pitman and adjustable

crank pin, and pulled backwards by a weight, the ratchet pawls

releasing promptly so that the worm screws are not disturbed.

The belt wheel also drives the cutting tool at the top of the machine,



70 GEODESY. ( 43, Fig. 38,

acting through two cams, it being connected by bevel gearing
in such a way as to allow of setting the cutting tool for any sized

circle as shown. The cutting mechanism can be set to cut radi-

ally, vertically, or in an inclined direction.

The circle to be graduated is fastened to the upper plate and
centered by the abutting screws shown, until a contact level

attached to the cross-bar (pivoted at one end, with a stiff vertical

leg pressed against the side of the hole for the axis of the circle

by the unbalanced weight of the level) remains horizontal during
rotation. The cutting tool, having a fine steel or diamond point ,

cuts during the return stroke of the rack; an elliptic gear giving
a slow cutting and a quick return stroke.

The large circle has five-minute division lines, and it is assumed
that the worm gear was adjusted to correspond with these as

nearly as may be. It was found, however, that there were several

irregularities in the division lines. To eliminate these errors the

worm gears were fastened to a plate resting on the bed plate and

capable of a slight rotation about the axis of the circle. A ring

carrying 360 radial adjusting screws was attached to the under

side of the circle and a horizontal lever attached to the bed plate
so that the short arm engaged with the worm screw plate and
the long arm rested against one or more of the screw heads. With
these screw heads adjusted in the circumference of a circle con-

centric with the axis, no motion of the worm screw plate would

take place on rotating the circle. With these adjusted for the

errors in the gear, motion is given to the worm gears independent
of their rotation so that the new circle is accurately divided.

For small circles the dividing is done automatically. For

large ones, a micrometer microscope (see 44) is attached to the

frame and the main divisions copied from the engine circle, allow-

ing for its graduation errors by moving the hair of the microscope
for each scratch. The automatic principle is then applied to

the short arcs between these lines, and checking on them.

The method of graduating the engine circle is well brought
out in a description of the reconstruction of the Coast Survey

dividing engine in App. 12, Report 1879. The process of con-

tinual bisection was employed until the circle was divided into

256 parts. The equality of the arcs after each set of bisections

was tested by setting two micrometer microscopes the proper
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distance apart and measuring the discrepancies with the microme-

ter screw. After finding the corrections for these divisions the

worm screw was used in changing to the degree system of gradu-

ation, applying the corrections step by step.

With a 10-inch circle, an error of 0.0001 of an inch in a division

. 0.0001
or in centering will give an error of -=. ^ = 4.1 seconds; showingo sin l

the extreme accuracy necessary in centering and in graduating a

circle which is to be read to tenths of seconds.

Five-minute spaces are usually the finest cut upon large circles,

and 10-, 20-, or 30-minute spaces are the smallest upon smaller

circles. Intermediate readings are taken with verniers or microme-

ter microscopes. The vernier is too well known to need a descrip-

tion here.

44. Micrometer Microscopes. These are usually used in place

of verniers when readings closer than about 5" are required. Cross-

hairs are attached to a frame which is moved through a box per-

pendicular to the microscope tube by an accurate micrometer

screw working against spiral springs, as shown in Fig. 39.

FIG. 39.

If the microscope has a flat field and the screw a uniform pitch

the apparent motion of the cross-hairs across the limb will be

proportional to the turns of the screw, giving an accurate means

of subdividing the spaces on the circle. A common division of

the limb is into 5-minute spaces, the objective being placed at

such a distance that 5 turns of the screw will move the wires over

one space; each turn will then give a minute, marked by a tooth

on the comb in the edge of the field, as shown, while seconds can

be read from the head of the screw by dividing it into 60 equal parts.

Two parallel hairs are usually used, placed far enough apart
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so that when brought over a division a bright line will show on

each side between the hair and scratch; the equality in width

of these light lines being judged more accurately than the bisec-

tion of a scratch by a single hair.

To take a reading, the micrometer screw is turned with the

increasing numbers on the head, moving the hairs from the zero

of the comb back to the first division of the limb to the right

(apparent left), the number of teeth passed and the reading of

the head giving the minutes and seconds from the division to the

zero. Usually the motion of the screw is reversed, turning against

the graduation on the head, until the hairs bisect the division to

the left of the zero. Only the reading on the head is noted, and

this should differ but slightly from the first if the microscope is

adjusted so that 5 complete turns cover an average space.

The bisection is usually made with the positive motion of

the screw to avoid lost motion. If the lost motion is appreciable,

however, it indicates a poor condition of the micrometer which

should receive attention.

The probable error of a single bisection should be about 0".2.

Ex. 1. Given a micrometer screw having 100 threads per inch, and an

objective having a principal focal length of 1 inch. Find the distance to

place the objective from a 10-inch circle so that one turn of the screw shall

equal one minute, and find the focal length of the eyepiece for a magnify-

ing power of 25.

Ex. 2. If, in Ex. 1, 5' spaces on the circle read 5' 04" on the screw, find

the distance to move the microscope towards the circle to put it in adjust-

ment.

45. The Run of the Micrometer. The micrometer is adjusted,

as stated in 44, so that the nominal number of turns, usually 5,

will move the hairs over a 5-minute space. This can be only

approximately realized owing to the imperfections of the microm-

eter and graduated circle, the inaccuracies of bisection and read-

ing, and the disturbances due to changes in temperature.

The correction for run is made in several different ways by
different observers, while many equally good observers regard it as

an unnecessary refinement if the microscopes are kept in proper

adjustment.

The method given in App. 9, Coast Survey Report, 1882, by
Asst. R. D. Cutts, appears to be one of the most reasonable. In
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the angle record book (see 57) the first and second readings

are entered in separate columns and the means, for the two or

three micrometer microscopes of the circle, set underneath for each

reading of the circle. The mean of these two means is put in a

third column and the difference, or the error of run, in a fourth.

These errors of run are averaged for the station (or for as great

a portion of the work at the station as they remain constant) for

the error of runs. The error of runs as thus determined is freed

from the inaccuracies of bisection and graduation of the lines

on. the circle and is due to non-adjustment of the microscope.

The correction due to it is applied as a correction to the pitch

of the screw, proportional to the length, while the inaccuracies

of pointing and reading for the two scratches are averaged in

the mean.

To find this correction, let a be the first reading; b, the second

reading; r, the average run of the micrometer, positive when the

first readings average greater than the second.

Correction to a= orvv/a.oUU

Correction to 6=
^77(300" -b).

The mean, m
2

'

r [300 -(a+ &)]
Correction to ra=

oUU

Correction to m== ~m

This correction has the same sign as r for w<2' 30", and the

opposite sign for m >2' 30". Its value can be found from Table X
with r and m or a as arguments.

See also the Run of the Micrometer, by George Davidson, Coast

Survey Report, 1884, App. 8.
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46. Errors of Graduated Circles. These may be due to an

eccentricity of the upper motion or inner axis with reference to

the center of the graduation, or they may be due to errors in

the division lines themselves. The error due to the plane of the

circle not being horizontal when the axis of the upper motion

is vertical, as indicated by the levels remaining in the center during

rotation, is so small in an instrument in which the limb will remain

flush with the vernier, or the micrometer microscopes in focus

during rotation, that it can be neglected.

The error .due to eccentricity is of more importance with instru-

ments for ordinary surveying work than with those for geodetic

or astronomical work, for with the latter all the microscopes or

verniers are used in making a reading, and it can be readily shown

that the mean of any number of equidistant verniers is free from

eccentricity.

Let G be the center of the graduated circle; G f

',
the center

of the axis for the upper motion; GG'
',
the eccentricity; EE f

=2R,
the line joining the centers; a', the angle AGE, made up of the in-

dex reading a and the micrometer readings A', B', C"; and e in

degree measure

_
GG'

~tf sin 1"*

For two micrometers 180 apart :

From the 1st. a'= a-\-A' esino:'.
" "

2d. a'=a + 5'-esin(180+a')
=a + B'+ e sin a'.

/.Mean, a"=a + ?(A'+ B'}, which is free from eccentricity.

For three micrometers 120 apart:

From the 1st. a' = a-\-A' e sin a'.

" "
2d. a'=a + 5'-esi

" "
3d. a'=a + C"-esin(240+a:')-

By form. 8], sin(120+a') +sin (240+ a')
= 2 sin (180+a:')cos60

c

= -2sina'X
= sin a' .

/. Mean, a'=a + J( A'+ B' + C"), which is free from eccentricity,
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Similarly it can be shown that the mean of any number of

equidistant micrometers will be free from eccentricity.

Some instrument makers put in radial abutting capstan-head

Axis Circle

FlG. 40. FIG. 41.

screws between the circle and hollow axis which supports the

upper motion, so that the eccentricity can be adjusted out before

the plate is screwed fast to the flange of the axis.

The graduation errors proper are divided into accidental and

periodic. The former follow the law of errors of observation

given in Least Squares, hence their effect is diminished as the

square root of the number of lines used.

The latter occur at regular intervals according to some law,

and may therefore be expressed as functions of the reading itself.

The sum of all the corrections for periodic error, including those

for eccentricity, must have the general form

<p(a) =/?' sin (a + f) +/?"sin (2a + y") +/?'" sin (3a + f") + etc., (22)

where tp(a) denotes the correction to the angle a, and
/?', f

'

,

/?", f', etc., are constants. The shorter the period of any error,

the higher is the multiple of a in the term representing it.

Chauvenet, Astronomy, Vol. II, p. 52, shows what terms are

eliminated by taking the mean of a number of equidistant micro-

scopes and how to determine the constants for a given circle by
taking equidistant readings around the circumference. R. S.Wood-

ward, Report, Chief of Engrs. U. S. A., 1879, Part III, App. M.M.,

p. 1974, takes up the terms not eliminated by means of a num-
ber of equidistant microscopes and finds their effects upon a

measured angle. He shows that if the distance between verniers

is divided by the number of repetitions, and the circle is moved
forward by this quotient each time, so that the initial readings

are evenly distributed over the space between two microscopes,
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nearly all the terms will be eliminated from the mean. Also

that the remaining terms tend to add up zero or eliminate as the

number of observations increases, so that the effect may be neg-

lected with a large number of observations.

In applying the formulas to some of the Lake Survey instru-

ments (Pri. Tri. U.S. L. Survey, 1882) he finds periodic errors

ranging from \" .1 to 2"'.

In Saegmuller's Catalogue, 1903, p. 7, comparisons of 10' spaces

10 apart around the circle are given for six 8-inch circles made for

the Geol. Survey. The greatest discrepancy for one instrument

was found to be 1".58, and for another 0".55; those for the other

four being between these limits. The discrepancies for these

small arcs would indicate values for the accidental errors of gradu-
ation rather than for the periodic ones. On the basis of these

Mr. Saegmuller makes the claim that his engine will graduate

automatically to within 2" to 3", while if corrections are applied

for the main divisions, and the automatic principle is used only

for small arcs, each line will be correct within 1"'.

47. Repeating and Direction Instruments. The component

parts have been quite fully described in the preceding para-

graphs, and the French repeating circle in 31. For repeating

instruments, the circle is from 8 to 12 inches for primary trian-

gulation, and from 5 to 9 inches for secondary and tertiary. The

power of the telescope varies from about 60 to 20 with a diam-

eter of object glass from about 2J to 1J inches. Two verniers or

microscopes are common, and the upper and lower motions are the

same as with the ordinary transit.

An 8-inch altazimuth, made by C. L. Berger & Sons, with

repeating horizontal and non-repeating vertical circle, reading

to 10" and 20" respectively, by verniers, is shown in Fig. 42.

To repeat an angle, the upper motion is set at the desired ini-

tial reading and the telescope pointed on the left hand object by
the lower motion; it is then pointed on the right hand object

by the upper motion, back to the left hand by the lower and to

the right hand by the upper, etc., until the desired number of

repetitions has been reached.

A 12-inch Coast Survey direction instrument is shown in Fig. 43,

and a 50-centimeter one in Fig. 44, the former as made by the

Bausch, Lomb, Saegmuller Co. Both have micrometer eyepieces.
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The only essential difference between this and the repeating
instrument is in the removal of the tangent screw for the lower

motion, which prevents the use of the ordinary method of repeat-

ing angles; the object being to add to the stability of the circle

Sometimes the lower motion is wholly removed, so that the circle

FIG. 42.

can only be rotated by motion below the leveling screws, but

this arrangement is less convenient.

Rather larger circles are used than for repeating instruments

for the same class of work, 15- to 18-inch circles being common,
with about 8 inches as a minimum. Micrometer microscopes are

used in place of verniers, 3 for the larger and 2 for the smaller

circles.
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The telescope can be made to transit, as shown in Fig. 42,

in which case a vertical circle is added large enough to measure

.vertical angles, forming an altazimuth. Many observers, how-

ever, prefer short standards for greater stability, which requires

that the telescope be taken out of the wyes for reversal, and

often that vertical angles be measured with another instrument.

FIG. 43. 12-inch Coast Survey Theodolite.

48. Adjustments. Plate levels perpendicular to vertical axis.

These are adjusted by reversals as usual.

Line of collimation perpendicular to horizontal axis when the

telescope is focused for parallel rays. Sight to a well defined

distant point and clamp the horizontal motions. Reverse the

telescope by carefully lifting it from the wyes and changing the
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ends of the axis. Adjust until the point is covered by the cross-

hair, in both positions of the telescope.

FIG. 44. 50-centimeter Coast Survey Theodolite.

Horizontality of Telescope Axis. This can be adjusted by
means of the striding level more accurately than by the method

used for smaller instruments.
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Index Error of Vertical Circle. Take a reading with telescope

direct and another with telescope reversed upon a well-defined

point with bubble of reference level in the center, or the read-

ings may be corrected for the observed inclination. Half the

sum of the readings will give the true vertical angle, and half

the difference the index error.

Accuracy of adjustment is of less importance than with the

smaller instruments used in ordinary surveying, because the

observations are arranged to eliminate errors of adjustment.

Thus, if the line of collimation is not perpendicular to the

axis, it will describe a cone as the telescope rotates; so that

in plunging up or down through a distant signal the line of colli-

mation will not follow the vertical through the signal, but will

cut the plane through the vertical and perpendicular to the great
circle through the points in an hyperbola having its vertex at

the height of the instrument and its axis horizontal. The hori-

zontal angle measured is then from a point at the height of the

instrument at a distance x to the left of the vertical through the

signal (see Fig. 45). Upon reversal the measurement will be

taken from a point x' to the right of the vertical. But if the

.1 . collimation error has remained constant
__ \

X i X ! of Axis." ""
and the axis is horizontal, x will equal x'

and the error of collimation will be elimi-

nated by taking the mean.

If the telescope axis is not horizontal

when the plate levels are in the center,

the plane of collimation through the dis-

tant signal will not be vertical but in-

clined, referring the horizontal angle to a

point at a distance x to the left, as in

FIG. 45.
pig 45 Upon reversal, the plate levels

remaining in the center, the error will be the same but in the op-

posite direction. The mean will eliminate the error as before.

49. Determination of Instrumental Constants. Value of ld of

Level. Set up the instrument on a firm support where it will be

protected from sudden changes of temperature, and place the

level on the telescope with its axis in the vertical plane of the

telescope. If the tube is chambered, take a bubble of about

normal length. Move it by means of the vertical tangent screw
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from one end of the tube to the other back and forth, setting at

regular intervals in seconds and reading both ends of the bubble.

If the circle cannot be read closely enough, rod readings at a

distance of 103.1 feet will give 2" of arc per 0.001 foot on the rod.

If a level trier is available, it will be more convenient than

either of the methods given above. Fig. 46 shows one with a

21-inch base having a micrometer screw graduated to 2", as

made by Berger & Sons. The wyes and grooves allow of support-

ing an unmounted level tube as shown, or a Y-level telescope

or a transit without unmounting the level.

FIG. 46.

Value of ld of Micrometer Eyepiece. If the screw is horizontal

(which can be tested by noting that motion of the screw does

not change the altitude of the horizontal hair), set the microm-

eter at a given reading and sight to a well denned point by the

upper motion and read the circle; turn the micrometer, say 5 turns,

and bring the hairs upon the same point by the upper motion,
then read the circle; continue the process until the desired accu-

racy has been secured. The difference in the circle readings divided

by the number of turns will give the value of one turn for the

different parts of the screw. If the screw is vertical, the same
method may be employed with the vertical circle if it is suitable.

A more accurate method involving more labor is by means
of following a circumpolar star near upper culmination for the

horizontal screw, or near elongation for the vertical screw with

the circle clamped, depending upon the observed time intervals

for the angles as described in Campbell's Astronomy, 61.

Wire Intervals. These may be determined by the methods

given for l d of the micrometer.

The circle can be investigated by the methods referred to in

46, while the methods for the telescope have already been

given.
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50. The Method of Direction Observations. With the direction

instrument it is customary to consider directions swung from a

reference line, just as, with the compass, bearings are considered

as swung from the meridian. Angles between the lines are not

primarily considered in either case, although often used in the

later computations. The method of direction observations is

the one in most common use in this country. A reference line

is taken, which may be the signal most easily seen under varying

atmospheric conditions, or a mark set for the purpose at a suffi-

cient distance to avoid changing focus (not less than 1J miles).

The signals are sighted in order around the horizon in the direc-

tion of the graduation, beginning with the reference line, and the

micrometers read for each; the telescope is then reversed, not

changing the ends of the axis in the wyes if it has to be taken

out for reversal, and the signals are sighted in the reverse order

around the horizon, ending with the mark. This forms a set, and

as many sets are taken as required.

The first signal each time should be approached with the tele-

scope from the same direction as for the others in the half-set,

so that the tendency of the circle to be dragged around by the

friction of the upper motion will be taken up before the first read-

ing. For each set the circle is shifted so that the readings for

each signal are uniformly divided over the circle. In order to

eliminate periodic error, as pointed out in 46, the circle should

360
be shifted each time approximately ,

where n is the number

of sets, and m the number of equidistant microscopes. Atten-

tion is called to the difference between two and three microm-

eter microscopes in reversing for a direction instrument. With

two only two points of the circle are read, while with three

six points are read, the reverse positions coming midway between

the direct instead of coinciding with them. On this account it is

360 360
better to shift the circle - - for three microscopes rather than .

2mn mn
If the instrument has no lower motion, it is inconvenient to shift

the circle after each set. The Coast Survey practice in such

cases used to be to choose either 5 or 7 positions, equidistant

360/5 or 360/7, and to take an equal number of sets in each

position, such that the total would give the required accuracy.
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In setting upon the reference line, the zero of the micrometer

should be advanced 1/n of the smallest division of the limb each

time, in order to distribute the micrometer readings uniformly

over the space. This will give a uniform division of the read-

ings upon each of the other objects sighted, so that the average of

the micrometer readings upon each object will be nearly the same,
and the correction for error of runs for each angle will dis-

appear.

The objections to this method of observing are thus stated in

the N. Y. S. Sur. Report for 1887 by Mr. Wilson: "An objection

to the method of directions is that it is very difficult, practically

impossible indeed, to secure full sets upon primary points where

the highest degree of precision is desirable and where broken

sets are decidedly objectionable. In addition to this drawback

to the method, another and very serious one arises from the length

of time consumed in taking readings and bisections to several

distant primary stations.

" When the theodolite is supported upon a high tower, as is

frequently the case, the entire instrument is continually twisting

in azimuth as the tower is subjected to the heat of the sun's rays.

It is therefore of great importance that the intervals between

sights should be as short as possible and that the two series in

each set should be taken in about the same space of time. Fre-

quently, however, one-half of a set may be taken in five minutes,

while the other may require ten or fifteen." The broken sets are

afterwards filled up by new sets, including the missing stations

and the reference line.

51. The Method of Simple Angle Measurement. In this the

number of points in each series is reduced to the smallest pos-

sible number, or two. The angle between each signal and the

reference line, or the angles between adjacent signals, can be

measured independently. Or, the measurements can be so arranged
that between ^stations in1 (n1 1) angles will be measured. Thus

starting with the first station as a reference line and swinging
to the right to each of the others will give n^l angles (Fig. 47);

then from the second to each of the others to the right (not includ-

ing the first) n
t

2 angles; then from the third, etc., to ther^ 1,

from which only one angle is measured.

The sum of the series= first term plus last term, multiplied by
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one-half the number of terms, =?[(n1 l) + l](n1 I)
= iw 1 (n 1 1),

as stated above. This gives the same number

of pointings, (n^I), upon each signal. Each

angle is repeated the same number of times,

and this number is taken large enough to give

the required accuracy. To eliminate periodic

error, the initial reading for each repetition

360
of an angle is increased by -

,
as in 50,

17171

FIG. 47. m being the number of microscopes and n

the number of repetitions of the angle. To reduce the effect

of accidental circle errors, Schreiber, Zeit. fur Vermess., 1878,

pp. 209-240, divides the arc between initial readings for the

/360\
different repetitions of an angle ( ) by the number of angles,

Wj 1, to be measured from the first reference station,' and increases

the initial reading for each new angle by this amount, starting

from zero.

The initial readings for the angles measured from the other

stations as initial lines are taken from the first set, using one

each time which has not already been used with either of the

lines forming the angle. An example of the settings at a sta-

tion where six signals were sighted may be seen in N. Y. S. Sur.

Report, 1887, p. 145.

This method requires the same number of pointings and read-

ings as the preceding for two stations, f as many for three stations,

as many for four stations, etc., provided the visibility of the

signals will allow of always taking full sets by the first method.

For long lines, as in primary triangulation, these ratios will be

less owing to imperfect sets by the first method, while if the

delays in waiting for signals to show in order to complete sets are

taken into account, the advantages will often be with this method.

Another advantage of this method is that angles can be meas-

ured whenever two signals are visible, provided atmospheric
conditions are favorable, allowing more time to be utilized while

in the field, and each signal to be sighted when under the most

favorable conditions as to illumination and steadiness.

52. The Method of Repetitions. The impression is quite gen-
eral that this method will not give as good results as those with
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a direction instrument, described above, but the method has

been a favorite one with many most excellent observers, and

the results obtained have fully justified their preference. When
the upper motion is always rotated in the same direction, errors

due to twist of observing stand, drag of circle by friction of upper

motion, travel of clamps, etc., are not eliminated by reversing

the telescope, and the resulting angles will usually be too small,

although sometimes too large. This is obviated by taking one-

half the repetitions upon the angle, and the other half upon its

explement, always swinging from left to right with the upper
motion. .Errors which tend to make the angle too small will

thus also tend to make the explement too small, or the angle derived

from it too large.

On the N. Y. S. Survey the practice was to take three repe-

titions of the same angle with telescope direct, reading the circle

at beginning and end; then three repetitions of the explement
with telescope reversed, still swinging the upper motion with the

graduation, which is equivalent to
"
unwinding" the circle, i.e.,

the third repetition will bring the reading back nearly to the

initial one. The explement thus only enters in the direction of

the swing for the upper motion, and not in the figures recorded.

They took six sets of six repetitions each for an angle, and the

results with only an 8-inch circle were as satisfactory on primary
work as with a direction instrument.

The angle from a reference line around to each signal can be

measured; the angles between adjacent signals can be measured,

closing the horizon and giving a sum of 360; or the angles may
be measured as shown in Fig. 47. In the first method (used on

the N. Y. State Survey) the angles at a station are considered

independent, in the second there is one check, while in the third

a more complicated station adjustment is required. The initial

360
readings for the different sets of an angle should differ by mn
as usual, while if the angles are measured as in Fig. 47 the addi-

tional precaution can be taken of haying no two readings alike

upon the same signal.

53. Conditions Favorable for Observing. To support the

instrument tripod, or stand, three solid posts are set in the ground

vertically some two feet with tops level, one for each tripod leg,
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and well tied together and braced by nailing on boards. The
dirt is then tamped around the posts and the center often filled

with stone. When an elevated observing stand is used (see 27)

the tripod or inner tower supports the instrument directly

without its tripod, and the outer tower the observer. In all

cases the height of the instrument should be such that the

observer can look through the telescope when standing erect

comfortably.

Some observers use a more or less portable observatory for

the protection of the instrument from sun and air currents while

observing, but the more common practice is to use a tent for primary
and secondary work, and an umbrella or other simple shelter

for tertiary. The tents used on the N. Y. S. Survey were octagonal

for ground stations and square for elevated observing stands,

both 8 feet in diameter, with walls 6 feet high, and made of 8-oz.

duck. They were supported by 8 poles, one being in the center

of each side for the square tent. The wall was in one piece, sup-

ported at the top by small pockets which slip over the tops of

the poles, with a flap one foot wide at the bottom to tack to the

floor to shut out the wind and dust, and a triangular-shaped

door large enough to admit instrument boxes as well as the observers.

The top was in one piece, held up in the center a foot above the

eaves by a rope attached to a small thimble sewed on the out-

side, with flaps about a foot wide at the eaves which were strapped

to the walls. Guy ropes extended from near the tops of the

poles, to pegs if on the ground, or to the railings or other parts

of the observing stand if elevated. Floor space is better econo-

mized by placing the tent eccentric over the station on account

of storing instrument boxes, etc. Care should be taken not to

obstruct lines of sight by tent poles.

The walls can be lowered a foot for observing, or a window

one foot wide can be cut around the tent at the height of the eye

or telescope and covered by a flap on each side when not in use^

Sheets of 8-oz. duck are sometimes used on two sides of

an elevated observing tower to protect the inner or instrument

stand from the wind to prevent vibration, or from the sun to

prevent station twist, the exposed stand having a tendency to

rotate in azimuth with the sun during a bright sunny day and

to return at night.
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The best time for observing is on a day when the sky is over-

cast; next to this is a calm, pleasant, late afternoon; evenings
from about an hour after sunset until about midnight are also

favorable.

The hours for observing on the Coast Survey in the summer
season used to be from sunrise until 8 A.M. and from 4 P.M. until

sundown. Vertical angles were measured from 12 M. to 1 P.M.,

and in the afternoon until within an hour of sundown. On the

98th meridian triangulation the observing hours were from 3 to

11.30 P.M., sighting on heliotropes and acetylene lamps for hori-

zontal measurements, and from 11.30 A.M. to 4.30 P.M. for ver-

tical measurements. No attempt apparently was made to dis-

tribute the observations over different days.

Lines of sight passing close to the surface are most disturbed

by heat waves and other atmospheric disturbances, producing

the appearance in the telescope often described as
"
boiling/'

Lines over furnaces and cities are objectionable, while those over

bodies of water are not usually so clear as those over land; high

lines are least affected by atmospheric disturbances.

For the best results, and especially with pole signals, the read-

ings for an angle should be distributed over different days or

divided between forenoon and afternoon, to equalize the effects

of lateral refraction, side illumination of signals, etc. No read-

ings should be taken under any improper conditions of the atmos-

phere, as shown chiefly by the appearance of the signals. The

instrument should be handled with a light touch and with a cer-

tain degree of rapidity, yet in completing a pointing it should

be done carefully and deliberately, without worry or bias as to

the result, watching the signal long enough to be certain that it

is really in the line of collimation and not temporarily there due

to parallax or a sudden change of refraction either lateral or ver-

tical.

54. Coast Survey, Instruments, and Observing.* For primary
work direction instruments are in general to be used. Repeating
instruments are used when the station would be difficult of occu-

pation with a direction instrument, or when the movements of

the observer might disturb the instrument in azimuth, as on

light-houses or buildings.

* From Instructions for Triangulation; see 8.
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The method of direction observations is used in observing
with sixteen sets, the initial readings increasing by 15 00' 10" in

groups of three and by 18 56' 20" between the groups, starting

with about 00' 40", and ending with about 237 04' 20", except
that the interval is increased 10" whenever necessary to avoid

whole minutes in a setting.

Broken sets are filled out by observing the missing signals in

connection with the original reference line, or with a line to some
other one station, and only one, of those already used in that

set. Little time is spent in waiting for a doubtful signal to show,
full sets being of less importance than economy of observing.

In observing at or upon supplementary stations, only four sets

of readings are taken, using the first four positions of the circle.

For intersection stations, one set is required and a second taken

if it can be done under favorable conditions without much delay
to observations in the main scheme. Each set on intersection

stations is to contain one and only one of the main scheme or sup-

plementary stations. It is considered important to have at least

three lines to each intersection station for a check, but a station

is not to be neglected simply because only two lines to it can be

secured.

For a repeating instrument, six repetitions make a set; they
are taken with telescope direct and followed by six repetitions of

the explement with telescope reversed. Ten sets are used, five on

the angle and five on the explement, for stations of the main scheme,

measuring the single angles between adjacent lines of the primary
scheme and closing the horizon.

For supplementary stations, four sets of six repetitions each are

made, with no check angles except that required in closing the

horizon.

For intersection stations, two sets of three repetitions each,

one on the angle and one -on the explement, are used, swinging
from some line of the main scheme or from a supplementary
station.

For secondary work an 8-inch direction instrument, used on
its own tripod and protected from sun and wind by an umbrella

is recommended. Five positions of the circle are used, the initial

readings starting with 01' and increasing by 72 02'. The min-

imum number of measurements is five, one in each position, and
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the maximum number ten, two in each position, unless in special

cases more are necessary for the desired degree of accuracy. Only
the additive readings of the micrometers (turning with the increas-

ing numbers on the head) are taken for each microscope. At

least once a month special readings are taken to determine the

run of the micrometer, and an adjustment made if over 2". Broken

sets are filled out the same as for primary.

If a repeating instrument is to be used, a 10-inch Gambey is

recommended, on its own tripod and with an umbrella. The

minimum number of observations is two sets of six repetitions each,

and the maximum number four sets, unless in special cases a larger

number is necessary to secure the required accuracy. The single

angles are measured and the horizon closed the same as for primary
work. If the failure of signals to show, prevents the carrying out

of this scheme, as near an approach as possible is made and the

remaining signals are then observed in a second series with one

only of those observed in the first series, measuring the single

angles between adjacent signals and the angle necessary to close

the horizon.

For intersection stations one set is to be used for a direction

instrument and two sets of three repetitions each for a repeating

instrument, including one station of the main scheme in the set

for the first case, and swinging from a main station for each inter-

section station in the second case.

For indefinite and temporary objects for topographic or hydro-

graphic signals, the telescope is set on a signal of the main scheme

with the circle reading about zero, the objects are then sighted

in order of azimuth and the series closed with a reading on the

first station. A reading with telescope reversed may be taken

as a check when thought necessary, although it is not required.

For tertiary work two sets are required for an 8-inch direc-

tion instrument and from two to four sets of six repetitions each for

a 7-inch Berger repeating instrument. The horizon is closed as

usual. For intersection stations the telescope is set on a main

station with the circle at or near zero and the signals are observed

in order of azimuth, closing with the starting line; the telescope is

then reversed and the signals read in the reverse order, starting

and closing with the reference line. For indefinite or temporary

objects the method is the same as used in secondary woik.
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55. Coast Survey, Vertical Measurements. For primary work

vertical measurements are made for all lines of the main scheme, and
the readings are taken on as many days as possible during the occu-

pation of the station, but the occupation is not prolonged in order

to secure such measurements. Two measurements per day, each

with telescope direct and with telescope reversed, are all that are re-

quired. These may be made between 11.30 A.M. and 4.30 P.M., but

on account of the diurnal variation in refraction it is desired to have

them measured at the same hour each day, as, e.g., between 3

and 4 P.M. If made by the micrometric method (by measuring
differences of inclination to the different signals with the screw

of the micrometer eyepiece, the telescope remaining fixed), double

zenith distances are measured on at least two of the lines radiating
from the station.

For supplementary and intersection stations, two measurements

(each with telescope direct and reversed) over every line of which

the horizontal direction is measured are all that are required,

except when the observations upon such stations are for the pur-

pose of connecting with precise level or tidal bench marks. In

this case the rules for the main scheme are applied, and readings
are taken at both ends of every line more than 5 km. long, even

though horizontal measurements are necessary in one direction

only.

For secondary and tertiary work, if the triangulation is inland

or along a coast where prominent hills are determined by inter-

sections and the elevations are desired, a continuous series of

vertical angle measurements is carried through the main scheme
and connected with accurately determined elevations as frequently
as possible. For the main scheme, two measurements, each with tele-

scope direct and reversed, on each day of occupation are all that

are required. For intersection stations and indefinite objects, one

measurement, telescope direct and reversed, is all that is necessary
if taken from each station from which the horizontal measure-

ment is taken.

56. Accuracy of Results. The limit adopted by the Coast

Survey in closing triangles is about 3" for primary, 8" for secondary,
and 15" for tertiary, the average closures being a little over 1",

from 2" to 3", and from 4" to 5", respectively. For primary
work these values apply to the main scheme, while for secondary
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and tertiary they apply to the supplementary triangles as well.

In selecting the conditions under which to observe, and the methods,

instruments, and signals, speed and economy are to be considered

rather than greater accuracy than the above. For the main
scheme in secondary work observations are to be taken at any
time of day when a moderately definite object to point upon
can be seen. For the intersection stations and for tertiary work
no delay is to be incurred to secure good seeing.

These standards of accuracy used in connection with the

strength of figures and frequency of bases of 10 and 13 will

in general insure a probable error of a base line as computed from

an adjacent base of about 1/88 000 for primary, 1/35 000 for sec-

ondary, and 1/20 000 for tertiary triangulation ;
with actual dis-

crepancies between bases less than 1/25 000, 1/10 000, and 1/5 000,

respectively.

On the N. Y. S. Survey the observing party took the precau-
tion to adjust the observations at a station while still in the field,

in order that extra sets could be taken, or defective ones repeated,
in case some of the directions did not show sufficient accuracy.
The limit for the mean square error of a direction was placed at

0".5 for primary work and 1".0 for secondary and tertiary.

57. Forms for Record. These for both repeating and direc-

tion instruments, as used on the Coast Survey, are given on p. 92.

With the repeating instrument, if the angles are measured
from a reference-line, the pointing and reading in closing the set

for the zero initial reading for the first angle can be used as the

zero initial reading for the second angle, etc. If the angles be-

tween adjacent lines are measured, the reading can be saved by
using the lower motion for the initial pointing for the next angle.

The form given for the direction instrument is for a limited

number of positions, rather than for a change in the position of

the circle after each set.
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58. Phase. In bisecting a bright, reflecting cylindrical signal,

seen against a dark ground in sunlight, the apparent center will

usually be on one side of the true one, owing to phase.

Let r= radius of the cylinder; a = the angle between sun and

signal (measured at the observing station at the time of the obser-

vations); D= the distance to the station, /?=the correction to

the angle in seconds.

(a) Pointing made upon the bright reflecting line.

sin/9
=

or

r sin (90 -4(

r cos \OL
^~' Dsinl"

being so small that sin/?=/? sin 1".

(23)

FIG. 48. FIG. 48<z.

(6) Pointing made by bisecting the illuminated portion.

Bisect the angle 2S, subtending the illuminated portion as seen

by the distant observer for the line of sight.

sin 1"=
,

rsin (a -90)

Then sin

sin (S-p) = (S-fi) sin l
/r =

D

r cos a
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Subtracting,

2^ sin 1"
(H-cosa)r 2r cos2 ,

form -

r cos

sin I
(24)

59. Eccentricity. The signals during the measurement of

angles should be carefully watched, and if at any time found

out of center the amount and direction with reference to one

of the sides should be measured and the date noted. By plotting

this data to a large scale and laying off the lines to the other sta-

tions with a protractor, any perpendicular can be scaled with

sufficient accuracy.

If e= perpendicular distance from the signal to the line join-

ing the stations,

Correction for eccentricity in seconds,

r=D sin T (25)

which will apply to each line whether the eccentricity be that

of signal or instrument. A sufficiently accurate value of D can

be found by solving the triangles with the approximate angles.

If a numerical solution is preferred for e, let d= distance of

signal or instrument from the station; a = angle between the

lines d and D.

e= d sin a.

Substituting in (25), D sin T (26)

Ex. At Pt. Figuras Lighthouse the instrument was set up 2.112

meters from the center of the station and the following readings taken to

find the correction for eccentricity for each of the lines:

Pt. Figuras L. H. d= 2m.112. Log = 5.6391.

Stations.



CHAPTER IV.

BASE-LINE MEASUREMENT.

60. Early Forms of Apparatus.* The Lapland base in 1735

was measured with wooden rods laid directly upon the ice on

the river Torneo. Four rods were used with end contacts, giving

less danger of disturbance in moving a rod forward and placing

it than with only two. Later, in measuring the Hounslow base

of the English Ordnance Survey it was found that although the

pine rods were thoroughly seasoned and soaked in boiling linseed

oil there was an appreciable change of length with change of

moisture and their use was abandoned. The base was then meas-

ured with a chain supported its entire length and stretched by a

weight over a pulley, and with glass rods. Glass has a small

coefficient of expansion, but its volume change lags behind the

temperature change so that it is not suitable for base bars.

Borda apparatus (French), Fig. 49. This apparatus, referred

Platinum

FIG. 49.

to in 2, was designed to do away with the difficulty of finding

the temperature and change in length of a metallic bar from mer-

curial thermometers during rapid changes by measuring the

* For more complete descriptions, see Clarke's Geodesy and Francoeur's

Geodesie.

95
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actual difference in expansion of two metallic bars. The com-

ponents were platinum and copper, the platinum with a small

coefficient of expansion for the measuring bar and the copper

with a large coefficient placed above for temperature or differ-

ential expansion. They were fastened together at the rear end

as at A and the difference in expansion measured at the front

end by a graduated scale on the copper and a vernier on the plat-

inum as shown at B. Contact was made by the slide C. The

scales were read by microscopes. There were four base bars, each

two toises (
= 3.m898) long. In use they were sheltered by a flat

board cover just above the metal bars and were supported by blocks

at about the quarter points. These blocks had sharp pins below

to hold in the ground and screws above to adjust for elevation.

Struve apparatus (Russian). In this an effort was made to

obtain the temperature of the bar with mercurial thermometers

by placing the bulbs in contact with the metal

and slowing down the rapidity of the temperature

changes. This was accomplished by wrapping the

simple iron bar in cloth and raw cotton and let-

ting the thermometer bulbs, one near each end,

into the body of the bar. No correction is re-

quired for
"
contact

"
as with the Borda apparatus,

and a constant pressure between the surfaces is

secured without danger of disturbance of the rear

bar, the spring yielding as the contact end of the

FIG. 50. contact lever presses against the other bar until the

long arm reaches the zero of the scale shown in Fig. 50.

Offsets to the ground are made with a transit set up at right

angles to the line and 25 feet distant, the position being held

over night by a cube moving in a slide on the top of an iron

pin driven 2 feet into the ground. The cube has a fine line cut

on it for bisection.

Bessel apparatus (German), Fig. 51. In this apparatus a zinc

bar Z and an iron one E are fastened together at the rear end

of the measuring unit as in the Borda system. The contact is

made and the differential expansion is measured by the inser-

tion of glass wedges between the steel knife edges St. These

wedges are graduated in ordinates increasing by intervals of

0.01 Paris line= 0.0(039 inch.
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Colby apparatus (English), Fig. 52. The components, brass

and iron, are used to compensate for temperature, and not to

FIG. 51.

measure expansion as with the Borda and Bessel apparatus. The
bars are placed side by side and fastened at the center as shown.

Ua Iron t
FIG. 52.

The microscopic dots, a, a' on the compensating levers remain
fixed for equal changes of temperature in the two rods. These
dots are on the side of the case so that the microscopes of Fig. 53

FIG. 53.

can be placed over them, one over its dot directly, the other over

the dot of the other bar by pushing the bar back for "contact."

The common axis serves as a telescope tube for transfers to the

ground, its verticality being indicated by the attached level.

The telescope shown at A serves to align the microscope case.

The upper plate connecting the microscopes is brass, the lower
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iron, compensating the distance between the focal points. The
bar is 10 feet long and the microscopes 6 inches apart.

Ex. 1. Find the units of the Borda scale, Fig. 49, such that an increase

of one in differential expansion shall indicate an expansion of 1
A
per meter

for the measuring component. Length for differential expansion assumed=
3.8m . For coefficients of expansion see Table I.

Ex. 2. Find the error in the computed length of the Bessel (2 toise)

base apparatus due to a difference of 1 in the temperature of the two com-

ponents.
Ex. 3. Find the length of the compensating levers of Fig. 52 for a dis-

tance of 3 inches between the two components.
Ex. 4. Find the angle for the Bessel wedge of Fig. 51 for divisions 0.05

inch apart.

61. Bache-Wurdemann Apparatus. (Coast Survey Rep., 1873,

App. 12.) Fig. 54. Length 6m . This, like the Colby, is a

compensating apparatus. The two component bars, brass and

FIG. 54.

iron, are rigidly attached at the rear end to the block A and

supported throughout their length by rollers, while the front

ends are connected by a compensating lever B. The bars and

rollers are inclosed in a trussed case.

The contact rod C projects through the end of the case, while

the Borda scale D can be read through a window in the side. The
contact rod E at the rear end is held in position by the parallel

levers F, F, pivoted at the bottom of the brass bar. Its inner

end knife edge rests against the cylindrical surface G. By bring-

ing the base bar back through the case with a tangent screw (after

the bubble of the level sector has been brought to the center), the

contact rod, E, resting against the rear bar, the surface G is forced

forward, bringing the bubble of the contact level H to the center

for contact. When in this position the axis of the cylinder G
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is the axis of the level sector I, so that inclining the bar for slopes
does not disturb the contact distances or level so long as the level

sector tube remains horizontal.

The cross sections of the brass and iron components are so

arranged that, while the two have equal absorbing surfaces, their

masses are inversely as their specific heats, allowance being made
for their different conducting powers. Both surfaces are var-

nished to give equal absorbing power, and the whole is protected

by a double spar shaped tin case painted white to prevent rapid

changes of temperature.

The heads of the supporting metallic tripods are adjustable

vertically, laterally, and longitudinally, the motions for the

rear one being controlled by rods running to the contact -man

at the rear of the bar. Each tripod leg is adjustable by rack

and pinion and by foot screw. These foot screws rest in grooves
in a cast-iron bearing plate placed on the ground.

The end of a bar is transferred by a transit at right angles.

Ex. If the 2-second divisions of the contact level of Fig. 54 are 0.1 inch

apart, and the inclination can be read to 0.1 div., find the sensitiveness of

contact for a 3-inch arm for the contact level and a 0.9 ratio for the lever G.

62. Porro Apparatus (French). (Fig. 55.) In this a return

is made to the method of measurement with chain and pins, the

FIG. 55.

base bar taking the place of the chain, and four microscopes with

very firm supports that of the pins. As originally designed, the
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rod was made of fir, varnished and incased in a copper tube;

but as soon modified, the fir was replaced by two metals, forming

a Borda thermometer.

The microscope (Fig. 55) has two objectives, one for plumbing
over a point on the ground and the other for sighting at the bar,

a cap with a central opening shutting off the light which does not

pass through both when looking at the bar.

The telescope of the rear stand is used for alignment by sight-

ing along the line at an offset target and then aligning the front

stand, a scale taking the place of the front telescope axis.

63. Repsold Apparatus. (Pri. Tri. U. S. L. Survey, p. 133.)

This is of the Porro type. The components, steel and zinc, are

placed side by side in a 4-inch iron tube; they are fastened at

the center and are free to expand each way upon rollers; their

ends are cut away to the neutral axes and graduated platinum

plates are attached. In measuring, the micrometer microscope
is set upon the zero of the steel bar for contact and a reading

taken upon the nearest division of the zinc bar for expansion.

The tube stands or tripods are placed at the ends of the bar

or tube, so that the front one for the first position becomes with-

out disturbance the rear one for the second position, etc. The

legs end in foot plates which rest on iron pins driven into the

ground. The heads are adjustable vertically, laterally, and longi-

tudinally. The tube is lengthened by a bracket at each end,

the rear bracket resting on a knob in the center of the tube stand

head, while the front bracket carries two rollers, one V-shaped,
which rest on tracks on the tube stand head. The microscope
stand is placed opposite the tube stand, a long bracket support-

ing the microscope over the end of the bar. A plank supported
at the ends is used by the observer in reading the microscope, so

as not to disturb the ground near the legs.

The bar is aligned by a telescope on the tube and its inclina-

tion measured with a level sector.

To set a microscope over the starting point, the tube stand

head is removed and a telescopic tube called a cut-off tube placed
over the rock crystal knob marking the end of the base. The tube

is made vertical by an attached level and the microscope set on

the zero of a horizontal scale at the top, a direct and reverse

reading eliminating any index error of the scale. The tube is

'

< ^-&
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then removed and the end of the base bar brought under the

microscope. At the end of a day's work the cut-off tube is used

to transfer to a cast-iron knob, held by centering screws to a large

cast plate supported by stakes.

64. Ibanez Apparatus. (Spanish. Engrg. News, March, 1884,

p. 133.) Fig. 56. This is an outgrowth of experience in Europe
with the complicated forms due to the use of the Borda thermometer

for temperature or compensation. The bar is a 4-meter 110-pound

iron J_ bar without case or cover. Marks are engraved on small plati-

num disks at points Om.5 apart, while four mercurial thermometers

with bulbs encased in iron filings are attached.

Underground monuments are set in advance, dividing the base

line into daily stints, and no transfers to the ground are allowed

at other points. Dependence is placed upon rapid continuous

work (160
m

per hour, Aarberger Base) between these points,

and the use of a shelter tent for freedom from errors due to insta-

bility and to temperature changes.

In starting, the telescope F is replaced by one having its axis

near the object end so that it can be made vertical and set over

the monument at N; F is returned and sighted to a target on

the line at A; the next microscope stand is set up 4m ahead and

a target at M, taking the place of the telcsob^ej 4*is, is brought
into line by sighting through F\ its aligning; telescope 'is replaced
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and sighted to the target ahead; the bar E is then brought under

the microscope V, the dot b at the rear end being accurately bisected,

while the front microscope is moved longitudinally on the slide S
to bisect the dot at the front end; the third stand is set up like

the second and the bar moved forward. When a monument is

reached, a stand is set over it as in starting, the bar put in position

and a Om .5 scale used to measure the distance from the microscope

to a dot on the bar.

65. Coast Survey Secondary Apparatus. (Rep., 1880, App.

17.) Fig. 57. The construction is clearly shown in Fig. 57 from

Saegmuller's Catalogue. The measuring rod is steel 4m or 5m long.

The outside tubes are zinc, one fastened to the steel at the rear

with its Borda scale at the front, the other at the front with scale

at the rear. Each scale is read by a magnifying glass at the top

of the ease. Contact is made by drawing the front rod back

through the case by the tangent screw 5, the spiral spring tend-

ing to push off the contact slide D, which yields to the pressure

of the rear bar until the scratch on the slide coincides with that

on the index attached to the bar. The tangent screw B works

against the springs C at the front end of the bar. The mercurial

thermometer E is attached to the case and its bulb is not in con-

tact with the bar. The case is a pine joist about 3"X8". The

tripods are mainly of wood; the cross-bars can be clamped to

the standards at any height.

The alignment telescope is at F.

With the College bars the Borda readings have been abandoned

as unsatisfactory; the case has been covered with hair felt and

canvas, and the thermometer has been replaced by two near

the quarter points with their bulbs in close contact with the steel

bar and surrounded by iron filings.

Zinc
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steel must balance that of the zinc for equal temperature changes
of the two components. The details of the secondary apparatus,

65, are elaborated for the case, contacts, and tripods.

Ex. 1. Find the lengths of the components of Fig. 58 for a base bar S 1

long.

Ex. 2. Sketch the construction and find the lengths for a brass and
steel combination 6m long.

67. Coast Survey Duplex Apparatus. (Rep., 1897, App. 11.)

Fig. 59. This apparatus is made up of two separate bars with

contact slides, a steel tube and a brass one; the bars are placed

.
tfi V g
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maintained with a well trained force, and a record of one hun-
dred bars per hour has been made with this apparatus.

68. Coast Survey Iced Bar. (Rep., 1892.) Fig. 60. This

apparatus was designed to avoid the temperature difficulty by
surrounding the bar with melting ice when in use and thus securing
a fixed temperature. The bar is of steel, 5.02m long, with a section
8mm by 32mm

,
or T\ by 1J inches. The upper half is cut away

at the ends and platinum-iridium graduation plugs inserted
with their upper surfaces in the neutral surface of the bar. One
line transverse to the length of the bar and two longitudinal lines

Y-TROUGH
Scale

j END
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The bar is supported on saddles 0.5m apart. The lateral

adjusting screws at the ends are opposite and at the height of

the lower one shown in the figure. The vertical ones project

through the trough, the holes around them serving for drainage.

The alignment of the bar is made when the trough is loaded with

ice. The ends of the trough are closed with wooden blocks and

the whole is covered by a close fitting jacket of heavy white cot-

ton felt. The weight is 82ks (180 pounds) exclusive of the bar

and ice. An ice crusher is considered an essential part of the

outfit; the one used is a modification of the Creasy made in Phila-

delphia, Pa. The trough is mounted on two cars, with an adjust-

ment laterally, longitudinally, and vertically for each for center-

ing and focusing the ends of the bar under the microscopes. The

cars have three wheels each and run on a portable track of 0.3m

gage. Three sections of track are provided, each 5m long. Each

track section is carried forward as the measurement proceeds

instead of carrying the base bar.

The micrometer microscopes and the cut-off tube of the Rep-
sold apparatus of 63 were used for the Holton base where the

iced bar was first used. The microscope stands had been destroyed

by fire, so that wooden posts with cast-iron caps were used in-

stead for the 100m comparator and the standard kilometer which

were measured with the apparatus. For the comparator meas-

urements the apparatus was sheltered by a shed, and for the kilo-

meter the microscopes were sheltered by umbrellas.

69. Standards of Length. All measurements of the Coast

Survey have been referred to one of the twelve original iron meter

bars standardized in 1799 by the French Committee in terms of

the toise which had served as a standard unit in measuring the

meridional arcs of France and Peru. In November 1899 the

Government received three platinum-iridium bars of the Proto-

type meter standardized by the International Bureau at Paris,

and from early in 1900 these have referred the Coast Survey
standard to the International.

The length of the iron baT is now taken

as the result of recent comparisons, instead of

= lm 0.4^, as given in 1799.
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In App. 6 of the Report for 1893 it is stated that no legal standard

of weight or length was adopted by Congress until July 1866

(a Troughton 82-inch scale had been used by the Treasury Depart-
ment as a standard in collecting duties, etc.), when the metric

system was legalized and the weights and measures in common
use were denned in terms of the metric units, giving

, 3600
1 ^rd =^ meters; (27)

As a result, the Survey now uses l
m= 3.2808J feet, instead of

lm = 3.280869 feet, as formerly.

Standards are divided into end measures and line measures;

with the former the length is between the end surfaces, and end

contacts are used; with the latter, the length is between lines

or points near the ends and micrometer microscopes are usually

used.

70. Comparators. For end measures the contact level com-

parator is used by both the Coast Survey and Lake Survey (Pri.

Tri. U. S. L. Sur., p. 56). A diagrammatic sketch is shown in

Fig. 61. The ends are in duplicate, each bed plate being fastened

FIG. 61.

to a solid masonry pier for the best results, although an I beam
or even a stick of timber is sometimes used to hold them in rela-

tive position.

The micrometer screw A moves the slide B on the horizontal

bed plate. This slide carries the contact level and the grooved
rollers for the piece C. The unbalanced weight of the outer end

of the level forces the vertical arm against the piece C and insures

a slight pressure against the end of the bar when in place.

To compare a bar with the standard of the same nominal

length, the two bars are mounted side by side and placed first

one then the other between the contact ends of the pieces C, each
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micrometer screw is turned until the bubble comes to, or very

near, the center, when the screw and bubble are each read. The
sum of the micrometer readings one at each end, each corrected

for level, gives an expression for length of bar; the difference

for the bar and standard gives the difference in length sought,
and this difference applied to the length of the standard will give

the length of the bar. Usually the bars would be compared in

air after they had remained in place at a constant air tempera-
ture long enough to have reached that temperature. Thermom-
eters in contact with one or both bars are used.

For the Wurdemann comparator of the Lake Survey, l d of

the level = about Oin.00001 and ld of' the micrometer = about

Oin.0001. The College has a field comparator constructed from

Brown and Sharpe micrometer calipers reading to Oin.0001. The
stud against which the screw abuts is removed from the yoke
and a cylindrical piece corresponding to C of Fig. 61 is inserted.

This is pushed against the end of the bar by the micrometer screw

and returned by a spiral spring. To insure contact with uniform

pressure the contact slide of the Coast Survey secondary bars

(Fig. 57) is placed on the piece C in place of the contact level.

This slide can be read to about Oin.0002. The two ends are mounted
on a timber base and used for comparing the 4m iced bar standard

with the secondary base bars under field conditions.

The Coast Survey base bars are 4, 5, or 6 meters long, all end

measures except the iced bar, and their old standard unit (69)
a l

m French end measure. The Lake Survey Bache-Wurdemann
base bars are 15-foot end measures and their standard unit an

English yard end measure. The method of finding the length

of the base bar in each case has been to construct as many one-

unit bars as there were units in the base bar; compare each with

the standard; then place them end to end (holding the surfaces

in contact by light springs) and compare the compound bar with

a new bar of the length of the base bar. This new bar then becomes

the standard for determining the length of the base bar, both

in the office and in the field.

For line measures, micrometer microscopes are mounted on

piers, or on a rigid frame if changes in distance are frequently

required, and the difference in length obtained in terms of the

micrometer screws.
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In comparing commensurate units (e.g., finding the length
of a 4-meter bar from a standard meter), the shorter is laid off

on the longer, dividing it into equal parts, and microscopic lines

are drawn; each length is then compared with the shorter unit

and the results added as with end measures.

Fig. 62 shows a lm comparator used by the International

Bureau of Standards of Paris. The two tanks are for determining
coefficients of expansion, one bar being heated by circulating

FIG. 62.

wrarm water through the pipes, while the other remains at a con-

stant temperature. The microscopes shown on the tank are

for reading the thermometers near or in contact with the bars.

The transverse tracks allow of bringing first one bar, then the other,

under the microscopes and nearly in focus by turning the crank

shown at the right. The exact focusing, after comparisons have

been begun, must, cf course, be done by raising or lowering the

ends of the bars by tangent screws so as not to disturb the posi-

tions of the microscopes.

71. Mercurial Thermometers. Thermometers are divided into

standard and auxiliary; the scales of the former include both



1 10 GEODESY. ( 71, Fig. 62,

the boiling and the freezing point of water, which allows of their

being studied and standardized, each one independently; the

scales of the latter do not contain both of these fixed points, and

they can only be standardized by comparison with some other

thermometer.

With glass, as with tempered steel, zinc and its alloys, and

some other substances, the volume change lags behind the tem-

perature change, giving rise to residual expansion. This is espe-

cially apparent with thermometers in the variations of the zero

point, the volume of the bulb at the temperature of melting ice

depending for some time upon the previous temperature of the

thermometer. When the bulb remains expanded by exposure

to a temperature above 0, it is said that the zero is depressed;

when exposed to the zero of the thermometer rises, and when

it has reached a stable position it is said to have recovered. The

depression of the zero for a temperature is the difference between

its position after the thermometer has been exposed to t and

the position which it will reach when the thermometer remains

a long time at 0. These variations of the zero were for a long

time an obstacle to the accurate determination of temperature,

but systematic study has shown how to use thermometers so

as to become almost wholly free from these anomalies. How-

ever, the errors which remain are reduced in proportion as the

residual expansion of the glass is reduced. The verre dur glass

of the French and some numbers of the Jena glass of the Ger-

mans have very little residual expansion, and it disappears more

rapidly than with the easily fusible crystal glass so commonly
used.

The most important property of the movement of the zero

is that at a given temperature the depressions are produced more

rapidly than the recoveries; and further, that the rapidity of

the two movements increases with the temperature. Thus when
a thermometer of verre dur glass is heated from ordinary tem-

perature to 100, the stable condition is reached in a few minutes;
when cooled, more than one-half of the residual expansion remains

after twenty-four hours, and the stable condition is reached only

after several weeks. With crystal glass, the stable condition

at 100 is reached in about an hour, while months are required

after cooling.
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To utilize this property in the determination of temperature:

the thermometer having been exposed for some time to the tem-

perature to be measured, a reading is taken; it is then plunged

into melting ice and read; the difference will give the tempera-

ture above referred to the fundamental interval, to 100,
the 100 point having been found by referring to in the same

way.
Small bulbs are often blown in the tubes of standard ther-

mometers to allow of the and 100 points on the scale without

too long a tube.

The scales of the best thermometers are scales of equal parts

etched on the stem. This requires tubes of very uniform bore

to prevent large scale corrections.

The tube is calibrated by breaking off columns of mercury
of different lengths and noting the length in scale divisions as

they are moved from end to end of the tube (a small bulb at the

top is necessary for this work).

The 100 point is computed from the observed temperature in

steam under a given barometric pressure, and the point by

melting ice immediately after. This gives the fundamental inter-

val which is to be divided into 100 equal parts for the centigrade

scale. The calibration corrections refer these equal volume parts

to the scale divisions, so that the scale divisions can be expressed

in degrees. A perfect tube and scale within the errors of obser-

vation are thus secured, and residual expansion can be eliminated

in use as indicated above. These corrected temperatures (includ-

ing a correction for pressure on the bulb) are called mercurial

thermometer temperatures, and they are usually accepted as

standard, assuming the expansion of mercury in glass to be pro-

portional to the temperature.

The International Bureau has adopted the hydrogen scale as

standard, and by comparing the mercurial thermometer readings

with the corresponding pressures of a constant volume of hydrogen,

by Mariotte's law, they have derived correction tables for different

kinds of glass. The Coast Survey has also adopted the hydrogen
scale.

See Thermometrie de Precision, by Guillaume, Paris, 1889, for

corrections for various kinds of glass.
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The corrections lor verre dur glass are as follows:*

t Cor.
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For a comparison of the European standards of lengths as a

basis of study of the different triangulations for degree measure-

ments, see Comparisons of Standards of Length, by Capt. A. R.

Clarke, London, 1866. These standards were incommensurate,
and some were line measures and some end measures. The

purchase of the Repsold 4m apparatus of 63 by the Lake

Survey involved a comparison of their end measure standard

yard with the new Repsold standard line measure meter. (Pri.

Tri. U. S. L. Survey, beginning p. 142.)

An end measure is converted into a line measure by bisecting
the angle between the direct and reflected images of a spider
thread stretched across the plane end surface; or by adding end

pieces with micrometer lines close to the contact surfaces for

comparison with the other bar and then determining the distance

between the micrometer lines in terms of the micrometer micro-

scope screw when the end measure is removed and the end pieces

brought in contact. A comparison of incommensurate units

involves a comparison of the subdivisions of the longer standard

by the method of aliquot parts down to where either the length
of the shorter or the difference in length can be directly com-

pared within the range of the micrometer screw.

Ex. To find the length of secondary bar No. 1, the following com-

parisons with standard No. 2 and data are given (C . S. Rept., 1868) :

Length of standard bar No. 2 at 32 F 5m . 999 982 33
One division of the scale of pyrometer .000 001 74
Coef. of expansion for F. scale .000 006 41

Thermometer attached to standard, too high, correction = 0.7
" "

rod, correction= .0

Standard No. 2 Rod No. 1

Thermo. Div. Thermo. Div.

77. 3 21 76. -10
78 .0 15 76 .4 +41
78 .5 18 77 .0 +55

77 .93 18 76 .47 28.67
-0 .70 77 .23 18.00

77 .23 + .76 10.67

Computation.

0.76X0.00000641X6 = +0^.00002923
10.67X0.000 001 74 = +0 .000 018 57

At 77. 23 No. 1 longer than standard .000 047 80
At 77 .23 standard No. 2 6 .001 721 88
At 77 .23 rod No. 1 6 .001 769 68
At 75 ""!., .6 .001 68391
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The pyrometer is a form of end measure comparator in which the measure-

ment is indicated by the reflection of a graduated scale from a mirror in

the same way as is done with some galvanometers.

73. Defects and Difficulties. It is very difficult to find the

temperature of a bar and its consequent length under field con-

ditions. The Colby apparatus ( 60), after being used in Eng-

land, was taken to India and a large number of bases measured,

but the compensation could not be relied upon and mercurial

thermometers were substituted. The Bache-Wiirdemann 15-foot

bar No. 1 made for the U. S. L. Survey gave a length at 10 P.M.

Aug. 5, 1873, Cin.00470 shorter than at 9 A.M., as stated on p. 86

of the Report,* it having been exposed to direct sunlight during

the day. This would correspond to a difference of 1.3 F. between

the two components. In 1875, at the Buffalo base, its mean

length for the eleven days of comparison was Oin.00230 greater

at 1 P.M. than at 8 A.M., the comparisons being made in a tent.

From numerous comparisons made with the bars under field

conditions and the brass standard in melting ice, it was found

that the mean increase in length of the bars, between 8 A.M. and

5 P.M., over that when the components were at the same tem-

perature, was proportional to the increase in temperature between

8 A.M. and 12 M. A correction was thus found and applied for

the bars placed each day, thus eliminating a source of constant

error which would escape detection by the usual method of remeas-

urement. The Repsold steel-zinc apparatus was studied in the

same manner, and corrections found to apply for the different

times of day. The bar was protected by an awning as used on

the base. The maximum correction was for the interval from 2 to

5 P.M., reaching + 12^ per bar length.

The iced bar of 68 was designed for experimental work with

different forms of apparatus on the Holton base of the 39th parallel

triangulation. Two methods of finding its length in terms of

the standard meter, with the bars in melting ice, were tried with

the office comparator: one by placing six micrometer microscopes
lm apart and measuring the distance between the extreme ones

with both the lm and the 5m bars; the other by comparing the

lm spaces of a 5m bar with the l
m standard and then comparing

* Pri. Tri. U. S. Lake Survey.
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the two 5m bars. The results were not satisfactory, owing to

instability of microscopes. These were carried by brackets from

a 6m .5 I-beam supported at its ends, all wrapped with cotton

batting, rather than by independent piers, and they appeared to

have been disturbed by vibrations due to street traffic. A new

comparator was then built in a vacant lot adjacent to the office

and covered by a shed. Six brick piers were built for the micro-

scopes on a heavy continuous concrete bed. Free air circulation

was allowed, and the inside of the shed was whitewashed, giving

light without artificial illumination. The distance between

extreme microscopes was measured with the standard meter bar

and with the two 5m bars, all in melting ice.

For the 100m comparator of the Holton base, 68, the ends

were marked by brass hemispherical-headed bolts set in stone monu-

ments, the heads fitting the cut-off tube. This was used as a

standard for the 5m secondary base bars and for the 100 tapes.

On a test in August the bars showed (by their length) a lag of

the thermometers of 0.3 C. for both rising and falling tempera-
tures. The thermometers, one at lm from each end, were in

contact with the steel measuring rod and the wooden case was

wrapped with' cotton and canvas, while the comparator was
covered with a shed. A later test in bright sunshine on a por-
tion of the standard kilometer showed the lag to be insensible,

The final conclusions reached were that the absolute lag of

the thermometers can be safely assumed between and 0.5 C.

on the average in a day's measurement; that a correction for

lag of 0.25, plus for rising, minus for falling, applied to the mean

temperature for the day will keep the error in length within

1/340000; and that, if the day's measures are equally divided

between rising and falling temperatures, or if they are made dur-

ing hot weather in bright sunshine and with rising temperatures,
no correction will be necessary. It is pointed out that where

day measurement only is intended the bars should be protected
as much as possible from change of temperature at night.

Ex. 1. With the Bessel apparatus, 60, find the difference in tempera-
ture between the two components required to introduce an error of one
millionth of the length of the iron bar in its computed length.

Ex. 2. Find the error in the observed temperature of the iron bar for the
same error in length.
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Ex. 3. With the Colby apparatus, 60, find the effect upon the distance

between the end dots due to a difference of 1 between the two components.
Ex. 4. Compare zinc-steel and brass-steel Borda thermometers with

mercurial in the effect upon the length of the measuring bar of a difference

of 1 between the two components or the component and the mercurial

thermometer.

74. Field Work. The following is condensed from the instruc-

tions issued to the chief of party for the measurement of nine bases

along the 98th meridian in 1900 (App. 3, Report, for 1901): Two
100m steel tapes, two 50m tapes, and the duplex base bars are

to be used in the measurement of the bases. A portion of each

base, about lkm in length, is to be measured with all five sets of

apparatus, and of the remainder, a portion is to be measured

with the tapes and a portion with the bars.

Very little increase in the average accuracy of the triangle sides

will result from increasing the accuracy of the base measure-

ment beyond that represented by a probable error of 1/500 000.

The following limits of accuracy on each operation are selected

with this in view. You will strive to keep as far within these

limits as possible by the use of good judgment and skill, but you
will restrict the time and money expended upon each operation

substantially to that required to keep barely within these limits.

You will standardize each tape and the duplex bars at the

beginning of the field season upon a 100m comparator, which you
will establish near Shelton base, by measuring the length of the

comparator at least four times with each apparatus. The measure-

ments by each apparatus must not all be made on a single day
or night. If four measures do not suffice to reduce the p. e. of the

mean for any apparatus below 1/300 000, additional measures

will be made until the p. e. is reduced below that limit. The

length of the comparator is to be found by measuring it with

the iced bar at such times that the longest interval between any
such measurement and any measure with a base apparatus shall

not exceed thirty-six hours. In computing the length of the

bars and tapes, the length of the comparator shall not be assumed

constant, but will be assumed to be that given by the nearest

measurement with the iced bar, or by the mean of the last pre-

ceding and first following measurements. The bars and tapes

are to be restandardized in the same manner at or near the end
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of the field season. The conditions under which each form of

apparatus is standardized should approximate as nearly as is

feasible those under which it is used in the actual measurements

of the base. One kilometer of each base, called the test kilo-

meter, is to be measured with the duplex bars and with each of

the tapes. If any one of these five measurements shows a resid-

ual from the mean of more than I7mm
,
an additional measure-

ment shall be made with that apparatus. Residuals of more than

17mm on the test kilometer, which persist even after a remeas-

urement, shall be considered to indicate the desirability of re-

standardization, but in no case shall the apparatus be standardized

without special authorization, except at the beginning and ending
of the season as indicated above.

Of the remainder of each base not less than one-tenth nor more

than one-third is to be measured twice with the duplex bars; not

less than one-fifth nor more than two-thirds is to be measured

once with each 50m tape; and not less than one-fifth nor more than

two-thirds is to be measured once with each 100m tape. Addi-

tional measurements shall be made if the discrepancy between

the two measurements on any section exceeds 20mmK (K= length
in kilometers) until two measures are obtained which agree within

that limit. About one-fifth of the total length of all the bases

after the test kilometers are deducted should be measured with

the duplex bars, and about two-fifths each with the 50m tapes

and the 100m tapes.

Such precaution should be taken to secure accurate hori-

zontal and vertical alignment as is necessary to ensure that errors

from this source on any section of the base shall be less than

1/1 000 000. It is not desirable, however, to use any more time

than that necessary to keep well within this limit. This principle

should also be applied to the determination of the tension on

the tape while in use.

The party is made up of a chief, an assistant, two aids, a recorder,

and five laborers.

In measuring the 100m comparator with the iced bar, the first

microscope is set over the starting point by means of the cut-

off tube, reading its scale and level when both are parallel with

the bar, both direct and reversed. The rear end of the bar is

brought under the rear microscope, and the front end under the
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front one, moving either bar or microscope; the rear observer

then moves the bar longitudinally by means of a lever until the

graduation is accurately bisected by the micrometer wire with-

out turning the micrometer screw. He then gives the signal

"Read "
to the front observer, who brings the micrometer wire

to bisect the front graduation. The recorder then records the

readings given, the rear observer turns the micrometer screw

slightly and the observers change places. The rear observer

brings the front graduation under the wire without disturbing

the screw, and the front observer bisects the rear graduation

with the screw. The recorder then records the readings. This

eliminates the personal equation of the observers and checks

mistakes, each observer making two bisections. The p. e. of a

bisection is less than I*
1
*

While the bar is in position the third observer measures the

distance of the front end from the reference line * and adjusts

and reads the level sector. The rear microscopes and track sec-

tions are carried forward and reset as rapidly as relieved. The

observers stand on platforms which rest on the ground about

3 feet from the microscope post. The ice is stirred up and fresh

ice supplied at intervals of twenty to forty minutes, the amount

required being from 7 to 11 pounds.

CUT-OFF MEASURES, Aug. 7, 1891.

AT WEST (LEFT-HAND) END OF COMPARATOR.
(Repsold cut-off cylinder.)

Time (p. m.).
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SPECIMEN OF RECORD.

Measure of 100m Comparator Interval, Aug. 7, 1891.

J
*f

^
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microns (1
R of the micrometer screw =0.1mm

,
so that 0.01R = 1

/

')

between the mean readings of any microscope at the two ends

of the bar in the order left minus right or (l r). Thus the first

value comes from the readings of microscope No. 2, namely
i(21.33

R
+21.26R)-i(21.33R+ 21.33R) = -3 /i

. The last value in

this column is derived from the readings of microscope No. 1 at

the beginning and end of the measurement. The last column gives

the height of the front end of the bar (and of the rear in starting)

in place of the usual grade sector readings.

In using the duplex bars the front end of the zero bar, No. 15,

was placed on the trestles, aligned and centered over the starting

point in position "face up/' using a transit direct and reverse

at a distance of 30 feet at right angles for plumbing up. The

temperature was noted and compared with 26.45 C., that at

which the two components have the same length, and the brass

component set by the scale normal, or backward or forward a

sufficient amount to permit the measuring of 250m if possible

without another set-back or set-up. The first bar of the measure

was then set, aligned, contact made, mercurial thermometers

and grade sector read and recorded. This completed the placing of

the first bar. Unless a set-up or set-back of the brass rod became

necessary no more scale readings were taken until the end of the

half section, usually after the laying of the 100th bar. The ther-

mometer readings were taken for the first and second bars, the

ninth and tenth, etc. The apparatus was used without shade or

shelter.

75. Tape Measurements. Some years ago M. Jaderin intro-

duced a method of measurement with tapes for which he claimed

an accuracy of 1/1 000 000, even when the work was done in

sun and wind. He used two tapes, one steel, the other brass,

each 25m long, the ends resting upon portable tripods serving

as pins to mark the tape lengths, while under a fixed tension applied

through a spring balance. The differential expansion of the

steel and brass is relied upon for the temperature correction for

the steel.

The tape method was taken up by the Missouri River Com-

mission for base lines, using a single steel tape 300 or 500 feet

long, with firmly driven posts for markers and stakes for inter-

mediate supports, the measures being made at night.
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Later the tape method was taken up by the Coast Survey
in connection with the Holton base. From the results obtained

it was concluded that a p. e. of less than 1/1 000 000 as derived

from the range of different measures could be secured, or including

errors from all sources a result true to 1/500 000 could be reached.

For an accuracy of 1/200000 to 1/500000 the cost was esti-

mated to be about the same as with bars.

The mathematical theory of metallic tapes is developed in

Supplement B, App. 8, Report 1892.

The tapes of 74 have a cross-section of about 0.25 by 0.022

of an inch; the 50m tapes are without intermediate graduations.

They were supported at points 25m apart under a tension of 15k

applied by a spring balance. The markers were 4 by 4 inch

posts with copper strips nailed on top parallel with the line and thick

enough so that the top of the tape when held alongside would

be flush with the surface, allowing the tape graduation to be

marked off onto the slip with a sharp awl. The intermediate

supports were nails driven into the sides of 2 by 4 inch stakes.

A thermometer was tied to the tape about lm from each end

with its metal back in contact with the tape.

The measurements were made at night, the supports having
been prepared in advance. Eight men for the 50m tapes and

twelve for the 100m were the regular number when available,

but much of the work was done with six and eight men, respect-

ively. There were two observers, one front, the other rear; one

recorder, who also held the light for reading the tension; two men
to apply the tension and to hold in the rear; and three men to

handle lamps and carry the tape ahead. The thermometers

were read by the observers after making contacts. The rear

end of the tape was held by a staff. At the front end a tape
stretcher was used consisting of a base of plank to which was

attached by a universal joint a piece of gas pipe threaded at the

proper height for the contact post. A gimbal was attached to the

pipe, which could be raised or lowered by a nut. The spring

balance was attached to the gimbal on one side and a counter-

weight, to hold it horizontal, on the other.

When the front end of the tape came too near one end of the

copper strip, a set-up or set-back was made and noted, and its

length measured by daylight with scale and dividers.
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The length of the 100m tape was determined by measuring the

length of the 100m comparator under field conditions, by bisect-

ing the end graduations of the tape with the micrometer wires

after making the readings on the cut-off. For the 50m tapes a

marker was used in the center for rear contact and the end gradua-
tion bisected as above. After reading, the observers changed places

and read again, so that two sets of values for contact and tempera-
ture were secured.

Recently the Coast Survey has purchased eight nickel-steel

50m tapes having a certified coefficient of expansion of 0.000 000 3

per degree Centigrade, under a pull of 10 kilograms between the tem-

peratures of and 30 Centigrade. The correctness of this coeffi-

cient was borne out by subsequent tests at the National Bureau

of Standards. This coefficient is but ^ that of the steel tapes

above described. Two of these tapes are in use in comparison
with the old steel tapes and it is found that better results are

obtained working by daylight than with the old tapes at night.

A tension of 15ks is applied.

76. Correction Formulas. For the iced bar, if a micrometer

wire is moved to the left (measurement left to right) in making
a rear end bisection the correction is subtractive, it having been

added to the distance measured when it should not have been.

Hence for readings increasing from right to left as with the microm-

ters used,

Correction, c' = S(L-R) (28)

Similarly, if Lc and Rc are the mean micrometer readings on

the cut-off scales,

Correction, c"=-(Lc-Rc) (29)

If the cut-off scale readings are Si and S r ,

Correction, c
'" = Si-Sr, (30)

where Si and Sr are plus or minus according as the image of the

graduation mark appears inverted or erect.

If Ir and Ii denote the inclinations of the cut-off cylinders

at the ends, both inclined towards the right, and hr and hi, the

corresponding heights of the cut-off scales,

Correction c v
(ftj/j Wr) sin I". . . . (31)
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Denoting the readings of the ends of the bubble by I'
', I",

r', r"
,
and the value of a level division by d,

I=(l>+ l>'-r'- r")d....... (32)

For the correction cv
,
for difference in elevation, Ah,

or c
v=

v
= 0.1(J/0

2
, nearly.

With Ah in millimeters and c
v
in microns,

c
v
=0.1(J/i)

2........ (33)

The correction for alignment would be of the same form.

Ex. Referring to the comparator measurement of 74, the L R column

foots up-149^= c'.

The mean micrometer reading on the left-hand cut-off scale is 19.69;

that for the right-hand is 22.08. From (29),

c"= -19.69 + 22.08= 2r.39.

The left-hand cut-off scale reading is 297; the right-hand 10.5#. From (30)

For the cut-off levels, //= -3.6"; 7r
= 6". From (31),

ci^=(_ 3.6X840 -6X838) sin l"= mm.039.

From the last column (32) gives cv= -Omm.075.

Adding results, and calling the iced bar B
17 ,

Length of comparator from this measurement = 20.B17 + 39.476mm .

For the duplex bars a correction for expansion is required.

The coefficient of expansion is 11.54^ per meter for the steel and

18.45 for the brass, giving a difference of 6.91. Hence for every

unit of differential expansion accumulated on the scale the steel

11 54
measuring component has expanded

' = 1.668. This factor
o.yi

is called the duplex coefficient. The components have the same

length at 26.45 C., which is 5m + mm .0715.

Hence to find the expansion for the steel bar multiply the

differential expansion accumulated on the scale by the duplex

coefficient. Thus on the first measure of the west half of Sec. 8 of
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the El Reno base (Coast Survey Rep., 1901, p. 250) the brass

component lost 30mm .84 as compared with the steel, giving

Length of half section= 100(5
m + mm

.0715) -30mm.84x.l.668

grade correction

= 499m .9382,

the grade correction being= 17mm .45.

For the steel tape a correction is necessary for expansion, for

the set-ups or set-backs and for the differences in elevation of

the ends or of the marker-posts, the intermediate supports being

usually on the grade line between markers.

For the grade correction, calling h the difference in height,

c the correction, b the length, and i the angle of inclination,

or

Also, sint= r,

whence, form. 12], c = 6(l-cos i)
= 2b sin2 Ji...... (35)

One of the above formulas would be used for steep grades.

For flat grades expand the radical by the binomial theorem,

<-+ (36)

Hence within these limits, for the correction in millimeters,

h in meters, and the tape length,

50- ) = 10/>2 )

100m
J

'
5/i2

J

' v '

Correction for index error of spring balance. The index error with

the balance in a horizontal position will be slightly different from
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that in a vertical, while the index error in either position is liable

to change with use. The tape length is quite sensitive to tension,

so that it is necessary to be able to apply a correction to length
due to error in tension.

To determine the actual tension T with balance in horizontal

position, let r= index correction for vertical position,
=
reading

with hook end down and unloaded, minus when the index reads

greater than zero, R= reading when balance is suspended by hook,
hook end up, TF= total weight found from another balance, and

TI = observed or face reading when horizontal.

or T=Ti +%(W-R+ r). ...... (38)

The relation between change in length and change in tension

is derived in the theory of tapes referred to in 75. It can be

more satisfactorily determined experimentally by varying the

tension when under standard conditions and measuring the corre-

sponding movement of the end graduation of the tape. For the

100m tapes used on the Holton base this change was 0.05mm per
ounce of change in tension.

77. Reduction to Sea-level. Base lines are usually reduced

to sea-level so that all the computed triangle sides will be arcs

of the spheroid whose surface is that of the sea produced under

the land.

Let B'= the reduced horizontal length of the base at an average

height h; B= the sea-level length; y= the correction; Ra
= radius

of curvature of the plane section through the base (see Table VI) .

Then since arcs are to each other as their radii,

B R. B'R
B' Ra+h' Ra+h' Ra+h'

-

Unless h is large, or extreme accuracy is desired, the h of the

denominator may be omitted.



CHAPTER V.

TRIGONOMETRIC AND PRECISE LEVELING.

TRIGONOMETRIC LEVELING.

78. Observations. In triangulation work the zenith distances

of other stations, or their vertical angles, are usually measured

when the station is occupied for horizontal angles. If the the-

odolite has no vertical circle and the micrometric method is not

available an altazimuth or other vertical circle instrument is set

up near the station for the vertical measurements. If the circle

is small, or is read by verniers, increased accuracy can be secured

by using the different horizontal wires (e.g., the stadia wires) for

the different measurements of an angle, thus securing the advan-

tages of the repeating circle in increasing the fineness of the read-

ing.

The height of the telescope above the station mark should be

measured. If the eccentricity of the instrument will have any

appreciable effect upon the vertical angles it should be measured

jn distance and direction so that the angles can be reduced to

center. The part of the signal sighted upon should be noted

each time so that its height can be considered in finding the differ-

ence of elevation. A line of spirit levels is usually run from tide

water, or from a station of known height above tide, to one of

the stations.

Refraction is least and most nearly constant during the middle

of the day, and greatest and most variable at night and morning.
The best time for observing is thus usually from 9 A.M. to 3 P.M., and

the worst at sunrise and sunset. Simultaneous observations at

the two stations will give the best results. If not simultaneous

they should be distributed over several days to get an average
value for refraction. Instrumental errors are small in comparison
with those from refraction, so that with good instruments it is

not necessary to eliminate errors of graduation by shifting the

position of the circle.

The form of record shown on the opposite page is taken from,

the Coast Survey.
126
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79. Reduction for Difference in Height of Telescope and

Object Above Station Mark. If the observations for the zenith

distance of a station taken on different days are to different parts

of the signal, as tripod head, top of pole, etc., on account of better

visibility, it is desirable to reduce them to the same point in order

to take the mean. If reciprocal observations are worked up as

such, they must be reduced to the line joining the station points.

To find the correction, x, let z\, z2 be the measured zenith dis-

tances, corrected for difference of height above station mark of tele-

scope and object; hi, h2 the heights of the stations above mean

tide; s the horizontal distance in meters at sea-level; Ra the radius

of curvature; C the central angle; mi, w2 the coefficients of

refraction; mC the angle of refraction. Assuming the angle

between the tangent FA to the line of sight and the chord AD,
Fig. 63, proportional to the distance is equivalent to assuming the

line of sight an arc of a circle, although the actual curvature is

usually irregular.

In Fig. 63, B is as high above the station point as the telescope

at A, E is at the same height above sea-level as A, while D, the

point sighted at, is at the height q

above B and requires the correction

x to the observed zenith distance.

Then

q sin ABD q sin ADE sin ABD
sm#=- =- =. .

AD AE sin AED

But sin ADE= sin (zi x+m\C C) ,

sin ABD= sm (zi +miC C)

(since ABE=ADE+ x).

Also sin AED= sin (90 + iC) .

FIG. 63.

Substituting,

sin x
q sin (zi sin (z\+m\C

Now, sin (90 + iC) is nearly unity, x and m\C are small, C is

small for short distances and (z\ C) = 90 nearly for long dis-

tances, and s, the distance between stations,
=AE nearly.
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Hence, for short distances, x"= . -^
s sin I"

and for long distances, x"= .

s sin 1

129

(40)

80. Difference of Height From Observed Zenith Distances.

(a) Non-simultaneous Observations. In the triangle ABC, by
formula 20], we have

. (A)

-.z

FIG. 64.

But A

giving

Furthermore,

Substituting,

h2-h l
= t8iK[%(z2 -z 1 ) + %C(m2-ml )](h2+ h1 + 2Ra) tan JC;

$C= 7iir, being small, tan ?C=~+ 7̂ -3 , by formula 15];

90 -
JC.

U^ ^^il/^

JC(m 2-mi) being very small, formula 5] gives
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Substituting,

(41)

In equations (41) and (42) below, the terms
2
nn

1

and
2#a

are small fractions; and the equations may be most conveniently
solved by neglecting these terms and obtaining an approximate
value of the unknown h2 or h\. This value may then be sub-

stituted in the second factor of the equations and an accurate

value of h obtained.

(6) Simultaneous Observations. The refraction is assumed

the same at both stations. Placing mi =m2 in (41), we have

. . (42)

(This is the formula employed by the U. S. Coast and Geodetic

Survey.)

(c) Zenith distance at one station only.

A = 18Q-zi-miC, as before. B=zi+miC-C,

giving 1 (A - B) = 90 -
[2l + (m, - J)C].

Substituting in formula (A) and following the same line of

transformation as in sec. (a),

(43)

By calling the second factor unity and expanding the cotan-

gent by formula 5], (43) can be reduced to another form which is

sometimes given, (wi J)C is so small that for tan (mi J)C,

(mi J)C can be used.

= l- m -C tan
tan

|

= cot zi + (l-mi)C+ (i-wi)C cot2 !, by form. 32],

Substituting in (43),

2 2

-

(44)
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If the line is sighted from the other end, a second value will

be obtained, and the weighted mean will give the required result.

8 1. Coefficient of Refraction. For reciprocal observations

from Fig. 64,

21 +miC + z2+m2C= 180 + C,

or m l +w2
= [180- (2i+z2)] sin 1" + 1. . . . (45)

s

The refraction coefficients are thus indeterminate from any
number of reciprocal observations, since two unknowns are intro-

duced for each equation. If the observations are simultaneous,

mi is usually assumed equal to ra 2 ;
each line will then give a value

for ra, and the average for the whole area can thus be found by

taking the weighted mean. Thus

sinl / '+ ..... (46)

If not simultaneous, the coefficients for the lines radiating

from each station may be taken the same, so that in a system
of I lines joining p points, there would be p unknown coefficients

with I observation equations of the form (45). If l>p, the coeffi-

cients would be found by a least square adjustment. If the weight
of each z be taken proportional to the number of observations, n,

then by Part II, (45) would have a weight w given by

w yi"/j_
i\ .....

s2 \HI n2J

that is the weight would be proportional to

Bessel assigns weights by the arbitrary formula,

w

on the ground that errors arising from variations in m are of more

importance than those from errors in z.

The average value of m as found by the Coast Survey is:

Across parts of the sea, near the coast . 078

Between primary stations 0.071

In the interior of the country, about . 065
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Clarke, Geodesy, p. 281, gives the range in India from 0.09

to 4-1.21.

82. Observed Angle of Elevation in Seconds. If a = the ele-

vation angle (supposed small) =90 z, (44) becomes

s2 s2

h2 hi = s tana-f (J m)-5- = sa" tan l"+(i m)^-,Ka Ka

where a" is in seconds.

Substituting for Ra and m average values,

(i-w)-|-
= 0.000 000 0667 s

2
, log. const. = 2. 82413Ka

tan I"= 0.000 004 85 " = 4 . 68574

giving in metric units, a in seconds,

h2-hl
= 0.000 00485 s a" + 0.000 000 0667 s2 . . . (48)

For s and h2 hi in feet, the last term becomes 0.000 000 0202 s2 .

It is claimed on the Coast Survey that for a < 5 and s < 15

miles, (48) will give results within the uncertainty of the refraction.

83. Zenith Distance of Sea Horizon. The line AB, Fig. 64,

will be drawn
, tangent to the sea-level surface at B, giving in

the right-angled triangle ABC,

Xl/a I fl/l
-

^j.
cos C

or

1-cosC
1- a

cosC
'

By form. 12],

= 2Ra sin2 i(7 _ 2Ra sin2 JC sin C
cos C sin C cos C'

By form. 10],

, sin W sin C

= %Ra tan
2
C, nearly.

But

or 1m
7")

Substituting, ^ t
= _

a

^
tan2 (g-90), nearly. . . . (49)
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Ex. 1. At A Lewis, a zenith distance of 88 54' 16".7 is read upon A
Morehead, distant 6845m.32. The height of instrument at Lewis is 4'.9

and the point observed at Morehead viz. the bottom of the signal pole,

is 24'.7 above the station. Find the correction necessary to reduce the

observed zenith distance to the station point. If the azimuth of the line

of sight is 222 15' and the latitude of Lewis is 42 41' 10".0, find the differ-

ence in elevation of the stations, assuming m= 0.07.

Solution. Let z/ = the observed zenith distance unconnected *

88 54' 16".7.

Then, by (40), the correction, x"= q8
**].

s sin L

Now g= 24.7 -4.9= 19'.8= 6m.035.

s= 6845m.32 sin 2

*/= 9.99984

log s= 3.83539 logg=0.78068
sin I" = 4.68558

0.78052

8.52097 8.52097

log a/' = 2.25955

x"= 181.78

x = 03'01".8

88 54' 16".7

2
1

= 8857 / 18".5

In the direction of the line of sight, Ra ,
the mean radius of the earth's

curvature is taken from Table VI as its logarithm, 6.80450. We can now

by substitution in formula (44) obtain the desired difference of elevation.

s
2

s
2

Formula: h2 hi= s cot z
l + Q wn)

-f (J raj cot 2
z
l

tia tia.

^-w,^ 0.5 -0.07= 0.43.

logs = 3.83539 logs
2 =7.67078

cot 2t
= 8.26098 colog# =3.19550 cot 2

^= 6. 5219

log (I)
= 2.09637 log 0.43=9.6334

(I) =124.84 log II =0.4997 0.4997
II = 3.160 II =3.160
111= 0.001

log (III)
= 7. 0216

O III =0.0011

The required difference of elevation is 128^.00. The problem could also

have been solved by formula (43).

Ex. 2. At A Warren, in latitude 39 54' 17".0, the zenith distance of A
Bald Top is 89 12' 47".6; at Bald Top, in latitude 40 06' 32".9, the zenith

distance ofA Warren is 91 04' 22".4, the observations being simultaneous

and being reduced to station points. The distance between stations is

35076m.2 and the elevation of A Warren is 2104m.6 above sea-level. What
is the elevation of Bald Top? The azimuth for determining Ra can be
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determined closely enough by considering the surface a plane and convert-

ing difference of latitude into distance by Table V.

PRECISE LEVELING.

84. Instruments. Precise spirit, -or geodetic, leveling is dis-

tinguished from ordinary spirit leveling by the use of better instru-

ments and methods and more care in observing.

Some of the more common instruments in use are shown.

With the instruments shown in Figs. 65, 66, and 67 the level

is used as a striding level giving greater facility of adjustment

for both level tube and collimation, and opportunity to eliminate

both errors by reversals in observing. The rear wye can be

raised or lowered by a micrometer screw., giving a delicate means

of releveling when pointing at the rod. With the Mendenhall level

of Fig. 67 this slight releveling cannot affect the height of the

telescope as with the others, the pivot being over the vertical axis.

With the new Coast Survey level shown in Fig. 68, the level

tube is dropped into the telescope tube down to the cone of sight

rays, in order to diminish the lack of parallelism of the two tubes

due to locally heating either end of the instrument, thus sacrificing

the striding level. The two tubes are cast from an iron-nickel alloy

having a coefficient of expansion= 0.000 004 per 1 C., about one-

fifth that of brass. The motion with micrometer screw is retained.

In Figs. 66 and 68 the mirror for reflecting the bubble to the

observer at the eye end is replaced by a system of prisms which

eliminates parallax by giving vertical sight rays upon both ends

of the bubble.

The French level, Fig. 66, has a quick leveling ball and socket

tripod head which is very stable. The Kern or Swiss level is

shown in Fig. 65.

The focusing slide of the telescope should be long and well

fitted to preserve parallelism with the line of collimation when

sighting at different distances.

The principal instrument constants are:

Fig.



FIG. 65.

FIG. 66.
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It will be noted that these values do not differ materially

from those for ordinary levels, except in the sensitiveness of the

level tube and in the magnifying power.

85. Rods. Both target and speaking non-extensible rods are

used.

The Kern or Swiss rod is shown in Fig. 69. This is used by
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the U. S. Corps of Engineers with the Kern level (Fig. 65). The
smallest graduations are centimeters, while readings are esti-

mated to millimeters.

The French rod is shown in Fig. 70. It has a line graduation
to 2mm printed upon paper and pasted to the rod. The rod is

rather flexible. To determine changes in length due to changes

o o <9 o
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the wood. The sum of the two readings (A and B) will thus give the

total change in length of the wooden rod.

The U. S. Geological Survey rod shown in Fig. 71 is a double

target rod made by W. and L. E. Gurley, of white pine impregnated
with boiling paraffine to a depth of J". It is graduated on both

sides and each side has a target, one oval and red, the other rect-

angular and black. The targets are handled by endless tapes as

shown, the length of the rod being a little over 10 feet. The steel

base shoe has an area of half a square inch. The two targets are

for use on "
double-rodded lines/' where two sets of turning points

and two sets of notes are carried through with one instrument,

the instrument man setting the rear- and front-rod targets as usual

for the first set of turning points,

then the front- and rear-rod targets

of the other faces for the second set;

afterwards checking both sets of target

readings as the instrument man and

rear rodman move forward past each

other.

The Geological Survey speaking rod

is shown in Fig. 7 la. The unit, which

is 0.2 foot, is divided to tenths and

these divisions are read to fifths, or to

0. 004 foot. The notes are kept on the

2-foot basis to correspond, requiring all

derived elevations to be doubled. The

shaded portion is red, the other por-

tions black, on a white ground.
The Coast Survey rod is shown in

Fig. 72. The centimeter graduations
are on the edge of the + , which is 2cm.2

wide. Fig. 72a shows the foot plate
and foot pin which are used to support -_

XJ
.

the rod at turning points. The latter tJ

is the more frequently used. FlG - 72 - FlG - 72.

The center of the bell-metal foot is in the plane of the gradua-
tion. Silver-faced plugs are placed lm apart and the distances

between them checked by steel tape for field comparisons. A
thermometer is attached for temperature, and a disk level for
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plumbing as with the others. The pine is soaked in boiling

paraffine for its entire thickness, then all but about 19% is driven

out, which increases the weight and does away with moisture

changes. The coefficient of expansion is 0.000 0042 per 1 C., a

value nearly the same as for untreated wood.

86. U. S. Corps of Engineers' Method. In observing by
this method the instrument is leveled and pointed at the rear

rod; both ends of the bubble are read, the three wires and

the level again, for the back sight; similarly for the front

sight. The length of sight is limited to 100m
,
and the difference

between front and back sight to 10m . A heavy canvas umbrella

is used to protect the instrument from the sun, or sometimes a

tent if the weather is windy.

Each rod reading is corrected for observed inclination by the

formula

. . Im tan 1" ... A
Correction= 4ia =4idA, .... (50)

where 4.i=E+ E' (0+ 0'), the sum of the two eye-end readings

minus the sum of the two object-end readings of the level; d=
stadia interval; /= value of l d of level; m= stadia constant;

A = \lm tan 1"
',
a constant.

The difference in elevation between two bench marks is cor-

rected by the formula

B.M. cor.= (d!-d2)cratan 1", .... (51)

where d\ = sum of stadia intervals for back sights ;
d2
= sum of

stadia intervals for front sights; c= inclination of line of collimation

in seconds when the bubble is in the center (+ if object end low);

c must include inequality of pivots, level error and collimation

error.

The level tube is adjusted until within two divisions and the

collimation until the mean of the three wires for direct and for

reverse position upon a rod at a distance of 50m do not differ

more than 2mm .5. Readings are then taken every morning,
and at other times when there is reason to suspect disturbances,

for the level tube and collimation errors to use in (51). By keeping
the sums of the stadia intervals, as in the record shown, these

can be made equal in closing on a B.M., so that the correction

(51) will disappear.
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Steel pins are frequently used for turning points instead of the

foot plate shown in Fig. 69.

FORM OF RECORD.
Locality,

Date,
Direction,

BACK SIGHT.

Wire
Readings.
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ouaq'dsoin^v
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The change of observers adds to cost in requiring a good ob-

server for recorder, and it adds to delay and instability, espe-

cially if the cross-hairs have to be re-focused on account of the

change.
88. U. S. Geological Survey Method. For double-rodded

lines and the double target rods of Fig. 71, the rear rodman holds

on the turning point of line A and clamps his red target when

covered by the cross-hair; the front rodman then holds on the

next turning point of line A and clamps his red target at the proper

height; he then holds on the turning point of line B and clamps
his black target; the rear rodman then holds on the rear turning;

point of line B and clamps his black target.

Separate notes are kept for the two lines (which are claimed to

be equivalent to lines run in opposite directions), while the in-

strument man checks all four rod readings as he and the rear

rodman move forward.

The bubble is kept in the center when sighting. Steel pegs
are preferred for turning points. The level is adjusted daily,

or oftener when necessary.

Attention is called to the fact that the length of sight should

be kept so nearly constant that the focus of the telescope will

not require changing for front or back sight during the day, and
that if it should require changing on account of grades or atmos-

pheric disturbance requiring shorter sights, then the level should

be readjusted for the new position of the slide. It does not appear,

however, that this restriction is enforced, nor does it appear neces-

sary with a well-made precise-level telescope.

With target rods the rodman is usually required to keep a

separate set of notes.

89. Coast Survey Methods. In the old method (Report,

1879, App. 15) the Vienna or Stampfer level, slightly modified,
was used. Its general construction is like the Kern. The rod is

a non-extensible pine rod graduated to centimeters on the front

edge of the + as a speaking rod, and on a brass scale on the side

of the front portion for the target. The target is moved by a
chain similar to the tape of Fig. 71.

To take a reading: a. The bubble is brought near the center

and the target clamped to correspond; the bubble is then accu-

rately centered and the micrometer screw of the rear wye read;
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the target is bisected by turning the micrometer screw and the

screw again read. b. The level is reversed, the bubble brought

to the center, and the target bisected, and both screw readings

taken, c. The telescope is rotated 180 about the optical axis,

the bubble brought to the center, and the target bisected, and

both screw readings recorded, d. The level is made direct, the

bubble brought to the center, and the target bisected, and both

screw readings recorded.

FORM OF RECORD.

BACK SIGHT.
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The method of double rodding is in use, as also that of running
a single line through and checking back.

For the new method, introduced in 1899 and slightly modified

in 1900, the following abstract has been taken from the general

instructions given in the Report for 1903, App. 3.

Except when specific instructions are given to proceed other-

wise, all lines are to be leveled independently in both directions.

The distance between successive bench marks shall be less than

15km The line of levels is to be broken up by temporary bench

marks from lkm to 2km apart, unless special conditions make
shorter distances advisable. The observer is to secure as much
difference of conditions for the measurements in the two direc-

tions as is possible without materially delaying the work, it being

especially desirable to make the one in the afternoon if the other

was made in the forenoon, and vice versa. If the measurements in

opposite directions between two bench marks differ by more than

4mm xy/'distance in kilometers, both are to be repeated until two such

measurements fall within the limit. If any measurement differs more

than 6mm from the mean of all the measurements over the section, it

shall be rejected. If a measurement differing by a less amount is re-

jected the reason for the rejection must be fully stated in the record.

Whenever a blunder is discovered and corrected, the measurement

may be retained if there are at least two others over the same

section not subject to any such uncertainty. In reading the rod,

all three hairs are to be used and the bubble kept in the center.

At odd-numbered instrument stations the rear rod is read first,

at even-numbered the front rod, the time interval between read-

ings to be as small as possible. The rod thermometer is to be read

at each station. The maximum length of sight is placed at 150m
,

and this only under the most favorable circumstances. The
maximum difference between the front sight and the correspond-

ing back sight is limited to 10m . The actual difference is to be

made as small as is feasible by the use of good judgment, without

taking extra time for the purpose. The stadia intervals are

recorded and their continuous sums computed for both the front

sights and back sights. These sums are kept as nearly equal

as is feasible without spending extra time for the purpose. The

greatest difference is limited to a quantity corresponding to 20m .

The error of level is determined each day by using a regular
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front sight reading, with a special back sight reading with the

rod at a distance of about 10m
,
then setting up about 10m behind

the front rod and reading both rods again. The correction con-

stant, which is the ratio of the required rod correction to the

corresponding stadia interval, is *

(sum of near rod readings) (sum of distant rod readings) ,

~~

(sum of dist. stadia interv.) (sum of near stadia interv.)'

The level should not be adjusted for C< 0.005. The observer is

advised not to adjust for C< 0.010 and required to adjust for

C> 0.010. The instrument is shaded from the direct rays of

the sun during the observations and the movement from station

to station.

Notes for future use in studying leveling errors should be

inserted in the record, indicating the time of beginning and end-

ing for each section, the weather conditions especially as to sun

and wind, whether the line is run towards or away from the

sun, etc.

The 3m interval between metallic plugs is measured for each-

rod with a steel tape twice each month and at the beginning and

end of the field season with a steel tape kept by the party for

the purpose. The object is to detect any changes in length and

not to determine the actual length.

The accidental errors appear to increase rapidly when the

length of sight is pushed beyond the limit at which it is difficult

to estimate to millimeters accurately, and considerable re-running

will be necessary. The observers are urged to lengthen sights

for speed up to the limit fixed by too much waste of time in having

to re-run lines. The maximum speed apparently is reached when

from 5 to 15 per cent of the lines have to be re-run. The

* Let n\, n2 be the near rod readings; d\, d2 the distant rod readings;

Si, s2 the near stadia intervals; s/, s
2

' the distant stadia intervals. The
true difference in elevation,

From the first
,

=ni + Csi (di + CV) .

From the second, = d2 + Cs2
'

(n2 + Cs2) .

Placing these values equal and solving for C,

as given above.
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observers have learned to shorten sights whenever the upper and

lower stadia intervals differ frequently by more than a selected

limit, this limit being fixed by each observer from his own experi-

ence. The observers are urged to watch the rate of divergence
between forward and backward lines and to make an effort to

keep it small. It has been the opinion of those in charge and
of many of the observers, that a large steady rate of divergence
is in general due to a systematic rising or settling of rod sup-

ports, either foot plates or pins. The usual practice has been

for the observer, when he noticed a steady tendency of his lines

to diverge rapidly, to study the manner in which the foot plates

or pins were handled and to make tentative changes until the

tendency disappeared.

Correction is made for curvature and refraction, and for level

when the stadia intervals differ for front and back sights; also

for length of rod.

FORM OF RECORD.

Number of
Station.
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referred to the telescope axis on the basis of circular collars. The
observations should be repeated until the desired accuracy is

secured.

Ex. 1

FAUTH PRECISE LEVEL.

May 15, 1890.

Landers 1 K
Wadsworth /

DS '

Eye End of

Telescope.
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151ROD CORRECTION.

as with temperature the actual error per unit length can be deter-

mined from day to day by comparison with a standard tape and

the corresponding correction applied if appreciable.

For the French rod the paper scales require correction for

graduation errors, and the wooden rods corrections for changes
in length as denoted by the A and B readings. This is accom-

plished by comparing the rods with a standard and at the same

time reading the scales A and B. The corrections are platted on

cross-section paper as ordinates with rod readings for abscissas

and the correction curve drawn. An equalizing line is also drawn

through the origin, which separates the correction into two parts,

one proportional to the rod reading and the other a local gradu-
ation correction. It is assumed that only the first is affected by
a change in the length of the rod.

To obtain the correction graphically, the straight line cor-

rection, say 150cmm per l
m for A +B= 135, is laid off from D

on the vertical DE to E, Fig. 73,

to a scale of 15 to 1 for the

rod length 2m .8. This would be

150 X 2.8 X 15 = 6300cmm = 63 m
.

An arm DF is pivoted at D and

rotated until DF makes an angle

with DE large enough to allow for

the greatest anticipated value of

A+B, as explained later.

Project E horizontally to F
and divide DF into twenty-eight

equal parts. These correspond
to the decimeter divisions of the

rod. With these points as cen-

ters, and the local graduation

corrections as radii (to scale) de-

scribe arcs, each from its proper

center, above if positive and below if negative, and mark each

with the decimeter division to which it belongs. The vertical

distances from D to horizontal tangents to these arcs will give
the total corrections for the corresponding divisions.

If the rod expands so that A+B =136, the correction for each

division will be increased at the rate of lcmm per lm . Hence lay

FIG. 73.
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off 2.8cmm (to scale= 0.42mm
)
above E to E/ and rotate the arm

until F is on a horizontal through E'. The straight-line cor-

rections will thus be increased in the proper ratio as projected

by horizontal tangents on DE, while the local or graduation errors

proper will not be affected, all tangents to a circle being at the

same distance from the center. By repeating this process the

A + B arc can be graduated as shown. A better method is by
finding the different values of a = FDE from its cosines and laying

them off with a protractor. For the assumed correction of 150cmm
,

150
a was taken =24. Hence the radius DFl

= =
164.2;

COS i

= 0.00609, the increment to the cosine for each unit added
164.2

to A + B. Cos 24 = 0.91355, so that the different values of A + B
are readily found.

The correction diagram for the other rod is placed on the same

sheet with the center at G on the horizontal through D. A celluloid

.sheet is ruled with horizontal lines 5dmm apart (shown dotted in

diagram) to the scale 15/1 and kept in position by the guide strip

#7.

Both rods are too short, giving plus corrections. Hence the

correction for a set-up is plus when the rear rod correction is the

greater, and vice versa. To take out a correction for a set-up: set

each arm to the correct A +B reading; slide the celluloid sheet

until the zero coincides with rod II reading and read the scale

for rod I reading. Thus if (A + 5) :
= 135, (A + ) u =118; the

correction for a back-sight reading of 2.1m on I and a front-sight

reading of 1.5 on rod II would= +102dmm .

92. Accuracy and Cost of Results. The authors of Lever des

Plans et Nivellement (Paris, 1889) estimate the probable error

for a set-up with the French level for sights 75m long as follows:

1. Error of level The eye can detect a difference of J
mm in

the readings of the ends of the bubble with the 3mm divisions on

the tube. This gives a probable inequality of about 2dmm
,
or a

probable out of level of ldmm . This would give the same un-

certainty for a rod reading at a distance equal the radius of curva-

ture, or 50m
,
or 1.5dmm at 75m .

2. Error of estimation. With a power of 25, the centimeters of

the rod at 75m appear of the same size as millimeters at 0.3m .
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Under these conditions tenths can be easily estimated with a

probable error of about 0.33dmm
, giving 3.3dmm when referred

back to the rod.

3. Errors due to temperature changes. Experience has shown
these to be as great as those of (2).

Combining, the total for a reading (see Part II),

(3.3)
2+ (3.3)

2= 5dmm .

For a set-up, T.P. to T.P.,

With 75m sights there are 6 set-ups per lkm
,
which with the

four observed differences between each pair of T.P.'s would give

the resulting probable error per lkm
,

which agrees with the results found for the fundamental French

lines.

The above supposes all constant or systematic errors elimi-

nated by the methods of observation or by applying computed
corrections.

The principal constant errors recognized are:

1. The variation of gravity with latitude. This results in

making the distance between two level surfaces vary inversely

with g, the work required to raise a unit mass from one to the other,

or hg, being constant. The observed difference in height of two

points would thus depend on the height of the line of levels run

between them. Heights above sea level obtained by direct meas-

urement are called orthometric; obtained on the basis of work

done in raising a unit mass, dynamic; the differences are usually

within the errors of observation, but in rugged country they may
be greater. For a full discussion, see Helmert, Hoheren Geoddsie,

or Lever des Plans ....

2. Variations of refraction with height of line o sight, with

character of ground surface over which the line passes, and with
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the time of day. In ascending or descending long grades this

becomes cumulative and may easily exceed the accidental errors

unless short sights are taken.

3. Change in height of instrument or turning point due to

settlement or springing up of ground. This has long been one of

the reasons assigned for greater discrepancies between lines run

in opposite directions as compared with those run in the same

direction.

4. Change in collimation and level error due to heating the end

of the telescope nearest the sun. This is the principal reason

assigned by the Coast Survey for the change in method intro-

duced in 1899.

In Proc. Am. Soc. Civ. Engrs., Vol. 26, p. 888, the probable

error per kilometer is given for some 1200 miles of Coast Survey

levels averaging 1.07mm
,
and for some 1500 miles of U. S. Engr.

Corps levels averaging 0.69mm . These apparently are from circuit

closures.

In checking forward and backward between benches the limit

is placed = 4mmV/

kilometers, as already stated.

The cost is estimated by Mr. Molitor (Proc. Am. Soc. Civ.

Engrs., Vol. 26, p. 897) at $24 per mile for a double line with

permanent bench marks about 0.6 mile apart. On p. 1160 it is

stated by Mr. Hayford that the total cost of the 1899 work of

the Coast Survey was $13.55 per mile.

Seven minutes per station is given as about the average time

for the 1899 work, with a record of 111 stations in 9h 20m on June

20, with 40m to SO111

sights, and of 10.3 miles July 14 in 7.4 hours,

with 80m to 110m sights. Later he gives the cost during the

period 1900-1904 (a total of 3900 miles) at $10 per completed

mile, including salaries, transportation, and bench marks. The

rate of progress was 64 miles of completed line per month for

each observer. The error of closure from the Atlantic and Gulf

to the Pacific, a length of 4800 miles of levels from the first and

3500 from the second, was 0.615 foot. It is assumed that this

discrepancy is probable due to inaccuracy in leveling rather than

to a difference in sea-level.

93. Datum. Mean sea-level is the ultimate datum to which

all land levels should be referred. It can be obtained approxi-

mately from the mean of two consecutive high tides and the



Eq. 52.) DATUM. 155

intermediate low tide. For more accurate results a permanent
bench mark and a tide gage should be established and readings

taken for a semi-lunation, or longer, a year or more being neces-

sary for a datum for precise levels.

The zero of the tide gage should be occasionally referred to

the bench mark to guard against disturbance.

The total range in the six annual means taken by the Coast

Survey at Sandy Hook, N. J., with a self-recording gage was 0.322

foot, and in the annual means at Biloxi, Miss., was 0.100 foot.



CHAPTER VI.

FIGURE OF THE EARTH.

94. Meridian Section, Coordinates of Point. In reducing

geodetic data the earth is usually assumed to be an ellipsoid of

revolution. The dimensions given in Table I for the Clarke

ellipsoid best satisfy the degree measurements which had been

made at the time (1866) when they were derived.

In the meridian section, through M, Fig. 74, let MH, the normal

extended to the axis of rotation, =N; MG, the normal extended

to the major axis,
= n] MGD, the geographic latitude, =<; MOD,

FIG. 74.

the geocentric latitude,
=

</; R= radius of curvature of the meridian;

x and y= coordinates; a and b= semi-axes.

The equation of the ellipse is

O I T~0 J-

a2 b2
(a)

156
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Differentiating, ?^+^= 0,

dy b2x
or -r= s-......... (6)

Gte a2?/

From the differential triangle, Fig. 74,

dy cos 6----r 5
sin <

Equating (6) and (c),

a2t/~sin </>'

a2 cos

Multiplying, ^^-

If the eccentricity= e, form. 22],

or

Substituting in (a),

From(d), x2(l-e2
)
2 sin2 </>-y

2 cos2 < = ..... (/)

Multiplying (e) by cos2 < and adding to (/),

x2 (1 - e2
) (cos

2
^)+ sin2 <

- e2 sin2 ^) = a2 (1 - e2
) cos2 <,

a2 cos2 ^
or ^2= i

-
9 . J ,....... (53)l-e2 sm2 ^

Multiplying (e) by (l-e
2
)sin

2
^) and subtracting (/),

a2 (1 _ e2)2sin2 ^
y - .......
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Putting l-e2 sin2 <
= r2

,

cos0 a(l~e2
) sin <x=a-, y= -J

.. . . . . (55)

95. Principal Radii of Curvature. Since arcs subtending the

same angle are to each other as their radii, the radius of curva-

ture of the meridian

(See Fig. 74.).

sin

dx is negative because x decreases as
<f>

increases.

Differentiating (55),

dx ar sin
(j)
+ ar~ 1 e2 sin

(f>
cos2

(f>

T

Multiplying the second member by -, and substituting the

value of r2
,

dx al e2 sin<

Substituting, R= =
~

, (56)
r3 (l-e2 sin2 ^)i

The section by a plane through the normal MH and perpen-

dicular to the meridian is called the prime vertical. It is tan-

gent to the parallel of latitude at M, and its center of motion,

or of curvature, is on the axis at H as the point M moves past

the meridian plane. Hence, if p= radius of curvature of prime
vertical and TV= the normal ending at minor axis, we have, from

Fig. 74 and (55),

cos
cj>

r

Dividing (57) by (56),

N r2

(57)
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This ratio is often of value as indicating the deviation of the

surface at any point from that of a sphere. Employing the Clarke

ellipsoid of 1866, we have:

For0 = ^=1.0067 < = 45 ^=1.0034H K
15 1.0058 60 1.0017

30 1.0050 90 1.0000

The geometrical mean of N and R is taken for the mean radius

of curvature at the point, i.e.,

Mean radius of curvature,

R'=\/NR (59)

We also have the following :

Radius of parallel,

a cos (b ,,
R

p
=x= -t-=Ncos(/) (60)

Normal ending at major axis,

K=^= o(l- 2) =
)JV> (sm

<j>
r

Geocentric latitude (Fig. 74),

tan0= ^-=(l-e2
)
tan 0. (62)

<-</> varies fromO at the equator to 11' 40" in latitude 45 and

again at the pole.

96. Radius of Curvature for a Given Azimuth. A plane

through the normal at any point of the ellipsoid will cut the sur-

face in an ellipse. Its equation is found by taking a point on

the curve and expressing its coordinates in the equation of the

surface in terms of the coordinates of the curve. In Fig. 75

the plane is passed through the normal MG in latitude
</>,

and
it cuts the surface in the curve PM. It makes an angle a
with the meridian plane Z'X'. The coordinates for the surface

are xf

, y' ,
z
f

,
with origin at 0'

'

. Those for the plane curve are x

and y, with, origin at G and axes GX and GY.
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The equation of the surface is

Noting that

( 96, Fig. 75,

e2 cos
<j>

r

Ne2 cos
(j>,

we have for the point P,

i\A = i\e* cos
(f>
+ y cos <p x cos a sin

<;

2/
=PN = x sin a

;

z
r=SQ+QA = y sin < + x cos a: cos

<j>.

z

FIG. 75.

Substituting in (a) and using for fr
2

,

x2[l -e2 (l- cos2 a cos2 </>)*] + ?/
2
(l -e2 cos2 ^>) +xy(2e

2 sin < cos
<^> cosa)

cos ^ sin ^ cos a + y 2e2 (l-e2)N cos2 ^
=

(1
- e2

) (a
2-N2e* cos2 ^),

*Form. 1] is employed in transforming the coefficient of x 2
.
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which is the equation of the oblique section through the normal

with origin at G. For this we may write

F..... (6)

n+A 2

]

1
*

By formula 35], Ra= -
.

dtf

Differentiating (6),

dx~~ 2By+Cx+E'

2A+2B/3&
d2y___\dx

2
/ dx

dx2
~

2By+ Cx+E

For point M, z= 0, y=n= (l-e2
)N.

Substituting, and restoring the values of A, B, C, D, and E,

d2y 1 e2 (1 cos2 a cos2

dx2=
~
(l-e2 cos2 0)(l-e

2
)A/'+

(1
- e2

) (sin
2

a; + cos2 a) + e2 cos2 a (1
- sin2

<ft)
72

e2 "R
R sin2 a: 4-N cos2 a

or from 35], since -r^=0,

Ifa: = 0,

NR
Ra=^- = R, the radius of curvature of the meridian.

If a = 90,

Ra=-^- = N, the radius of curvature of the prime vertical.
K

* Ra is taken negative, because the direction of bending as represented by
-
is negative.
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The geometrical derivation of Ra is simpler than the above.

Thus in Fig. 76 draw a tangent plane at M and a parallel plane

at the infinitesimal distance c from it. The latter will cut an

ellipse as shown in plan. The three

points B M B f
are consecutive points in

ithe prime vertical or three points in the

osculating circle with radius N. Simi-

larly for the meridian with radius of

curvature R.

Let a' and b' denote the semi-axes

of the ellipse through BE' and s the

semi-diameter making the angle a with

the meridian. From similar triangles

FIG. 76.

5/2 S2

Similarly, C==
2R

=
2R''

Equating the values of c,

s^_Ra ^_=^
^2~JV' b'

2 R' (a)

The coordinates of C are x= s sin a and y=s cos a. Sub-

stituting in the equation of the ellipse,

s
2 sin2 a s2 cos2 a = 1.

From (a),

or

~TTy~ OJ.AA *-*- I T-J
V/V/K3 *-^ *

AT
fi

a
~
R sin2 a: + JV cos2 a (64)

Table VI is computed from (64).

97. Length of Meridional Arc. The radius of curvature, R,

changes slowly with <, so that for arcs of less than one degree

(65).

where 46 is in seconds and R is for the middle latitude.
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For long arcs (65) must be integrated. Substituting the

value of R from (56),

Expanding by the binomial theorem,

sin4 ^+ 1
5.e6si

By formulas 11] and 12]

2sn -cos 20).

sin4 = J(3 4 cos 20+ cos 40).

By formula 9],

sin6 $= sin2 ^ sin4 ^= -5^(10-15 cos

Substituting and putting,

cos 4(/>-cos

D=

/ (A -

- - - =1-005 109 3 log
= 0.002 2133

. p =0.005 120 2 " =7.709 287

m t t =0.000 010 8 Cl =5.033 42

. . . =2.326

- cos

a(l-e2
) A0- sn sin 40- JD sin

Substituting the limits, and putting $" $'
=

?, (

we have, by formula 8],

s= (1.489 5369)?-
/T-

(4.511 036) sin ? cos d+ (1.534 14) sin 2f cos 2^
-

(8.651) sin 3?- cos 3<J, ..... (66)

where s is in meters and the numbers in parentheses are the loga-

rithms of the constant factors.

Equation (66) is correct to seven decimal places. If more
are desired, the next term for A is (11025/ 16384) e8

; for B,
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(2205/2048)e
8

;
for C, (2205/4096) e8

;
for Z), (315/2048)e

8
,
while

an E term is added= (315/16384) e8 .

Ex. 1. Find the meridional distance between the parallels of latitude

32 15' 40".21 and 36 44' 12".62.

Solution.

By equation (66) :

= (1.4895369) r"-(4.511036) sin r cos d + (1.53414) sin 2r cos 25

(8.651) sin 3?- cos 3d.

=s "_'= 428'32".41 =

2r
= 8 57' 04". 3f= 13 25'.

2d= 137 59' 45". 30= 206 59'.

(1.4895369) -(4.511036)

log f"= 4.2071606 sin r= 8. 892293

log (I)
= 5 . 6966975 cos d= 9.554369

(I)
= 497390 . 57 log (II)

= 2 . 957698n

(IV) 0.01 (II)
= -907 . 190

497390.58 111= - 3.96

911.15 -911.15

5=496479.43 meters

= 496^.4795

+ (1.53414) -(8.651)

sin 2 r= 9. 19200 Bin 3?-=9. 366

cos 2d= 9.87104 re cos 3^= 9 . 949n

log (III)
= 0.597 18n log (IV) = 7. 966

(III)
= - 3 . 955 (IV) = . 0093

Ex. 2. At Fuertes Observatory, Ithaca, N. Y., <=42 26' 47".28. Find

the meridional distance in miles from it to the parallel of the Naval Observa-

tory at Washington, 0=38 55r
17".03.

98. Areas on the Ellipsoid. The surface is divided into ele-

mentary frustums of cones by parallels of latitude, of width Rd(f),

and circumference ZxN cos <.

Hence the differential area,

dA=2nNRcos(j>d<f>.

Substituting for N and R their values from (57) and (56)

with V2 for a2 (1-e2
),

cos ()<>l-e sn2 ~
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By form. 32],

(1
- e2-sin2 0)

-2 = 1 + 2e2 sin2 + Se4 sin4 + 4e6 sin6 + 5e8 sin8 ....

Substituting, the expression to be in-

tegrated becomes

/"cos
sin" 0d0 =

|
sin

which gives

+ fe
4 sin5 + fe

6 sin7 + . . .)'.
FlG< 77 *

Substituting the limits,

,n+l,

(sin 0" sin 0') + e2 (sin
3 r/

sin3 0')

+ fe
4
(sin

5 /r -sin5 r

) +^e
6
(sin

7 /r -sin7 r

) +...]. (67)

To put in convenient forni for computation, by forms. 12] and 8],

sin3 = f sin J sin 30,

sin5 = f sin T
5
g-
sin 30 -f -^ sin 50,

sin7 = f| sin f^ sin 30 + -g

7 sin 50 -g

1
^ sin 70.

Substituting in (67), we have by form. 8], with 0"- -0
/=

2^
/

and0" +
/=

2<T,

cos d'-C sin cos + sn cos

J^sin?^ cos 7d' ...), (68)

where 5=l +^2+ fe
4+ TV6+T8

2-V8==1 - 003 4016 log
= 0. 001 4748

C= \e* + yV4+ iV6 + T
3
irV

8=
. 001 1368 7 . 055 68

D= 3__g4+ _i_e6+ _5_e8 =0.0000017 4.2304

E= Ti^6+ 2-1 e^
8=

. 000 0000

8= 0.000 0000

If (68) be divided by 360 and //-0 /= 2r'=l, the area

for 1 square,

90'
sin 30' cos d'-C sin 1 30' cos

-: sin 3 30' cos Id' . . .)

sin 2 30' cos

(69)
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The values of B, C, etc., should be carried to more than seven

places for accurate results with the Clarke ellipsoid, although
the above values are carried as far as the data will warrant when

applied to the earth.

99. Spherical Excess. By Legendre's theorem in Spherical

Geometry it is proved that in a spherical triangle whose sides are

short compared with the radius R of the sphere and in a plane

triangle with sides of equal length the corresponding angles differ

by the same quantity which is one-third the spherical excess.

Thus, let A, B, C= the angles of the spherical and A', B', C'

those of the plane triangle; a, b, c (^-measure) and a', b', c
f
the

corresponding sides; aR= a'; bR= b
f

;
cR=c'.

Plane triangle. By form. 19],

-a2 R2

C s==
2bc
--W

By form. 1],

4b2c2

or

-

9) .

Spherical triangle. By form. 27],

cos a cos b cos c
cos A

sin b sin c

By forms. 13] and 14], omitting terms of higher power than

the fourth,

A
2 24

cos A =
b

bc[l-$(b
2 +c2

)]
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By form. 32],

00

26c 246c 126c

62+ c2- a2
,
2a262+ 2a2c2+ 262c2- a4- 64- c4-- -*- -- -

From (a), (6), and (c),

cos A = cos A'- 6c sin2 A'

Since 6 and c are very small, the difference between A and A'

must be small. Putting this difference= x,

cos x= 1, sin o:= a;
//

sin 1".

By form. 4],

cos A= cos (A'+ x)

= cos A' x" sin 1" sin J/;

by (d), =cos A'- %bc sin2 A r

,

be sin A'=
' ..........

where 6 and c are in ^--measure. If 6 and c are in units of length
on the sphere of radius R,

n _ be sin A'
% ^~i

QR2 sin I"

_ area of triangle

3ft2 sin I"

The same result can be found for B B' and C C'. Conse-

quently the spherical excess of the triangle must be the sum of

the three equal excesses of its three angles, or
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_ area^oTtriangle
fl2 sin 1-

nR2 sin 1"'

or s= w6csinA', ........ (71)

Where OT=
2^sinl"

=
2JVfl S

1

inl"' by (59) " Tt 'S S 'Ven ta Table

VII in metric units.

Ex. 1. In the triangle Vinton-Woodstock-Norwalk the following angles

are observed and latitudes determined:

Vinton, 71 43' 49".66, ... c = 42 30'

Norwalk, 62 33 55 .52 <=42 23

Woodstock, 45 42 23 .00 ^>=41 59

The length of the side, Norwalk to Vinton, is 45128m.45; its lag= 4.6544504.

What is the spherical excess of the triangle?

Solution. By formula (71) the excess=s= m&c sin A', where m is a

factor depending upon the mean latitude of the triangle, and be sin A' = twice

the area of the plane triangle, approximately the area of the spherical

triangle.

Now
</>m= mean latitude= [(42 30') + (42 23') + (41 59')]

= 42 17'.

For which, by Table VII, log m- 1.40428.

By considering the triangle plane with the side NV known as 45128m ,

and the angles given to seconds, we compute by the law of sines, log WV
and log WN= 4.74786 and 4.77722, respectively.

Using two solutions to check the result we have

log m- 1.40428 log m- 1.40428

log NV= 4 . 65445 log VX = 4 . 65445

log AW= 4. 77722 log TIT = 4. 74786
sin N=9. 94818 sin V= 9. 97754

logs= 0.78413 log s= 0.78413
s=6".08 s=6".08

Ex. 2. In the triangle Milo-Clyde-Niles the length of side Clyde-Niles

is 44884m.27 (log =4.6520942) and the following angles were observed and

latitudes determined:

Milo, 49 24' 22". 71 c = 4235'
Clyde, 66 19 09 .25 <=43 03

Niles, 64 16 31 .64 < = 42 48

Find the spherical excess.
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100. Effect of Height upon Horizontal Angles. The observer

at A, Fig. 78, at sea level sights upon M at the height h above

sea level at B. The vertical plane
of collimation at A projects M to

B on the line drawn to H, where

the normal at A meets the

earth's axis, while the true pro-

jection is at B' on the normal

ME' to the surface at M. The

angle between the normals is d.

This makes an error x in the

horizontal angle at A due to

the height h.

First we find the angle between the two projecting lines at M.
In Fig. 79 let C be the intersection of the normals at MI and M2

(Mi is at the latitude of A and M2 at that

of 5), both in the same meridian. If Js is

small C will also be the center of curvature

for the arc MiM2 , and

If MiC be produced to meet the axis at

H, and the reduced difference in latitude

MiHM2 be called Jd>'(MiH==N),

FIG. 78.

FIG. 79.

From (a) and (6),

N'

But

From the values of R and N, (56) and (57),

1-e2R =
N l-e2 sin2
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Substituting,

*_Wi 1-e2

J<
?V l-^sin2

From Fig. 78,

RA<j>= s cos a, nearly,

where a is counted clockwise from the south and s is the dis-

tance between stations (latitude difference= distance into cosine of

bearing) .

Hence,

. se2 cos2 $ cos a
__

se2 cos2
</>

cos a

~(l-e2 sin2 <)#
"

(l-e2)N
te2 cos2 cos a

The corresponding horizontal angle error at A in ^-measure,

BBf
sin a he2 cos2 > sin a: cos a

(l-e2
)N

n he2 cos2
(f>

sin a: cos a
2 "

This will be a maximum for a: = 45. If ^> also = 45,

z" = 0.000 055ft, ...... (73)

where ft is in meters.

For a height of 1000m this would give 0".05. The probable

error in the value of a primary angle is seldom less than 0".25,

so that the above correction would be negligible except for very

high altitudes.

101. Triangle Side Computations. The triangles of a trian-

gulation net are strictly spheroidal, but by 100 the three vertices

of a triangle can be projected down to sea level by lines drawn

to the center of a sphere tangent to the ellipsoid at the center

of gravity of the triangle and having \/NR for radius, without

introducing horizontal angle errors as great as the errors of ob-

servation.

The sides of these projected triangles have the same lengths,

within the errors of measurement, upon the tangent spheres as upon
the ellipsoid.
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The triangles can thus be considered spherical, and, by Legendre's

theorem, computed as plane by subtracting one-third the spherical

excess from each spherical angle.

In simple systems, and where the greatest accuracy is not

desired, if the sum of the observed angles in any triangle does

not equal 180 + the spherical excess, or the sum of those about

a point 360, the error is distributed equally among the angles,

or sometimes inversely as the number of repetitions.

But in complicated systems, or where P,

extreme accuracy is desired, the errors

are distributed by the method of least

squares. The following is a convenient

form for computation.

Base W C
= 6410.66 ft.

W C 3.8069028

sin Awl
. . 9.9907935

FIG. 80.

sn
3.8161093 3.8161093

9.8593280 sinCV... . 9.9156182

3.6754373 3.7317275

0^=5391.72
3.6754373

9.8135605

3.8618768.. . 3.8618768

sin Oc
2 9.9999957 sin Aw2 9.8819486

sin A c
2

3.8618725 3.7438254

0<4C=5544.03

The form of triangle computation employed by the Coast

Survey is as follows, using for illustration the triangle of 99, Ex. 1:

Stations.
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In the station column, after stating in line (1) the known side

of the triangle, the station opposite this side is set down, and then

the two other stations, proceeding around the triangle in the

clockwise direction. In line (5) is placed the side from the station

opposite the known side to the last-named .station, viz., that in

line (4). Finally, in line (6) is set down the remaining unknown

side.

The observed angles, summing up 180 00' 08".18
;
are set in

the second column. Since the spherical excess by 99 is 6".08,

the sum of the observed angles is too great by 180 00' 08".18-

180 00' 06".08= 2".10. This discrepancy is commonly distributed

among the angles by the method of least squares, but we here

distribute the discrepancy evenly between the angles and obtain

the spherical angles. By subtracting one-third the spherical excess

from each triangle, the plane angles are obtained from which the

triangle is solved. In the logarithm column, term (2) is the

colog sin of the angle, while (3) and (4) are the log sines; (5) is the

sum of (1), (2), and (3); and (6) is the sum of (1), (2), and (4).

Ex. Compute according to the above form the triangle of Ex. 2, 99,

employing seven-place logarithms.



CHAPTER VII.

,

GEODETIC POSITIONS.

102. Difference of Latitude. It is usual to find the latitude

and the longitude of one or more of the triangulation vertices by
astronomical observation, as also the

azimuth of one or more of the sides,

and from these data to compute the

positions of the other vertices and the

azimuths of the other sides. The

formulas for computation are obtained

below.

In Fig. 81, P' is the pole of the

ellipsoid and P that of a tangent

sphere. The latitude
<j>

of A and the

azimuth a (measured clockwise from

the south), and distance s to B, are

given.

Since a, the subtending angle of s,

is always small, being usually less than FIG 81.

1, we have by Maclaurin's theorem, form. 33],

.-o
f "

In the differential triangle PAB', form. 27],

cos PB'= co$ PA cos AB'+sm AP sin AB' cos PAB'.

Noting that PA = 90 -
<j>
and PB'= 90 -

(< + <ty) ,
this becomes

sin
(<j>+ d(j>)

= sin < cos da cos < sin da cos a .

173
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Expanding the first member,

sin
(/>
+ d<j) cos <

= sin
<j>

da cos
<f>

cos a,

since s'md(j)
=

d(f) and cos d<f>=l, etc., or

-= -cos a (a)do

Differentiating,

d26 d da . da
-j^ = 3- cosa =sina ..... (6)
da2 da do do

To find : from the differential triangle PAB', form. 29],
do

sin A5' cot PA -cos AB' cos
cot P5'A = n A n,

sin PAB'

or

do tan 6 4- cos a
cot (a +da) =-^---

sin a

By forms. 2], 3], and 4],

sin a (cos a da sin a) = (sin a: +da cos a) (do tan < + cos a),

sin a cos a da sin2 a = do sin a tan
</>
+ sin a cos ct + da cos2 a

(neglecting the term of higher order).

da
-r-= sin a tan

<f>
....... (c)

From (6),

j-f
= -sin2a tan ....... (d)

Differentiating,

sin2o: tan

= 2 sin a cos a tan d> sin2 a sec2 &-?^ do ^ do
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From (a) and (c),

-~l
= 2 sin2 a cos a tan2 < + sin2 a cos a (1 + tan2

<f>)

= sin2 a cos a (1 + 3 tan2 <) .

Substituting now in Maclaurin's theorem above, we have

<j)' <j)
= a cos a. %a

2 sin2 a tan
<j)

+ J<7
3 sin2 a cos a (1 + 3 tan2 <), (74)

where <' < and <r are in 7r-measure.
o

For sphere of radius N, tf= Tr> where s is the distance in linear

units.

Substituting,

s cos a s2 . 9 s3 . 9
<b> d)= = -^r^ sin2 a tan 6 + r^ sm2 a cos a (1 + 3 tan2 0) .

If the center of the sphere is taken at H the sphere will be

tangent to the ellipsoid along the parallel through A so that
<J>

will be the same for both, as also s and a. The linear difference

in latitude will be the same for each surface, i.e.,

where 4cf>
= difference in latitude in seconds for the ellipsoid,

and Rm is the radius of curvature of the meridian for the middle

latitude.

Substituting,

s cos a s2 sin2 a tan $ s3 sin2 a cosa(l + 3 tan2 ^)
*~Rm sin 1

//+ 2NRm sin 1"
~

QN2Rm sin I"

It is inconvenient to look out Rm for the middle latitude, which

is at first unknown. If R for vertex A is used the resulting

difference in latitude 3$ will have to be changed in inverse ratio

to the radius by (e); i.e.,

Rm ^\ Rm
dRm\

J;
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i.e., the true value can be found by subtracting <
- from the

Mm
approximate value.

From (56) ,
R=

(1 -e2 sin

, a(I e2)3e
2 sin d> cos

Hence, dR=~--^ 9 . T , N .

Since dR is the change from the starting point to the middle

latitude,

slnl77 ""^'

Hence,
dR 3e2 sin <> cos < sin 1"

Placing
2(1 e2 sin2 0)

The corrective term =(d(j>}
2D..... (76)

For convenience in computation place

1 D tan 6 s cos a ,
, ,

^nn^=B; 2^sinr =C; fl^r-'
=^ the first term of (75)>

--^^ = E. Substituting h and E in the third term, it becomes
bi\

hs2 sin2 aE.

Substituting in (75),

-4<j)
= sB cos a + s2C sin2 a + (d(f>)

2D- hs2E sin2 a. . (77)

B, C, D, and # are given in Table II, the unit being the meter.

The fourth term is insensible for log s<4.23. The third

term is insensible for log h<2.31, while h2 may be used for (d<f>)
2

for logs < 4.93.

The fourth differential coefficient, -^ ,<0".002, for <j=l

or s=100km and may be neglected. Its value may be found in

App. 9, Coast Survey Report, 1894.
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103. Difference of Longitude. In the triangle PBA of Fig. 81,

by form. 26],
sin a sin a

sin A X=
cos

Referring to a sphere tangent at B since we are now dealing

with
</>',

its center at H', a, $' ,
and AX are the same as for the

a

ellipsoid, while ^= Tr7-

Substituting,

t\ - s sin a _..

smJ^=sm-77 -p. (78)N' cos $'

It is more convenient to assume*

AX=As sin a sec
</>', (79)

where A =
j^r~- 777 >

and correct for the difference between arc
.lY Sill X

and sine for both AX and a.

Form. 13],

x3 / x2 \sm^x--. . .

-*(l~g--
.

.;

/
2
\

log sin x= log x+ log M- )

Form. 37],

/ X2 \ X2

log x -log sin x= -logM - j=M ,

where M is the modulus of the common system of logs.

[x"
2

~]M
6 sin2l"J

= 8.2308 4-2 log z".

Hence for J^,

log (log difference)
= 8.2308+ 2 log A\" . . . (80)

* We wish a value of AX in seconds of arc directly. The arc is greater

than the sine, so we must add a correction for JA to the expression for the

sine of AX to give us the arc. Then if we use in this expression ~f (^7) ,

instead of sin a, we must subtract a correction for s. These corrections are

in the form of factors given by logs.
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For a,

log (log difference)
= 8.2308+ 2 log s+ 2 log A,

Using an average value (8.5090) for log A,

log (log difference)
= 5.2488+ 2 log s. . . . (81)

For convenience in tabulating place

8.2308 + 2 log A /(
= 5.2488+ 2 log s,

which gives

log s log AX 1.4910 for the same log difference. . (82)

The correction for log s is negative and for log AX positive.

The values are given in Table III.

In using the table, take out the corrections with log s and

log AX as arguments and add their algebraic sum to log AL

104. Convergence of Meridians. In the triangle PBA of Fig.

81, by form. 28],

cos (a+ 6)
;

cos |(0 -00
sin

where Aa is the change in azimuth from A to B due to the

convergence of the meridians.

Inverting, -tan ^a=t^J (83)

Expressing \Aa. in terms of the tangent and tan \A\ in terms

of the arc, by forms. 17] and 15], and denoting the middle latitude

by m ,



Eq. 85.) FORM OF COMPUTATION. 179

Placing cos J A(j>
= I in the corrective terms,

- Aa"= AX" r,+A(^") 8 sin
<t>

cos2 < TO sin
2

COS ?J0

= AX" sin < TO sec

where jF
T=

TVsin < m cos2 < w sin2 !", tabulated in Table II.

The last term is only 0".01 for log JA" = 3.36 and need never

be used for secondary triangulation.

The "inverse azimuth,

(85)

For computing J<, AX
y
and Aa the adjusted spherical angles

must be taken and not the plane ones used in computing the

triangle sides. For each triangle, starting from the known side,

the latitude and longitude of the required point must be the same

computed from each of the two sides, while the inverse azimuths

of these two sides must differ by the third angle, thus checking

the work.

105. Form of Computation. As shown in the three preceding

sections the equations for computing geodetic positions in primary

triangulation are:

-()= s cos a + s sna ())-s sn a,

AX=As sin a sec <',

- Aa = A X sin J (<f> + 0') sec \A$ + (A A)*F.

A convenient method of performing this computation is that

adopted by the Coast Survey, an example of which is shown on

page 180. The geographic position of Station Mount Blue is

known and the distance and azimuth at Mount Blue of the line

joining it to Ragged Mountain are given by the triangulation. It

is desired to find
<f>'

and A', the geographic coordinates of Ragged
Mountain and a', the back azimuth of the connecting line.

A(j>
must be computed first. B, C, D, and E are taken from

Table II with
<j)

as argument, and the first and second terms of

the formula are computed. The sum of these two is the d<f> in-

volved in the third term, while h in the last term is the value of
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the first term alone. These terms are combined in a manner

readily followed in the form.

a

a
Act.

a
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106. Polyconic Map Projection. This projection is the one

most generally used in platting geodetic and topographic surveys.

It supposes each parallel of latitude to be developed upon its

own cone, the vertex of which is on the axis at its intersection

with the tangent to the meridian at the parallel.

In Fig. 82 the side of the tangent cone, or radius of the devel-

oped parallel,
r= Ncot<j>........ (86)

If an arc of the parallel subtend the angle A\ before develop-

ment, and 6 after development,

or

,

cot
<j>

(87)

FIG. 82.

The radii of the developed parallels are so great that the parallels
are plotted by coordinates.

x= r sin =N cot
<f>

sin (AX sin

y= r vers 6= x tan J0= z tan

]

sn (88)

In platting, a central meridian is drawn as a straight line upon
the map, and the true distances between parallels are laid off

from Table IX. Perpendiculars, by describing arcs with a beam
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compass, are carefully drawn through these points for the x co-

ordinate axes of the parallels. The x coordinates are then laid

off on each for the different longitudes from the table. Per-

pendiculars are drawn through these points and the y coordinates

laid off from the table. The meridians join the points of the

same longitude and the parallels those of the 'same latitude.

A glance at Fig. 82 will show that, starting from the pole where

the radius of the developed parallel is zero, the radius increases

more rapidly than the distance from the pole, becoming infinity

at the equator; the developed parallels will then not be con-

centric circles but the distances between them will increase with

the longitude from the central meridian; distances in latitude

will then be stretched out as we leave the central meridian, dis-

torting the map since the longitude scale is constant.

The triangulation stations must then be plotted by latitude

and longitude, interpolating between the nearest meridians and

parallels and using the triangle sides for checks only.

107. Mercator's Map Projection. This projection is used by

navigators on account of the facility in obtaining directions for

constant bearing or rhumb-line sailing. A tangent cylinder is

drawn at the equator; the meridional planes are produced to

meet the cylinder in elements, and the cylinder is then developed.

The meridians thus become parallel straight lines at distances

apart equal to the true distances at the equator. This enlarges

the scale in longitude in the ratio a/Rp
.

To preserve local bearings the latitude scale is increased in the

same ratio; the loxodrome or curve of constant bearing at sea thus

becomes a straight line with the same bearing on the map.
To find a sailing course between any two points, the navi-

gator joins them on the map with a straight line, measures the

angle made by this line with a meridian and allows for the mag-
netic variation.

In the differential triangles LCP, kp, Fig. 83,

dm _LP^_ee' __
a

ds Ip Ip Rp

Substituting for ds = Rd<j) and for RP=N cos $,

dm=
TN cos
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Substituting the values of R and N and integrating between

the limits
<j>

and
</>2 will give the distance on the map between

the corresponding parallels.

s dm
p

FIG. 83.

108. Location of Great Arcs. If the two extremities of the

line are given, the latitude and longitude of each is accurately

determined by astronomical observation. The azimuth and

length of the line can then be found by (77) and (79).

Thus.

AX cos </>'

s sin
A

whence

tan a = and
x

x sec a = y cosec a. . . (90)

If the distance is great it may be necessary to employ several

triangles in locating the arc, or to test the direction by an observed

azimuth at an intermediate point.

A lack of agreement of a few seconds in the astronomical deter-

mination of the difference of latitude or of longitude, due to
"

sta-

tion error," which is not uncommon in rough country for fairly

moderate distances, would affect the relative positions by at

least that number of hundreds of feet. The line run would thus

correspond to a random line which would probably require a

small correction in azimuth and distance to reach the required

point.
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109. Location of Parallels. Great arcs and parallels of lati-

tude are both used as boundary lines between countries and states.

First to find any point A of the parallel, a station A' as near as

may be is occupied and its latitude determined by observation;

the difference between it and that of the required parallel will

give the arc A<j) to move either north or south on the meridian to

reach the parallel, or, in distance at sea level,

sinl"....... (91)

If 4$ is large the latitude of A should be determined by a

new set of observations on account of the danger of station error.

Having one point A, the parallel can

be determined by offsets from the prime
vertical AB.

In the right triangle PAB, form. 31],

tan a = tan AX cos
^>.

Expressing a in terms of the value

of its tangent and tan AX in terms of

the angle, forms. 17] and 15], as in

104,

o= A A cos
<j)
+ %(AX cos <)

3 tan2 <,
or

s=aN=Nsml"4*"cos<j>
FlG 84> +%N(AX" cos sin I")

3 tan2 0. (92)

Placing a = 90 in (75) for the prime vertical,

s2 tan-
2NR sin I"'

Hence the offset from the prime vertical to the parallel, for

any distance s from the tangent point,

-itf 03)

Since P varies as s2
,

if s be divided into n equal parts, the

ordinates to the parallel will be
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The direction angle

PBA = 90 + 4a, ...... (95)

while those of the n 1 ordinates, assuming s to increase propor-

tionately to JA, will be

90+^, 90+
2

-^, 90+?^, . . . (96)

If the parallel to be located is long AX should be divided into

sections and each one located from a new prime vertical to avoid

long offsets.

Errors of direction may be prevented from accumulating, and

station errors may be detected, by observations for azimuth and

latitude at the beginning of each new -prime veitical.

In locating the 49th parallel west of the Lake of the Woods

(U. S. Northern Boundary Survey, Washington, 1878) astronomical

observations for latitude and azimuth were taken at points about

twenty miles apart. At first four of the stations were observed

jointly by the United States and British commissions, afterward

each commission occupied alternate stations. The uncertainty

in latitude is estimated at about 7 feet.

For azimuth a bull's-eye lantern was set up near the prime
vertical at a distance of from 1 to 3 miles and its azimuth deter-

mined by observations on pole stars near elongation; the differ-

ence between the observed azimuth and 90 was converted into

distance for the offset from the lantern to the prime vertical. In

ranging out the prime vertical the hubs were double pointed to

eliminate error of collimation. At the end of the line the inverse

azimuth was observed. The. average azimuth error was 20" in

18 miles; when less than this the line was considered correct, if

greater it was adjusted in computing the offsets to the parallel.

The difference between the computed offsets irom the tan-

gent to the parallel and the measured distance to the astronomical

mound or monument was taken to be the station error. The
station error between two adjacent stations was over 7" in one

case and about 4" in several others, corresponding to about 700

feet and 400 feet respectively. The astronomical parallel was

the one located on the ground and monumented. The total off-

set from the tangent to the parallel was made up of the computed
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offset from the prime vertical to the parallel, increasing as the

square of the distance, the proportional part of the station error,

the error of the initial point north or south of 49, the correc-

tion due to azimuth error.

Ex. Required the data for locating the 42d parallel between New York
and Pennsylvania from the Delaware River (approx. longitude 1 30' E.)

to the west end of the state (approx. longitude 2 54' W.), total distance

4 24' in longitude.

Dividing into three equal parts, we have JA = 128'. Apply form. (92),

5280" = A X < = 42.
log sin 1" 4.685 5749 log (sin 1" AX cos <)

3 4.83785

AX 3.7226339 N 6.80536

cosc 9.8710735 1/3 9.52288

8 . 279 2823 tan 2 9 . 90887

N 6.805 3577 2d term = 11. 9 1.07496

1st term = 121517. 8 5.0846400 121517.8

s= 121 529. 7 meters

From (84), since cos %(A$} = \
}
we have

s
2 10.1693648 AX 3.72263

tan 6 9 . 954 4374 sin d> 9 . 82551

10.1238022 Ja = 3533".0 3.54814

2N 7.1063877 -58' 53"
m 3.0174145 90

v= 89 01' 07" =

The ordinates and direction angles for intermediate points can be found

by (94) and (96).

1 10. Parallels by Solar Compass. From (84), the conver-

gence of the meridians for short lengths of the parallel,

From (79), since sin a = 1
, nearly ,

AX'= -^-r (97)cos<

Substituting,

-Ja"= Astan</> (98)

The first instrument point being upon the parallel, the solar

will give the meridian, from which to turn 90 \Aa from the south

to reach the parallel. In our latitude, 42 30', the convergence
for the width of a township (6 miles) is 4f minutes. This would

give 90 2J' for 90-iJa.
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The difference in length, d, between the north and south lines

of a township will be the distance s' between them into the con-

vergence in seconds times tan 1".

d=*-s'Aa tan 1".
(99)

For long distances the difference should be found by computing
the arc of the parallel for each latitude and subtracting.

in. Rectangular Spherical Coordinates.* In Europe the posi-

tions of triangulation points have been found more convenient

for use by local surveyors when expressed as coordinates than as

latitudes and longitudes. In the rectangular system the x coor-

dinates are measured on the meridian through the origin 0, Fig. 85,

FIG. 85.

and the y coordinates on great circles through the poles QQ' of

the meridian. Thus the coordinates of A are x and y, and of 5,

x' and y', positive to the north and east.

The bearing or direction angle /?
is the angle made, not with

the meridian through A, but with the parallel AP through A
having the same poles QQ f

as the meridian.

To find the coordinates and direction angle at B from those at A.

In the triangle ABQ, the three sides are known, as also the angles at

(x
f

-x)~~] and at A [-90-,
it

* See Jordan, Handbuch der Vermessungskunde, Vol. III.
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Hence for y', form. 27],

cos BQ= cos AB cos AQ+ sin AB sin AQ cos A.

cossin,3. . . (100)

For x', form. 26],

sin AB sin A
smQ= . pn ,

R R

For /?',
form. 28],

// /y
O /)l'

sin TT-= sin - cos /? sec ^ (101)

tan i(^+) = coti cos- sec

cot ?-?' = cot '~ x
)
cos (y

'~ y ">
COS6C (y

'+ y)f

tan -/3')
= tan(o;'-z) sin^+y) sec (y'-y)- (102)

Replacing the functions of the small angles by the develop-

ments in series (100) becomes (see Table I)

-^
Since t/

3 has a large divisor, the approximate value, y+s sin/9,

found by neglecting all terms containing ^ can be used for
2/',

giving

/ s2 y
2
\ J s2 ?/

2y2 ~ + in/5
~~

(3s
2
?/
- 3s2 ?/ sin

2
/?+ s3 sin /?

- s3 sin3 /?) ,

. . . (103)
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From (101),

189

QR2

For a first approximation,

x' x=s cos/?.

Substituting,

COS ?3+ S COS ~' s3 COS ?

or

= x -t- s cos sy'
2 cos ^~ 2

s3 cos P sin2

From (102),

(104 )

Substituting for y',

(105)

'-x)s sin ft . . (106)

If s sin /3=n, and s cos/?=ra, (103), (104), and (106) become

1 1 1

x+m

,i

in i"
'

2 2 sinl //

also,

2R2 sin 1"'

. . . . (107)
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The terms containing 1/R2 in the values of y' and x' are the

small corrections to the values which would be found for plane

coordinates. For the ellipsoid 1/R
2

is replaced by l/RN as in 95,

Table XI gives the values of oolu ^ne ^orm ^ eacn corrective

7?? 71

term for the coordinates) and . -jf (the form of each cor-
xL^V Sill J.

rective term for the convergence) for values of m and n from 10km

to 100km for latitude 40. The variation with latitude is small.

Thus the values for m=WQ^ and ^=100^ change from 12m.31

and 50".8 at 40 to 12m.28 and 50".6 for latitude 50 and to 12m.30

and 50".9 for latitude 30.

Mental interpolation can be used for small distances, but slide

rule interpolation would be more convenient for large ones. The
values in the columns of the first part of the table increase as m2

,

and in the second part as m, while the values for the horizontal

lines for both parts increase with n. For the terms ,,, and

f-n the tabular quantities can be divided by 3 and 2.

sin 1

respectively in recording.

112. Mapping Spherical Coordinates. In mapping, the y coor-

dinates are laid off perpendicular to the central meridian. This

enlarges the latitude scale as the distance from the central meridian

increases.

From (103), replacing s cos /?
and s sin/? by their approximate

values, x' x, and y' y,

Similarly from (104),

s cos
/?
=

(x'
-

x)
-~

(x'
-

x)y'
2 +JL^-

x) (y'
-

y)
2

.

Squaring and adding,
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Placing the distance for plane coordinates, or the map dis-

tance=s
,

~

or

Expanding by the binomial theorem,

'2
)'. . . . (108)

Putting the map magnification=G, and expanding by the

binomial theorem,

'+y'
2
).

. . . (109)

For short lines y= y', nearly, giving

G=l4-~y2 cos^...... (110)

This becomes unity for /?=90, the map giving true differ-

ences of longitude, and a maximum of



CHAPTER VIII.

DETERMINATION OF THE DIMENSIONS OF THE ELLIPSOID.

113. The Meridian from Two Latitude-degree Measurements.

These arcs may be on the same meridian, or on different ones if

the earth is assumed to be an ellipsoid of rotation. The arc s

FIG. 86.

is measured, as also the latitudes of its extremities for each case.

Placing

s= J0#sinl", s'= J0'#'sinl". . . . (Ill)

Dividing and substituting the value of R from (56),

(8j</>'\*
l-e*sm2

<l>'_ 2

\s'J<f>) ~l-e2 sin2 <

q '

Solving for e2
,

sin2 0'
192
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Substituting the value of R from (56) in (111),

s(l-e2 sin2 0)1 s'(l-e
2 sin2 ')!

4</>(l-e
2
) sin

Having the semi-major axis,

J0'(l-e2) sin 1"' (113)

semi-minor axis, 6=aV 1 e2 .

The entire quadrant can be found from (66) if desired.

114. Reduction of a Measured Arc to the Meridian. The arc

is supposed to make only a small angle with the meridian.

From (75), MN (Fig. 87) or

K=J</>R sinT

s cos a QT?s
2 sin2 a tan

tan2 0). (115)

The second and third terms of the last member
are so small that an approximate value can be

used for N.

With two oblique arcs this case can thus be

reduced to the preceding, or with a chain of FIG. 87]

triangles side after side can be projected for the whole length of

the chain.

115. The Meridian from Several Latitude-degree Measure-

ments.* This involves the formation of observation equations
between the observed latitudes and the projected, or directly

measured, meridional arcs. The simplest relation is (111), which

can be used for a A<j> of several degrees on account of the large

probable error of a latitude determination, some 0.04" or 4 feet,

aside from the station error.

For longer arcs a correction for (111) will be required.

From the formula just above (66), Chap. VI, with the values of

A and B restored,

* This article and the next should be omitted until Part II has been

studied.
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Eliminating sin 20" -sin 20' by form. 8],

s= a(l e2)[(l + fe
2
)J0 fe

2 sin J0 cos 20 . .
.]

Replacing sin J0 by J0 J(J0)
3

,

s= GU/0(l e2)(l + fe
2

fe
2 cos 20 + Je

2
(J0)

2 cos 20 . .
.) (116)

Expanding the value of # from (56), form 32],

#= a(l-e2
)(l+fe

2 sin2 0)

Hence the approximate value (111) for s,

Subtracting this value from the true value (116) will give

the correction ds to apply to the approximate value, or

(117)

or, with J0 in seconds,

ds=%ae
2
(J0" sin I")

3 cos 20

The correction for J0=l reduces to -Om.028 in latitude 0;
+0m.014 for = 30; O.m000 for = 45; +0m.014 for = 60;
+ (^.028 for = 90.

Jordan gives the following data :
*

Latitude Degree Measures in Europe.
station. '

Latitude </>.
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From the first two latitudes,

where

__= v 01 L yJ _ /-L \

R- a (l-e2}

Since a and e2 are unknown or required quantities, we sub-

stitute for them approximate values with corrections.

a=aQ+ da, e2=e 2 + de2
,
and R =the value of R resulting from

the approximate o and e 2
.

Expanding by Taylor's theorem (see 122 for extension to a

function of two variables),

- .

=i+ffc/JL
But

(le2 sin2 (i)a

da (l-e2
)a

2

=
g ^y neglecting all terms containing e2 .

7 I *

(I e2)f (1 e2 sin2 0)^ sin2 0+ (1 e2 si:

de2 a(l-e2
)
2

=
(1 -|

sin2 ^>), by neglecting e2 terms.

Substituting in (c),
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Hence (a) becomes

The value of ds is given in (117).

The measured meridional arcs are considered accurate or

perfect in comparison with the observed latitudes. The observed

latitudes require corrections v 1} v2 ,
so that (d) becomes, with the

last term omitted,

In the coefficients of da and de2 all terms containing e2 were

itted. This is equiva

Substituting in (e),

o

omitted. This is equivalent to placing R= a, and : ry,
=

< 2 0i.a sin i

.

Q olil 1

For convenience place

Substituting in (/),

where

For a and eo
2 the Bessel ellipsoid is taken, for which

a = 6 377 397. 155m , e2 = 0.006 674 372.

Then

%
a^ l ~ e

^\ log R = 6.803 5358 for the first arc.

(l-e
2 sm2

$)*

These values give

^=-1.53, 6j=+3.71, /!=-0
/r
.2.
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Similarly the coefficients and absolute terms for the other

equations are found.

These do not correspond to observation equations, as there

are two residuals or corrections in the second members. . This

is due to a correction for the initial latitude as well as for each

of the others, and corresponds to the case of direction observations,

where for each new position of the circle a correction is required
for the initial reading as well as for each of the others.

Adding an observation equation for each initial latitude and

placing the v for each in the first member as a correction will

give twenty observation equations as follows:

OBSERVATION EQUATIONS.

-1.53*+ 3.71y-0.2"=i
-2.57*+ 5.83y-1.4 =1

-6.98* + 11.

v6 -0.48*+ 0.29?/+ 3.2 =v
7

v6 -0.91*+ OA8y + 3.2 =vs

v6 -1.60*+ 0.69?/-1.9 =V Q

V10 V ,Q

v10 1.14*+ 0.40?/ + 5.0 =vn
Vl2 =V, 2

v18 -0.28*+ 0.01^-0.5 =v, 3

v,2 -0.85*- 0.03.V + 3.3 =v, 4

^5 -2.52*+ 0.18y + 3.6 =^
v, 6 -3.58*- 0.27^ + 0. 7 =v 17

v, 5 -4.54*- 0.94y + 2.3 =v, 8

v l9 0.9?* 1. Sly 1.1 =vso

The normal equations are formed as usual.

NORMAL EQUATIONS.

. (fc)

+ 4v]5

-16.83*+ 31.21y- 2.50=0- 2.99*+ 1.46y+ 4.50=0
0.40y+ 5.00=0
0.02y+ 2.80 =

1.03y+ 6.60

- 1.14*+
- 1.13*-
-10.64*-
- 0.92x 1.10=0

+ 31.21Vi
+ 137.07*- 155.11^-23.18 =

,2
- 1.03v- 6 -1.51i> 19

-155.11* f 287.21^-14.08 =

Expressing the v in each of the first six equations in terms of

x and y and substituting in the last two, we find

x =+0.4023, y=+ 0.2347.
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Substituting in (g),

da= 1000z= + 402m.3, e2= 0.001i/= +0.000 2347,

377 397.2+402.3= 6 377 800,
= 0.006 6744 + 0.000 2347= 0.006 9091.

Substituting the values of x and y in the first six normal equa-
tions will give vlf VQ, ^10, ^12, ^15, ^19- These values together

with those for x and y substituted in the observation equations

(h) will give the other i>'s.

Squaring each v and adding,

[^]= 52.

m-n

for the mean square error of a latitude determination referred

to the ellipsoid. This is very much greater than the m.s.e. of a

latitude determination, showing that an ellipsoid of revolution

will not fit the data without large station errors or local devia-

tions of the plumb line.

The v's for each group, i.e., French, English, etc., foot up zero

within 0".01.

116. The Ellipsoid from a Degree Measurement Oblique to

the Meridian. The observed data are the latitude and azimuth

at each end of the line, the difference in longitude, and the linear

distance.

Each observation will give an equation of the form

/(X, F,Z,...)-Mi = oi, ..... (a)

where the required quantities X,Y,Z,... are the most probable
values for the observed quantities, 9^, <y62 , ct\, 0.2, AX, s, and for

the dimensions of the ellipsoid, a and e2 . The corrections for

the observed or assumed values are denoted by d.

For

+0=^. ... (6)

For fa,

(f>2
==

Vz,
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or, expanding by Taylor's theorem,

The quantity /2(0i, flo> e 2
), the computed value of 02, can be

found by (75). Place this computed value less 02= 2- For the

differential coefficients only the first term of the second member
of (75) need be used, i.e.,

TTS cos a

a(l-e2
)

. (d)

where r= (le2
si

Differentiating,

r 3

r cos

Substituting in (c),

For j;. By (79)

since TT/
= ~

N a

,2\
s sm a i _r

/ssina 1

^V' cos 02 a cos 02

1 r'

V'~a'

Differentiating,

d/3. _ _ r^s sin a t d/3 2_ sin2 2s sin <*i

da a 2 cos 2 de2 2a r
/

o cos 2

Substituting in (/),

r'o-5 sin aj sin2 2s sin afj

ao
2 cos 02 2aor

r

cos 2

26 '

(flf)
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For a lf

For &2,

By (84) and (85),

or . . . . (h)

(i)

cos

a cos 92

da a 2 cos
<f>2

{

de2 2a r
/
cos

Substituting in (i),

i + sin aj tan sin2 <> tan .

Collecting equations (b), (e), (g), (h), and (/), and denoting

the coefficients of a and e2 by a and 6,

d<f>i

' (118)

Weights can be introduced if desired.

If s is large or poorly measured so that its m.s.e. is appre-

ciable in comparison with those for
<j), AX, and a, another equa-

tion should be added, viz.,

/6 (OQ 4- da, e 2 + de2 ) s=
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From (90),

201

, _
' 6

r'sinai
'

~~i UUr
cos dU _M A cos ! sin2

<fti
r
-

. /j ~j ty(JV
-

., ~~t/O i

da r sin !
cte

2 2r d sin a!

giving

Hence

cos cos sn2

is the equation to be added to (118).

If a second line starts from the initial station and its azimuth

is computed from the observations
* which gave i ,

there would

be added to (118)

= v7 from < 3

=
ViQ if si_ 3 is considered.

The distance s can be greater than a triangle side by solving

for an approximate a by (90); computing through the chain of

triangles with two angles and the included side given each time

FIG. 88.

to find the third angle and the second side; calling the change
in direction of s at each intersection 180. Then a lf 0.2, and s

as found for the total distance can be corrected for the error

in closure at B by adding to s and dividing y by s sin 1" for the

correction to a.

For the more general treatment for an astronomical geodetic

net, taking into account station error in its effect upon latitude,

longitude, and azimuth, see Helmert's Hoheren Geoddsie.
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117. Results of Degree Measures. The actual shape of the

earth as compared with a spheroid of revolution can best be appre-

ciated by comparing the dimensions obtained for the spheroid

from the measurements of different arcs. The following are

taken from the Coast Survey Special Publications No. 4 and No. 7.

Amplitude.
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astronomical stations over the area; groups of stations affected

by the same local or general station error should be replaced by
a single representative one. The extension over new territory
or a change of the reference ellipsoid will also affect this correc-

tion. Hence geodetic positions and azimuths must always be

regarded as more or less tentative.

In view of the statements made in 102 about the equality
of distances and azimuths on the spheroid and tangent -.sphere

it may be interesting to note that the shortest line between Wash-

ington, D. C., and Eastport, Me., is about 1/1000 inch shorter

than a plane curve joining the points.*

The Coast Survey recently traced the boundary between Cali-

fornia and Nevada running from a point in Lake Tahoe, about

45 east of south, to Fort Mohave, a distance of 404.5 miles. The
difference between the shortest line and the plane curve is about

1/6000 inch. The angle at either end between the sight lines

between the two stations, the one with the instrument at Lake
Tahoe and the other with the instrument at Fort Mohave, due

to the normals not intersecting the axis at the same point, is about

2".2.

118. Local Deflections of the Vertical. Local deflections of

the plumb line are explained by the attraction of mountains or

elevated plateaus and by variations in the density of the earth's

crust. The attraction of two small masses mi and m2 at the

distance apart d is proportional to
* 2

.

For a point on the surface of the earth, if regarded as a sphere,

the attraction is the same as if the mass were concentrated at

the center. If a small mass is horizontally distant d from this

point, the relative attractions of the earth and the small mass

upon the point are M/R2 and m/d2
. Hence if = the deflection

of the plumb line due to m,

mR2

The volume of the earth= -R3
,
and its mean density is

* Recent Progress in Geodesy, by E. D. Preston. Phil. Soc. of Wash. Bui.

Vol. XIII.
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about 5.63 (as compared with 2.3 for rock), while in round num-
bers R= 6 370 000m .

Denoting the volume of the mass m by v and its density by d,

m=vd.

Substituting,

0"= 0.001
373^ (119)

The effect of elevated masses can thus be computed if the

topography is known. If the mass is large in proportion to dis-

tance, it should be divided up and vd/d
2 found for each part and

added, or a more general expression found by calculus.*

After correcting for the topography, deflections still remain,

and these are accounted for by variations in density. Inves-

tigations under way by the Coast Survey, taking into accoin",

the deflections of the vertical due to topography, and the con-

trary deflections due to defects and excesses of density below

the surface, lead to the conclusion that the elevated masses are

in the main supported by material of deficient density and that

this deficiency compensates within a depth of about 70 miles.

Thus " The United States is not maintained in its position

above sea level by the rigidity of the earth, but is, in the main,

buoyed up, floated, upon underlying material of deficient density.

... It is certain that for the United States and adjacent regions,

including oceans, this compensation is more than two-thirds com-

plete perhaps much more." f

* See Coast Survey Special Publication No. 4> P 848.

fj. F. Hayford, Proc. Wash. Acad. Sciences, Vol. VIII, p. 32.



PART II.

LEAST SQUARES.

CHAPTER IX.

THE METHOD OF LEAST SQUARES.

119. Introduction. The methods of observing for geodetic

work have been quite fully described in Part I. Attention is

called to the care and skill required to secure good results and the

tendency to check results by additional observations. In many
cases these check observations are additional measurements of

the same quantity. In this case the arithmetic mean is taken

unless the observations are not considered equally reliable.

In other cases the check observations are indirect, that
. is,

taken on some function of the first observed quantity or on some

other function of the required quantity or quantities. In this

case the propagation of error through the function from the meas-

ured to the required quantity or quantities will vary and the

method of least squares is necessary to obtain the best values for

the unknowns. Thus the distance across a stream may be meas-

ured directly and the measurements repeated as a check and to

increase accuracy, or the check may be obtained by measuring a

baseline and triangulating. Again, the angles required at a trian-

gulation station may be measured directly and each repeated as

many times as necessary, or they may be measured indirectly as

described in 51. If in either case the horizon is closed, an ad-

ditional check is secured and a modification of the adjustment
will be required.

Again, even if the angles at the station are directly observed,

on entering the triangulation algebraic equations due to geometric
205
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conditions are found to exist between them and a least squares

adjustment is necessary for the best results.

Such conditions are: that the sum of the angles in a triangle

shall have a fixed value, that the length of a triangle side when

computed from the same initial side through different triangles

shall have the same value, etc.

The method of least squares thus has for its object the finding

of the best or most probable values which can be obtained from a

given series of observations for a set of unknown quantities de-

pending upon physical measurement. It also has for its object

the determination of the degree of confidence which can be placed
in the results as determined from the agreement of the observa-

tions among themselves and from the propagation of error through
a function or equation from observed to required quantities.

1 20. Classes of Errors. Observations are subject to several

classes of errors, as follows :

1st. Constant errors, or those which under the same circum-

stances, and in the measures of the same quantity, have the same

value; or those in which the value can be made to depend upon
the circumstances by some definite law. They are usually sub-

divided into : theoretical, such as refraction and curvature in level-

ing, whose effects, w^hen their causes are once thoroughly under-

stood, can be computed in advance, and hence they cease to exist

as errors; instrumental, such as the line of collimation of a level

not being horizontal when the bubble is in the center, which are

discovered by an examination of the instruments, or of the obser-

vations made with them, and may be removed, when their causes

are understood, either by a proper method of using the instru-

ments or by subsequent computation; personal, such as always

setting a target a little too high, and which depend upon the pecu-
liarities of the observer. These latter are often the subject of

special investigation under the name of "personal equation";

while not strictly constant, they are nearly so with trained observers.

These are frequently separated into two classes, using the term

systematic errors for those which vary in accordance with more or

less definite laws.

2d. Mistakes or abnormal errors, such as reading a circle a

degree out of the way, the slipping of a clamp, the sighting at a

wrong object, etc.
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3d. Accidental errors, or the necessary inaccuracies which can-

not be computed in advance from the circumstances of the obser-

vations and eliminated.

The limit of the first. class is fixed by the limit of knowledge of

instruments and of physical phenomena.
The limit of the second class can only be approximately fixed,

as there are no means of distinguishing between inaccuracies and

small mistakes.

In what follows the third class alone should be understood,

unless otherwise stated.

The following may be assumed as axioms :

1. Small errors occur more frequently, or are more probable,

than large ones.
'

2. Positive and negative errors of the same magnitude are

equally probable, and in a large number of observations are equally

frequent.

3. Very large errors do not occur.

121. Mean-square Error. The square root of the average

square of the errors is called the mean-square error. It is denoted

by m.s.e. or e, and is used in comparing the accuracy of different

sets of observations.

Thus if Ji, ^2> i
A n are the true errors committed in a series

of n equally good observations,

^= =~
(120)

Ex. In Bessel's Gradmessung in Ostpreussen the excess over 180 plus the

spherical excess, is given in seconds for the measured angles in 22 triangles

as follows:

No
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Hence

Them.s.e., e = V30.500/22 = l".18.

If the triangle closures were larger the m.s.e. would be larger, so that e

increases with the inaccuracy of the observations.

122. Law of Propagation of Error. (a) Let

x = a1M1 a2M 2 . . .anMn ,
.... (121)

where a L ,
a2 ,

. . . , an are constants unaffected by error, and M\ f

M2 ,
. . .

,
Mn are observed independent quantities with m.s.e. 's,

'

IfV, V, 4'", . . .
,
J 2', ^2", A*'", , ^n', ^", ^n'" are the

errors for different observed values of MI, M 2 ,
- -

,
Mn ,

the errors

in the corresponding values of x will be

A X
" =

-. . (a)

Squaring both members of each equation and adding,

. . . (6)

Positive and negative errors of the same magnitude being

equally liable to occur, by Axiom 2, the products

will tend to foot up zero (approaching it more nearly the greater

the number of observed values) and may be neglected.

Hence, dividing (6) by n, and remembering the definition of

m.s.e.,

.+On2 n
2

. . (122)

In the general case,

x= f(Mlt M2,...,Mn), ..... (123)

where / denotes any function.
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If the different observed values be substituted for the true

values of the observed quantities, we shall have

Expanding the second members by Taylor's theorem, and sup-

posing the observations accurate enough so that the squares,

products, and higher powers of the J's may be neglected,*

These correspond to (a); hence, from (122),

Ex. 1. Find the m.'s.e. in the length of a city block 500 ft. long measured
with a 100-ft. tape having a m.s.e. in its length of 0.01 ft. Ans. 0.05 ft.

* If u=f(x, y), and x be increased by h,

N du h d 2u h 2

)-tt+-. r+
_._+...,

where =f'(y\ which we may place =0.

If y be increased by k, &
dz k d 2z k 2 du dx,

Ty
.

T +
-

2
. + ...=- + .--k + ...

Hence

But

du k d 2u k 2

Substituting,

f(x + h,

Similarly we may extend to three or more variables, as assumed above.
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Ex. 2. Find the m.s.e. in the length of a city block 500 ft. long measured

with five 100-ft. tapes, each with a m.s.e. of 0.01 ft. Ans. 0.02 ft.

Ex. 3. In the triangle ABC, Fig. 89, AC or^ = 1060 ft. with e^O.l ft.;

the angle A or M2
= 50 with e2

= 10" (in arc
= 10 sin 1"); the angle B or M3

= 64 with 3
= 10".

Find the m.s.e. for BC or X.

b/ \a Solution. Eq. (123) reduces to

x=f(M1} M2 ,
M3)=M X ^^? =903.44 ft.

df = sin M2 = _x _
FIG. 89. dM l sin M3 M,

df M, cos M2

JTT = ^-5TT-
= x cot M2

= 758 >
c/M2

sin M3

df , , sinM cos M*2
. 3

= -441.dM3 sin2M
Substituting in (124),

i 22
2 +X 2 COt 2 M3 3

2

+ (758X10X0.00000485)
2 + (441X10X0.00000485) 2

= 0.0072 + 0.0013 + 0.0005 =0.009,

ex = 0.095 ft.

Ex. 4. The weight of a piece of paving-brick in air, M 1
= 1.67 oz. The

weight of the same piece in water, M2
= 0.96 oz. Find the specific gravity

and its m.s.e. for 1
=

2
= 0.01 oz.

Specific gravity, x-j~^-
Ex. 5. The diameter of a steel test-piece which broke under a load of

30000 Ibs. is 0.6846 inch 0.0012. What is the unit strength of the steel

and its m.s.e.?

Ex. 6. A line 1km. long was measured first with a 5m line measure bar,

whose m.s.e. was 2.5^. It was then measured with two end measure bars,

whose m.s.e. 's were also 2.5^. Find in each case the m.s.e. of the measured

kilometer due to this source of error.

123. Law of Propagation of Error. (b) In (6) of 122 it may
be noted that in summing the products of the A 's one of the fac-

tors, J, may contain constant error, or otherwise differ from the

accidental errors of observation included jn Class 3, 120, and

the sum of the products will still approximate zero, so that the

value of e x
2 will be given by (122) or (124).

Ex. If the m.s.e. in placing a 50-ft. tape length is 0.02 ft., and the m.s.e.

in the length is 0.01 ft., find that in a 1500-ft. line measured with the tape,

due to both causes.
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From the first cause, by (122),

e/2 = (0.02)
2 + (0.02)

2 + . . . for 1500/50=30 terms

(each measurement giving an M). Or

ex
' = .02\/30=0.11 ft.

From the second cause, by (122),

oU

From both together,

x =:\/(0.11)
2

+(0.30)
:! =0.32 ft.

Reducing the m.s.e. from the first source to one-half its value would only
reduce the final m.s.e. to 0.30 ft., while reducing that from the second source

to one-half would reduce the final m.s.e. to 0.19 ft.

It is thus seen that but little is gained in accuracy by reducing the errors

from one source when larger ones from another remain unnoticed; the great

gain comes from reducing the larger ones.

124. The Simple Arithmetic Mean. When a number of equally

good, direct, and independent observations are taken for the

value of an unknown quantity, the arithmetic mean is always
taken for the best or most probable value, there being no reason

for giving more influence to one than to another of the observations.

Thus if the observed values are M1} M2 ,
. . .

,
Mn ,

the most

probable value

(125)
IV

This can be written

so that if e = m.s.e. for an observed M and = the m.s.e. for XQ ,

we have, from (122),

2=
(
-

) + I I + . to n terms =n[ ) .

\n) \n/ \n/
'

or
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i.e., the m.s.e. of the arithmetic mean decreases as the square root oj

the number of observations increases.

The difference between the arithmetic mean and the different

observed values are called residuals.

If they are denoted by v\, v2 ,
. . .

,
and the error of the arith-

metic mean by d, we shall have:

Residuals,

VI
=XOMI) v2=xoM2 ...

True errors,

J 1 =(x d)-M1 ,
4 2=(xod)-M2,...,

or

Squaring and adding,

[J
2

Eq. (125) can be written

or ,

M=0......... (127)

Substituting and dividing by n,

n

The most probable value of d, the error of XQ, is usually as-

sumed to be the m.s.e. of the mean itself, or d=Q=/\/
n. Sub-

stituting,

n n'

*-;g\. (128)

From (126),

Ex. 1. The following values are given in Pri. Tri. U. S. Lake Survey,

p. 895, for the observed difference in longitude between Detroit and Cam-
bridge:
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The m.s.e. of the mean

6o
=
-^=j........ (132)
V[w]

Eq. (131) can be written

. . .
= 0;

that is,

[vw]
= Q......... (133)

As in 124,

If each equation be squared, then multiplied by its correspond-

ing w, and added,

The observations with weights w give errors A
;
the correspond-

ing errors for weight unity would most probably be A\/w, from

the relation (130) between weights and m.s.e. 's. Therefore [wJ
2
] is

the sum of the squares of the errors for weight unity, =ne'2
by

(120).

By 124,

.*=(>, =77=.,by (132).
V[W]

Substituting in (a),

or

/2 = ;^T (134)

Ex. 1. The following values are given in Pri. Tri. U. S. Lake Survey,

p. 895, for the observed difference in longitude between Detroit, Mich., and

Cambridge, Mass.

w wM v uw wv2

May 13 Oh 4715 41 s
. 163 0.5 0.581 -.117 -.059 .00684

23 40.966 0.5 0.483 +.080 +.040 .00320

24 41.038 1.0 1.038 +.008 +.008 .00006

26 41.030 1.0 1.030 +.016 +.016 .00026

June 4 41 .084 1.0 1.084 -.038 -.038 .00144

11 41.012 1.0 1.012 +.034 +.034 .00116

Totals.. . 5.0 5.228 +.001 .01296
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Mean=0h 47m 41 s
. 046.

e =V 0.01296/25 = O s.023.

The mean is exact only to the third decimal place, but [wv} = [w]xQ [wM]
checking x .

Ex. 2. From the following measurements of a base line deduce the most

probable value of the line and its m.s.e. Employ also the method of control

of 126.

3456'. 378 0.002

.3690.008

.365 0.010

.3720.006
3456 .374 0.005

126. Controls. Simple Arithmetic Mean. Since

VI=XQMI ,
v2= x M2 ,

v3= x -M3 ,
. . .

,
and nxQ=[M],

or

[v>]
= [M2]-

[

^f....... (136)

Also, from (127),

W-o.

Weighted Arithmetic Mean. Since

V!
= XOMI, v2= x -M2 ,

v3 = x -M3 ,
. . ., and by (131),

[w]x
= [wM], [wv

2
]
= x 2

[w]
- 2x [wM] + [wM2

],

or v =w - ...... (137)

Also from (133),

It may be noted that the left-hand places as far as they agree

may be left off from the values of M, or any constant subtracted,
whenever it will simplify the numerical computation for (136) or

(137).

Ex. 1. In Ex. 1 of 124 we have for the different values of M, subtract-

ing 41 from each: 0.154, 0.171, 0.138, 0.110, 0.005.

Squaring and adding
0.0843.
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Adding and squaring,

IME-0.0647.
n

[M 2]-^ =0.0196,

checking [v
2
].

The mean XQ ,
when multiplied by 5 is 0.002 greater than [M], so that[v]

should = +0.002 instead of 0.

Ex. 2. In Ex. 1 of 125, subtracting 40 from each M,

[wM 2

]
= 5.48041

^'=5.46744[w]

0.01297, checking [wv
z
].

127. Closeness of Computation. If the most probable value x

as computed by a rigorous method have the errors AI, A<z, 43 ,
. . .

,

the value xc, computed by an approximate method, will have the

errors Jic, A2 c, Jsc, . . . . Hence

or

ex c
=

x (l + 271 )
(approximately).

If we allow the difference between sxc and e x to be O.Ols^,

i.e., allow the m.s.e. to be increased 1% by inaccuracy in compu-

tation, which would appear safe, then

or

c=0.14,.; (138)

i.e., the error of computation can be 14% of the m.s.e. without sensibly

increasing the inaccuracy of the result.

Ex. 1. In a 7-place log table the error in the last place will vary from to

0.5, all values within these limits occurring with equal frequency. The m.s.e.

for this method of distribution of error is a/V^ where a = the greatest error.

This would give m.s.e.=0.5/V3=0.29 in the 7th place. An interpolated



Eq. 138.) CLOSENESS OF COMPUTATION. 217

value, expressed asM l + (M2 M^m (whereM l
andM2 are the adjacent tabular

quantities and m the percentage interval between the corresponding num-

bers), would have the following m.s.e.'s for different values of m, the 7th

place only being retained in the interpolation (Annals of Mathematics, II,

pp. 54-59; or Smithsonian Geographical Tables, p. Ixxxvi).

m
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Ex. 2. In Ex. 1 of 125 find the number of decimal places to use in ex-

pressing the value of x .

128. Independent Observations upon Independent Quantities.
In the general case of indirect observations let the observation

equations be of the form

h(X, Y,Z,...)-M1 =Q,wt.wlt

f2 (X, Y, Z, . ..)-Af2 =0, wt. w2 ,

> J

(139)

in which the number n of the observed quantities M lf M2 ,
... is

greater than m, that of the required ones, X, Y, Z
The observations being imperfect, no set of values can be found

for the unknowns which will not leave residuals, so that (139)
would be more correctly written

h(X, F,Z,...)-Jfi-t>i,

f2 (X, Y,Z,...)-M2=v2) (140)

which are sometimes called error or residual equations.
We first find approximate values, by partial solution or other-

wise, for X, Y, Z, . . ., so that X=X + x, Y= Y + y, ...,(*, y, ...

being so small that terms containing the squares, products, and
higher powers may be neglected without sensible error), then ex-

pand by Taylor's theorem, as in 122. Thus

or

Similarly

where

--#-, &--#-, c 4L

l=f(X ,
Y

,
..

the index following the equation.

(HI)
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As will be shown later, the most probable values for the correc-

tions x, y, z, . . . will be those which will make [wv
2
]
= minimum.

Hence, since x, y, z, . . . are independent,

d(wv*]

dy dz

or

dx

dVi

dy

dv2

dv2 (a)

=
Substituting the values of v from (141),

[waa]x + [wab]y + [wac]z + . . .

[wab]x + [wbb]y + [wbc]z + . . . +[wbl\ =

[wac]x + [wbc]y + [wcc]z + . . . +[wcl\ =
(142)

These are called normal equations, or better, final equations.

They can be more briefly written by substituting in (a) the

values of the differential coefficients from (141) :

[wva]=0, [wvb]
=

Q, [wvc]
=

Q, (143)

If the weights are equal or unity, w will disappear as a factori

giving

[aa]x + [db]y + [ac]z + . . . + [al\
=

[ab]x + [bb]y + [bc]z + ...+ [bl]
=

[ac]x + [bc]y + [cc]z + . . . + [cZ]
=

The solution of (142), (143), or (144) will give definite values

for x, y, z, . , .
,
which applied to the approximate values XQ, YQ,

ZQ, . . . will give the most probable ones which can be found

from the given equations or observations.

Linear equations can be arranged in the form of (141) without

approximate values whenever it will lessen the numerical work,

the loss of higher powers occurring in the reduction to linear form,

and not in the later work. Usually, however, the advantage of

solving for the small corrections rather than the large unknowns

will more than compensate for the preliminary work of substitut-

ing approximate values.
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129. Control, Normal Equations. If in (141) we place

2+ &2+ C2+ . . . /2
= S2>

I

) J

and treat s similarly to I, i.e., multiply each by its wa, and add

the products, each by its wb and add, etc., the terms of the

first members will be the coefficients of the normal equations and

the second members check terms for them, as below :

[waa] + [wab] + [wac] + . . . + [wal]
=

[was]

[wab] + [wbb] + [wbc] + . . . + [wbl\
=

[wbs]

[wac] + [wbc] + [wcc] -{-...+ [wcl]
=

[wcs]

(145)

Ex. 1. Find the normal equations from the following observation equa-
tions:

w

2x+ y + z lQ=v2 2

x + y + z 11= v3 1

x- y-z+ Q = v
4 3

x+ y Q = v5 1

Since the equations are linear and the values of the unknowns small, the nor-

mal equations will be found directly without assuming approximate values

and deriving corrections as in the general case.

TABLE FOR FORMING THE NORMAL EQUATIONS.

No.



Eq. 145.) CONTROL, NORMAL EQUATIONS. 221

NORMAL EQUATIONS.

Substituting in (142),

Check.
22z+ 9i/ z-93=0 63

9z + ll*/ + 4z-87=0 -63
-x+ 47/4-72-51=0 -41

From the solution of these equations given in the example of 132,

x = + 3.23, y = + 3.09, z = + 5.99.

These values are to hundredths. If approximate values had been as-

sumed and corrections found, the same number of figures would give the

unknowns to four or to five decimal places.

Ex. 2. Jordan, Vermessungskunde, Vol. I, p. 46, gives as the means of

meteorological observations extending over twelve years barometer readings
at nine stations, as follows:

1. Bruchsal, fc = 120m .2 JB=751mm.18 6. Heiden, fc

2. Cannstatt, 225 .1 742 .37 7. Isnv, 708 .1 700 .48

3. Stuttgart, 270 .6 738 .50 8. Freuden, 733 .5 697 .64

4. Calw, 347 .6 731 .27 9. Schop, 768 .9 695 .23

5. Freidrich, 406 .7 726 .99

Plotting these values with height h above sea level and barometer reading
B as coordinates, the curve will be nearly or quite a straight line.

Assuming with Jordan a straight line, the equation would be of the form

(the theoretical equation is a logarithmic one)

where X is the reading at sea level, Y the coefficient of increase with eleva-

tion, h the elevation known accurately enough to be considered a constant,

and B the observed barometer reading.

f(X,Y)-M=v
becomes

X +hY-M = v.

Differentiating,

-|J

=
1, i.e., ^ = 1, a2

=
l, ... ,

jf
=

h, i.e., b^h^ b2
= h2 , ----

Assume X = 760mm
,
Y = 0.08,* and to equalize coefficients, put

* X and Y may be found, for instance, by plotting the points and tak-

ing these values from the curve.
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This will give

^=760-0.08x120.2-751.18= -0.80
5

12 =760 -0.08 X 225.1 -742.37 = -0.38,
.

,
J

TABLE FOR FORMING THE NORMAL EQUATIONS.

No.
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finally expressed as a linear function of lif 12 ,
. . .

,
and the m.s.e.'s

of the latter being the same as those of MI, M2 ,
. . .

,
and known,

those of the former would follow from 122. To effect this elim-

ination, indeterminate multipliers are used, i.e., the first equation

of (144) is multiplied by Q
f

,
the second by Q", . . .

,
and the prod-

ucts added. Then to find x, such values are given to Qf

, Q", . . .
,

that in the sum or final equation the cofficients of the unknowns,

x, y, z, . . .
,
shall be zero, except those of x, which shall be unity.

This gives
* for the assumed coefficients :

Coeff. of x =[aa]Q' + [ab}Q" + [ac]Q"

" "
y =[ab]Q'

[bc]Q" + [cc]Q"' + ... - 0, I

(a)

so that the sum equation reduces to

[cl]Q'" + ... = .... (6)

(i.e., the sum of (144) with absolute terms of 1, 0, 0, . . .
= z+const.

terms = 0) .

The coefficients of the unknowns in (144) and (a) are the same.

Hence if the values x, y, z, . . . are found from (144) in terms of

li, 12 ,
. . .

,
those of Q', Q", . . . would result from them by putting

[aZ]=-l, [bl]
=

[d]. . . =0. This is also evident from (6). We
now wish to show that if e= m.s.e. of an observation of weight

* The method of indeterminate multipliers may be more readily followed

as applied to ordinary algebraic equations; thus,

y- 2 = 10. Multiply by Q'.

4z- y = 6.
" "

Q".

3z+ 4y-4z = 4.
" "

Q'".
Sum equation,

Placing the coefficient of x = \ and that of y and of z each = 0, gives by in-

spection Q"=0, Q'"= ~Q', (6-| X3)Q' = 1, or Q''=-. The second mem-

1 Qf\

ber foots up (10-- X4)Q
/ =

2?,
=the value of x.

If y had been required its coefficient would have been placed = 1 in the

sum equation, while those of x and z would =0.

The method is frequently very convenient.
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unity, and x
= m.s.e. of the value of x found from the normal

equations, then

In (6), x being a linear function of lif 12 ,
. . .

, we may place

x+a 1 l1 +a 2l2+ ct3l3 + . . .
=

0, . . . . (c)

in which, by comparing coefficients with (6),

(d)

If each of these equations be multiplied by its a and added,

each by its b, etc., then by (a),

[aa]=l, [6a]
=

0, [ca]
=

0, ........ (e)

The number of these equations is m, the number of unknown quan-
tities. Multiply each of (d) by its a and add, then by (e),

From the value of x in (c) we have, by 122,

or

e*
2=

[a
2
]fi

2= Q/
6
2......... (146)

Hence to find the m.s.e. of x in terms of that of an observation

write 1, 0, 0, ... for the absolute terms of the normal equa-

tions and solve for x; the value thus found multiplied by the square

of the m.s.e. of an observation will give the square of the m.s.e.

required.

In the same way it may be shown that the m.s.e. of y can

be found by using 0, 1, 0, ... for the absolute terms, etc.

If the observations have different weights, Wi, w2 ,
w3 ,

. . .
,
the

multiplication of each by its V'wwill reduce the m.s.e. 's, e 1; 2 , 3,

. . .
,
to e', the m.s.e. for weight unity by (130). All the observa-

tions now having the m.s.e. e', (146) will apply to (142), or to the



Eq. 148.) MEAN SQUARE ERROR OF AN OBSERVATION. 225

normal equations with weights, e being replaced by e'. (146)

could also have been derived directly from (142).

131. Mean Square Error of an Observation. The most proba-

ble values of the unknowns substituted back in (141) will give the

residuals, v', v", . . .
,
while the true values, x+ dx, y+ dy, . . .

,
if

known, would give the true errors,

+ Z2=JM . (147)

y)+c3 (z+ dz) + . . . + 3=^3,

and we should at once have

n being the number of observations.

If the first equation be multiplied by aif the second by a2, etc.]

then by 6j, b2 , etc., we will have, by (144),

[aa]dx + [ab]dy + [ac]dz + . . . -[aJ] = 0,

[ab]dx + [bb]dy + [bc]dz + . . . -[6J] = 0,

[ac]dx + [bc]dy + [cc]dz + . . . -[cj] =
0,

These being the same form as (144), the value of dx can be
found from that of x, by substituting

-A for I in (c), 130, giving

dx-a l
A

l -a^2 -oi^z-. . .
= ..... (a)

If we multiply (147) by vi, v2 , %,..., respectively, the sum
of the products will be, by (143),

Similarly, from (141),

M-M.
Hence

[v4]
=

[v
2
]=[vl]........ (148)

Again, multiply (141) by Jlf J 2 ,
J3 ,

. . .
, respectively, and add,
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Multiply (147) similarly,

From these two equations,

[J
2
]
=

[v
2
]+ [aJ]dx+ [bJ]dy+ [cJ]dz+ ..... (149)

The value of [ad]dx can be found by multiplying

. . . and (a),

giving, since the sum of the products,

. . .
, #3(11^1^3, . . .

,
will approximate zero,

If we substitute the average value of J2
,
which is s2

,
for Jj

2
,

J 2
2

, , this reduces to (e), 130,

Similarly, the mean value of the other terms, [bd]dy, [cd]dz, . . . ,

will be 2
. Substituting in (149),

or

?=^......... (150)n m

If the observations have different weights, they can be reduced

to the same weight by multiplying by \/w, as in 130, giving

n m (151)

Having the m.s.e. of an observation from (150) or (151), that

for each of the required quantities can be found from 130.

132. Solution of Normal Equations. The ordinary algebraic

methods are convenient with few unknowns, but when the num-

ber is great, say four or more, the method of substitution, due to

Gauss, will generally be found preferable. It can be made very

mechanical, and the work checked step by step.
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where

[66 . 1]
=

[bb]
-

g[a&],

(be . 1]
=

[6c]
-

[W . 1]
=

[W]
- g

\b . 1]
=

[bs]
-

[rf . 1]

From the first of (6),

[6c . 1]

^-[667Tf
1]

NORMAL EQUATIONS.
Check.

[aa]x 4- [ab]y + [ac]z + . . . + [al\
=

0, [as]

[ab]x + [bb]y + [bc]z + . . . + [bl\
=

0, [6s]

[ac]x + [bc]y + [cc]z +... + [d]
= 0. [cs]

From the first equation,

[aa] [aa] [aa] [aa]

Substituting in the other equations of (a),

[bb . l]y + [be . 1> + . . . + [bl . 1]
=

0, [65 . 1]

[be . l]y + [cc . l]z + . . . + [d . 1]
=

0, [cs . 1]

Check.

(a)

(6)

[66 . 1]' [66 . 1]
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Substituting,

[cc.2>+ .. . + [c/.2]
=

0, [cs.2]

j
. . . (c)

where

[cs . 2]
-

[cs . 1]
- ta . 1].

The value of 2 from (c) substituted in (b) will give y, the values

of T/ and z in (a) will give x.

The check terms carried through as indicated will check the

equations (b) and (c). The value of y can be checked from the

second of (6), while x, y, z, . . .
,
can be checked by satisfying all

of (a).

Bringing down the first equation of each group, we have the

Derived Normal Equations.

[aa]x + [ab]y + [ac]z +
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FORM OF SOLUTION.

229

No.
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SOLUTION A.

( 132, Fig. 89,

No.
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Further modifications of Gauss' solution along lines similar

to the above have been developed in the method of Mr. M. H.

Doolittle, which is employed in the Coast Survey, and is advan-

tageous when a very large number of equations are to be solved.

See Coast Survey Report, 1878, p. 115, and Wright and Hayford,

Adjustment of Observations, 91.

133. Indirect Observations, Problem. A problem in astronomy
is taken to illustrate the method of reducing a set of time transits

for clock error, azimuth error, and collimation error. The observed

time of transit ti requires :
*

Correction for azimuth error, x,

= xs'm ((j>-d) sec d=xa....... (a)

Correction for inclination of telescope axis, i
t

= i cos
(<f> d) sec d=il....... (&}

Correction for collimation error, y,

=
yb, .... ..... (c)

where $= the latitude of the place and d the declination of the star.

The true clock face time of transit will thus be

If 2 =true time of transit (computed from the right ascension

of the star),

Clock correction,

Jt=t2 -t,

or At= U

If the clock correction at the time to is AtQ and the rate r,

Jt=Jfa+(t-fa)r

=4fa'+z+(t-fa)r,

where z is a correction to the assumed value 4fa'.

*
Campbell's A stronomy, 92 et seq.
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Substituting in (d),

The observation equation thus becomes

ax+ by+ z+ /=v, ......... (e)

where /=J*o'+(*-*o)r+ *i-*2 + tf...... (/)

Each observed transit gives an equation (e) in which a and 6

can be computed from (a) and (c). I can be computed from the

transit data and clock rate after assuming Alrf, while the most

probable values of the corrections x, y, z are required.

The following data were obtained by the class in astronomy
at the University, Oct. 2, 1895, from the transits of ten time stars

over the five wires of the transit instrument used without reversal.

Required the clock correction at 7 P.M., the azimuth correction.

and the collimation correction, with their m.s.e.'s.

tl-ti
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TABLE FOR FORMING THE NORMAL EQUATIONS.

a = ac
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Substituting back in the observation equations (as inferred

from the table for forming the normal equations) :

V + V V2 V +V V a

0.14 .... 0.020 0.24 0.058
0.02 0.000 0.10 0.010

0.11 .... 0.012 0.24 0.058
.... 0.01 0.000 .... 0.03 0.001

0.03 0.001 0.20 0.040

0.25 0.06 0.033 0.34 0.47 0.167
0.25 0.06 0.033

0.59 0.53 0.200

[<;]= -0.59+ 0.53= -0.06 instead of 0.

V=0.58X 0.029= 0.13, ,
= \ 1.73X0.029= 0.22.

Hence at 7 P.M., Oct. 2, 1895:

Clock correction - -7m 52 s 8
.22,

Azimuth correction = + 1 S.040 S
.20,

Collimation correction= S.510 S.13.

134. Methods of Solution. The most common method of per-

forming the arithmetic work for a large number of equations is

with a computing machine. The Thomas, Grant, Burckhardt, and

Brunsviga computing machines are in use; while the Thatcher

slide rule giving five places will usually be accurate enough. The

Crelle multiplication table will give about as good speed as a

machine if the number of figures required in the product is so

small that little or no interpolation is required in the table.

The forms already given are convenient for these methods.

Logarithms are also used in forming the products for the

normal equations and in their solution. A table is formed of the

log coefficients or log factors, while the log of the constant factor

(or its arithmetic complement if of a constant divisor) is written

at the bottom of a slip of paper and carried along just above

the log coefficients and added, forming the log products. From
these the products are found and recorded.
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A table of squares is also used for forming the products, and

it is considered preferable to a log table. Thus,

and therefore

[ab]
=
${((a+ b)*]-[aa]-[bb]\. .... (153)

Hence form the square sums

[aa], [(a+6)2], [(a+c)
2
], ... [(a+Z)

2
], [(a-M)

2
],

[bb], [(6+ c)
2
], ...

and perform the necessary subtractions.*

The squares aa, bb, . . . can be taken directly from the table

and added. For the sum squares, write a x on a slip of paper
and move it over &i, cl7 . . .

,
a2 for b2 ,

c2 ,
. . .

, forming the sums

ai + bi, ai+ci, . . .
;

a2 + b2 ,
a2 + c2 ,

... Take out the squares

and sum them. Similarly for 61, b2 ,
. . . Substitute in (153).

In solving the normal equations it is considered preferable

to multiply by a reciprocal of a number rather than to divide,

and to change the sign of the reciprocal and add rather than

subtract. The operations are thus reduced to two, multiplication

and addition.

Attention is called to the equality of the side coefficients

both in the normal equations and in the derived normal equations,

as shown in 132, so that in the solution it is unnecessary to

compute these equal terms more than once.

The desirability of equalizing coefficients was noted in Ex. 2,

129. During the solution closer results will be obtained by divid-

ing by the larger coefficients and multiplying by the smaller,

rather than the reverse, but the equality of coefficients in equa-

tions to be added should be kept in mind so that the same number

of decimal places will represent about the same degree of precision

in each.

In substituting back after one or more unknowns have been

found, always take an equation in which the coefficient of the

required quantity is large and the coefficients of the known quan-
tities are small in order to reduce the cumulative effects due to

omitted decimal places.

* ee Barlow's Tables o) Squares, Cub:s, etc.



Eq. 155.) OBSERVATIONS UPON DEPENDENT QUANTITIES. 237

135. Independent Observations upon Dependent Quantities.

In the observation equations of 128 care is taken not to in-

troduce more unknown quantities than are independent. Thus

if x and y represent two adjacent angles, X+'Y and not Z would

be used in expressing their sum in an observation equation. The
last angle in closing the horizon would be expressed as 360 less

the sum of the others, rather than by another letter.

But there are many cases where it is more convenient to con-

sider each observed quantity as an unknown, giving direct ob-

servations, and then by the method of indeterminate multipliers

eliminate an unknown for each rigid condition connecting them..

This leaves the remaining unknowns independent so that 128

will apply, but it leads to special formulas. These conditions or

equations are called rigid because they must be exactly satisfied,

in distinction from observation equations which can be only

approximately satisfied.

Let the m' rigorous equations be

(154)

where V\, V2 ,
V3 ,

. . . are the most probable values of the un-

knowns.

For each V substitute the observed value M plus a correction

v, i.e., VI = M!+VI, V2
=M2 + v2 ,

V3
=M3 + v3 ,

. . .
; expand by

Taylor's theorem as in 122, and put

=n - = b i> Jr =Ci '

62, -TTT- = C2 ,dM~2
~

U2> dM2

~"2 ' dM2

,
M2 ,

Af3 ,
. . . )

=
qi, h(Mi, M2 ,

M3 ,
. . . )

=
?2,

This gives, by substitution in (154),

'

. . . (155)



238 LEAST SQUARES. ( 135, Fig. 89,

These equations must be rigorously satisfied by vi, v2 ,
v3 ,

. . .

The observation equations are

Vi -Mi = v l^V2-M2
= v2 , ...,

or (V\ MI)\/WI = VI\/WI, (V2 M2)^w2
= v2 \/w2 . . . .

By Chapter X the most probable corrections, v lf v2 ,
. . .

,
will

be those which make

. . . a mnmum,
or w LVidvi+w2v2dv2+w3v3dv3 + . . . =0. . . . (156)

This minimum is conditioned by (155).

Differentiating,

..=0,

.. =0,

+ ...=0,

?

which must be satisfied at the same time with (156).

The number of these equations is m'; the number of terms

in (156) is m, and as m>m', we can find the values of m' differen-

tials in terms of the m m' others and substitute in (156). The

remaining differentials being independent, their coefficients will

separately equal zero. This elimination is effected by indeter-

minate multipliers, i.e., the first equation is multiplied by A,

the second by B, etc., and (156) by 1; the products are then

added and A, B, C, ... given such values that m' coefficients

of dv shall equal zero. The other (m m') differentials being

independent, their coefficients must = 0.

Placing each of these coefficients equal zero gives

Coefficient of dvi Aa^ + Bbi + Cci + . . . WiVi = 0,

(157)

Multiply the first by ,
the second by ,..., then multiply

WL w2

the same equations by ,,...,,,..., and add the
Wi w2 WL w2
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products in each case. This will give by comparison with (155)

ra' normal equations containing m' unknowns.

. (158)
+92=0,

+93=0,

in which for equal weights w= 1.

A, B, C, ... are called correlatives of the equations of con-

dition. Their values from (158) substituted in (157) will give

. . . (159)
(a^A+b2B+ c^C+ - ) ,

from which

Since there were m observations and m observed quantities,

while m' quantities have been eliminated, the difference between

the number of observations and that of the unknowns is m', so

that (150) and (151) become

[
- ^^ d60)

136. Control. If in (157) we place

. . =S2 ,

- -
=

*3,

and treat s the same as one of the other terms in deriving (158),
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the following checks will result. It should be noted that they
do not contain the absolute terms as in (145).

Lw w w

i+r-]. .
= ri

w J L w J Lw J

^i + r^i + r^i _ r c

uJ+Ltfl-T LtiJ-" U7

. (161)

To check [ww
2
] multiply (159) by Vw, square, and add.

Substituting the values of q from (158),

(162)

Similarly for independent observations upon independent quan-
tities, 128, multiply (141) by Vw, square, and add.

. . . +2[wal]x,

[wbb]y
2
+2[wbc]yz . . . +2[wbl\y,

[wc
2
]z
2

. . . +2[wcl\z,

Substituting the values of [wal], [wbl], . . .
, from (142),

[wv
2
]
=

x[wal] + y[wbl] + z[wd] . . . + [wll\. . (163)

Applying (163) to the problem of 133,

[v
2]=- 12.582-7.781+20.560=0.197,

nearly checking [v
2
] as found at the end of the paragraph.
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137. Example. In the Coast Survey Report, 1880, App. 6,

are given the following differences of longitude:
*

Year. Observed Differences. Cor.

1851 Cambridge-Bangor ____ Oh 9m 23s
. 080 0.043 v

t

1857 Bangor-Calais........ 6 00.316 0.015 v2

1866 Calais-Hts. Content. .. '55 37.973 0.066 va

1866 Hts. Cont.-Foilh.' ..... 2 51 56.356 0.029 v
t

1866 Foilhommer.-Green____ 41 33.336 0.049 v
6

1872 Brest-Greenwich...... 17 57.598 0.022 v6

1872 Brest-Paris........... 27 18.512 0.027 v
7

1872 Greenwich-Paris...... 9 21.000 0.038 v
9

1872 St. Pierre-Brest....... 3 26 44.810 0.027 v
9

1872 Camb. -St. Pierre...... 59 48.608 0.021 v
lQ

1869-70 Camb.-Duxbury...... 1 50.191 0.022 vu

1870 Duxbury-Brest....... 4 24 43.276 0.047 v
l2

1867-72 Washington-Cambridge 23 41 .041 0.018 va
1872 Washington-St. Pierre. 1 23 29 .553 0.027 v

l4

Number of conditions (154) or (155) t = J-p+l = 14 -11 + 1 = 4

(
= No. of observed differences of longitude, p= No. of stations).

A glance at Fig. 90 shows a triangle, Brest, Greenwich, Paris;
a polygon, Cambridge, Bangor, Calais, H. Content, Foilhommer.,

Washington

FIG. 90.

Greenwich, Brest, St. Pierre; a polygon, St. Pierre, Brest, Dux-

bury, Cambridge; and a triangle, Cambridge, St. Pierre, Washing-

ton; each giving a check or rigid condition.

* The Pacific arcs from San Francisco to Manila were observed in 1903-4,

completing the circuit of the earth. (Coast Survey Report, 1904, p. 263.)

f With I lines and p points, I must equal p for a closed figure and this

will give one check. All extra lines after the figure is closed must be check
lines. Hence

No. of checks = l
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These give linear equations. Substituting in (155),

-^6 + ^7-^8-0.086 = 0;
-
VL 1>2 ^3 v V5+ VQ + vg + VIQ 0.045 = 0;

.096 = 0;

with weights inversely as the squares of the uncertainties.

TABLE FOR NORMAL EQUATIONS.

V
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two adjacent points, while the same difference will be found be-

tween any two distant points by any circuit.

If we square each v, multiply by w', and add,

[^2] = 0.1 148.

Computing by (162),

By (160),

The for each observed value can be found by multiplying e*

by J-i=loJ .

\w' \ w

Thus for the first

ei
= 0. 170X 10X 0.043 = S.07.

Ex. 2. The following differences of level were determined between points

along a small lake; points A, D, and F being at the mean surface of the

lake:

A to B +12.61
B " C +24.07
C " D -36.38
C " E -22.30
E " F -14.55

Find the most probable values of the elevations of B, C, and E above

mean lake level.

Ex. 3. The angles A, B, and C of a spherical triangle are measured with

the weights wlt w2 ,
and Wz, required their adjusted values.

138. M.S.E of a Function of the Required Quantities for In-

direct Observations. Let the function be

F=f(X, Y, Z, . . .)

= f(X +x, Y +

expanded to the linear form.

This may be written

F=H+G1x+G2y+G3z+. . .
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Since x, y, z, . . . are not independent, being connected by the.

normal equations, they had best be expressed in terms of the ob-

served quantities. As in 130, (c),

x=-[al\, y=-[pl\, --W,...,. ... (a)

where a, /?, 7- ,
. . . are functions of a, 6, c, ... of the normal equa-

tions.

Substituting,

Hence, by 122,

. . .)2 + . . . (164)

Reducing the observations to weight unity by multiplying by
\/w=E'/e (see 125),

or

+...... (165)

To find the values of [aa], [a/3]. . . .
, assume, as in 130,

x.= -[al\, y=-W, z=-[rl\, ...

Substituting in the normal equations,

[aa][al\ + [ab][pl\ + . . .
-

[al\
=

0,

[db][al\ + [bb][0l\ + ...- M - 0,

Arranging according to ^, ^2, . . .
,

(Ma! + [a6]ft + ... -a
+ ([aa]a 2

([ab]a, +
+ ([ab]a 2 + [bb]fe + ... - b2)l2 + . . . =0.

|..... -
J

The undetermined quantities ai, a 2 ,
. . . may be so deter-

mined that the coefficients of ll} 12 ,
. . . shall each equal zero, i.e.,.



Eq. 168.) M.S.E. OF A FUNCTION. 245

[ab]t2

[a6]a2

. . .
- ax

=
0,

. a2 = 0,

..'.- &i - 0,

. . .
- 62 = 0,

Multiply the first equation of the first set by a if the second by
#2 , ,

and add; then since the equation must hold whatever the

number of terms [aa], [ab], . . .
,
their coefficients must each equal

zero, giving

[oa]
=

l, [a/3]
=

0, [ar]
=

0, ....... (166)

Again, multiply the second set by b\, 62 ,
. . .

,
the third by clf

c2 ,
. . .

,
and add as above.

(167), [cr]

Again, multiply each set by a i} a 2 ,
. . .

,
each by fa, /?2 ,

. . .
, each

by fi, T2> )
and add.

.. . . (168)

The coefficients of these equations are the same as for the nor-

mal equations, so that the values of [aa], [a/?], ... of (165) can be

found from them by substituting 1, 0, 0, ...; 0, 1, 0, ...;...
for the absolute terms and carrying out the solution as in the Ex. of

133, the quantities being the same as Qx , Qy , Qz of that example.

Ex. 1. In the Ex. of 133 it is required to find the m.s.e. of the angle
between the line of collimation and the meridian.

JL-G
dX.

1

F=f(X,Y)=X+Y.
df

1.



246 LEAST SQUARES.

Substituting in (165),

~ =(aa}+ 2[a t

( 138, Fig. 90,

of 133, where y' is the value of y used in finding Q x and coming from the
absolute terms 1, 0, 0.

/. IgL 1.36 + 2X0.83+0.58=3.60,

ejp
= Vfi' 2 X 3.60 =0.32.

Ex. 2. Show that the average value of the ratio of the weight of the observed

value of a quantity to that of its adjusted value is the ratio of the number of

independent unknowns to the number of observed quantities (m/n).
The m.s.e. of an adjusted value M

l+vl
is the same as that for li+Vi.

But

Placing

-I
1+vl =a lx+b 1y+. . .

-[afj for x, -[fit] for y, . . .
,

. ' )V+(a1
a2+6 1/?2+. . .

The normal equations with weights are (eq. 142)

\waa\x+[wab]y+ . . . +[wal\=Q,

[wab]x+[wbb]y+ . .. +[wbl]=Q, (c)

If these had been used in deriving (6), each term would contain w. In

deriving (166) (167), and (168), would be used as a part of the multiplier,

giving for (168)

Solving (c) for x, y, . . .
,
and (d) for

, , . . .
, we find
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Equating the coefficients of 7j in the two members of the equations,

J
a

' + LirJ
6

'+
---"^

i

d)

Substituting in the value of 2

,_ )~w~ i

Similarly for ^, ~3

,
. . .

W't ^3

Adding [|L]=[aa]+ [&/?]+.. .

=m by (166) and (167).

Hence the average value of I

J
=

,
as assumed.

139. M.S.E of a Function of Dependent Quantities. Let

+ ...... (169)

(a)

where the v's are connected by (155), i.e.,

=
0,

j

= 0, [ .... (170)

with [wy
2
]
= a minimum.

Multiply the first equation of (170) by ki, the second by k2 ,

etc., then add to (a), giving

If now proper values be given to the correlatives ki, k2 ,
. . .

,

we can treat v\, v2 ,
. . . as if independent as in 135, giving, 122,
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. .. . . (171)

or, using weights,

+ (92+ ajti +62^2 + -)
2 +

W2

. . (172)

If the most probable values' of the v's are substituted in the

value of F, this function will have its most probable value. Hence

by the principle of Least Squares, to be proved in the following

chapter, ef will be a minimum. This condition will determine

ki, k2 ,
. . . by differentiating (171) with respect to them as inde-

pendent variables. Hence

dk
=

0, ...,

giving

0, (173)

or, using weights,

w ...r*i-o.
LW_\

(174)

These equations have the same coefficients as the normal equa-
tions (158), so that the values of k can be easily found by adding a

column of absolute terms in the solution as in 134.

Ex. 1. Find the m.s.e. in a triangle side due to the m.s.e.'s of the measured

angles.

The function equation (169) is



Eq. 174.) MJS.E. OF A FUNCTION. 249

Differentiating,

^.-,,-acotif,, ^-,,-
-a cot M,.

The rigorous equation to be satisfied in closing the triangle is

giving a1
=a2 =a,3

=
l, and for (170)

There being only one condition, we have only one correlative,

Substituting in (173),

[e
2

gr]_ efa cot M l + 2
2a cot M2

1=~M~ 1
2 + 2

2 + 3
2

Substituting in (171),

F 2 =a 2 sin 2 I" I
(l
- :4i

)
cot ^"i +Ai cot Ma

|

+a 2 sin 2

l-|^cotM 1+(l-^)
cot M2

|

'

+a 2 sin 2 1"
(=4^

cot ^"i-nln cot M2)

2

3
2
.

Making use of the value of [e
2
] (= ef -4- 2

2 + s
2
) and reducing,

If x
=

2
=

3,

F2 =fa 2 sin 2
l"(cot

2Mx -}-cot
2M

2+ cot Mt cot M2)e
2
.

If the triangle is equilateral,

1?
2 = |a

2 sin 2
1
// 2

>

If the base has the m.s.e. sb, F 2 would be increased ( 122) by r-2 &
2
'

Ex. 2. Find the m.s.e. of the adjusted angles of a triangle sa in terms of

those of the measured ones e. Ans. ea
2 =$ 2

.



CHAPTER X.

THEORY.

140. Principles of Probability. The mathematical probability

of the occurrence of an event is denned as the ratio of the number

of ways it may happen to the total number of ways in which it

may either happen or fail; each being supposed independent and

equally liable to occur.

Thus if an urn contain a white balls, b black, and c red ones,

the probability in a single draw

Of drawing a white ball =
, .

b -\-c

Of failing to draw a white ball =
, .

The sum of the two probabilities
= = 1.

}- (175)

Of drawing either a white or a black ball = .

Of drawing a black, white, or red ball =
a = 1.

Of drawing a green ball = =0.

We thus see that the probability is an abstract number which

varies with the degree of confidence which can be placed in the

occurrence of an event, zero denoting impossibility and unity cer-

tainty; that the probability of occurrence plus that of failure

must always equal unity; and that the probability of the occur-

250
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rence of an event which can happen in several independent ways
is the sum of the separate probabilities.

If a second urn contain a' white balls, b
f

black, and c' red ones,

the number of possible combinations or cases in a single draw

from each urn

while the number of favorable cases for two white balls

= aa'.

Hence in two successive draws, one from each urn,

Probability of drawing 1 __oo/_
two white balls j

~
(a+& + c)(a' + 6'+c')'

This, by (175), equals the product of the separate probabilities.

The same could be proved for any number of events.

We thus see that the probability of a compound event, pro-

duced by the occurrence of several simple and independent events,

equals the product of the separate probabilities.

141. Probability Curve. In connection with the accidental

errors of observation, the following axioms, derived from experi-

ence, were stated in 120.

1. Small errors occur more frequently, or are more probable,

than large ones.

2. Positive and negative errors of the same magnitude are

equally probable, and in a large number of observations

are equally frequent.

3. Very large errors do not occur.

From the first axiom it may be assumed that the probability

p, of an error A, is some function of the error, or

(a)

Practically there is a limit to the graduation and use of instru-

ments by which A can have only definite numerical values differing

by the finest reading, dA, so that the probability of an error A is

the probability that the error lies between A and A-\-dA, a value

which will vary with dA
;
hence (a) would be more correctly written

(177)

Mathematically we have to treat J as a continuous variable.
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Taking p as a continuous function of A, (177) represents a

curve of the general form shown in Fig. 91, for, by the first axiom

above, small values of A must have the largest probabilities, p;

by the second, the curve must be symmetrical about the axis of P;
and by the third, p must be zero for all values of A greater than a

A M' o M A

FIG. 91.

given limit 1, an impossibility except for Z=oo, although it can

be closely approximated.

142. Form of /(J). Observations may be direct or indirect,

i.e., the observed quantities may be the required ones or they may
be functions of them. As the first is but a special case of the

second, only the latter need be considered.

Let us take the observation equations of 128,

. . . . (178)

there being n equations or observed values M, and m unknowns

with n>m.
The probability of the occurrence of a given series of errors,

J 1; A 2 ,
. . ., in Mi, M2 ,

. . . will be, by (176) and (177),

p=f(A^dAJ(A 2}dA2 (179)

But the true values of X, F, . . . are unknown; and since A\,

A 2 ,
. . . are found from them by substituting in (178), their true

values are also unknown. The most probable values of the errors,

which, if the number of observations is great, may be taken as the

true ones, and hence also of the unknowns, will be those which

make p a maximum; or, since log p varies with p, and the unknowns
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are independent except as connected by the observations them-

selves, the derivatives of log p with reference to X, Y, . . . must

equal zero.

This gives, since

.... (180)

in which

The number of these equations being the same as that of the

unknowns, they will serve to determine -them when /'(J) is known.

Furthermore, /(J) and /'(J) being general, they must hold what-

ever the number of unknowns.

When the number is one, and the unknown is directly observed,

the errors will be

A^X-Mi, A2=X-M2 , ...,

from which

dJi__ck/2_ _ 1

dX~dX~
and (180) reduces to

or

(182)

It is usually assumed that the arithmetic mean is the best or

most probable value that can be found for a single quantity from

a set of direct observations all equally good. Making this assump-

tion, and also that the number of observations is great, it may be

called the true value, or

transposing,

(X-Mi) + (X-M2) + (X-M3) + . . .
=

0,

i.e.,
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Comparing this with (182), and remembering that each equa-
tion must hold whatever the value of n,

~T~ = a constant= k.
A

Hence, from (181),

Integrating,

Passing to numbers,

in which e is the base of the Naperian system of logarithms.

Since as f(A) increases A diminishes, k must be essentially neg-
ative. As its value is unknown we may replace it by another

unknown constant, i.e., place k= 1/
2

, giving

whence

__Jf
p=f(A)dA = Ce ^dA. . . . (183)

143. Constant C. In deriving (177), the probability of an error

between A and J + dd, it was assumed that p increased directly

with dA, which would be true for small intervals. For larger in-

tervals the probability varies with A, so that the sum of the sepa-
rate probabilities would have to be taken, giving

/ (a)

Since all errors are included between + oo and oo
,
the prob-

ability of an error between these limits =1, and of an error be-

tween and oo (plus and minus errors being equally probable) = J.

Hence

/ooe
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If we place the exponent of e, or

For A = oo
,

t will also = oo
,
so that the limits will be the same.

Substituting,

Since the definite integral is independent of the variable, we

may also put

e~ u2
du,

giving

l= C2
s
2
/ / e~ t2- u2dtdu.
7
o
J

o

To integrate, take a surface of

revolution generated by a curve

with equation z= e~ t2 in the ZT

plane, or z= e~ uZ in the ZU plane.

Its equation will be

or

Its. differential volume above the

plane TU, as found by dividing

into elementary prisms, whose

base is dt-du, will be

giving

o ^o
(c)

(Note that the integral represents only one-fourth of the vol-

ume.)

Its differential volume, as found by dividing the plane TU into
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elementary rings of area= 27rrdr, and erecting hollow cylinders of

heights z, will be

Integrating,*

V=*J
Q

e-*2rdr,

or

By (c) it is seen that the required integral
= \V, which by (d)

Substituting this value in (6),

,
or C =

.

Hence (183) becomes

^..... (184)

144. Value of Probability Integral by Series. Substituting

the value of C in 143 (a) with the limits changed to a and -fa,

or, with ~ = t
2 and dA = e\/2dt as in 143, with the limits changed

to -t= = and +t= + =:,

Expanding ex by Maclaurin's theorem,

* d(a
x

) =ax ladx
}
where la is the Naperian log. Hence for the base e,
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Hence

Substituting,

2 / t
3

t
5

t
7

t
g \

(p)t
=

_ / [ ^~"Q vx i !~1~ Kv/oi~~'7xyQ
i |"l~gx4i~~ ]> (185)

which converges rapidly for small values of t.

For large values of t a more rapidly converging series may be

obtained by transforming according to the foot-note upon the pre-

vious page and integrating by parts,* thus:

or, by continued integration by parts,

1 1 1 3 /* dt= e~ t2+ e~ t2+ - I e~ tz
.

Hence

r* e-*r i 1.3 1.3.5 \
/ e

~
* dt= 1 1

1 ; h . . .
) ,

the terms for the limit oo being all zero.

But
t /*<*> /

e~**dt= / e-*
2dt- / e~

u ^0 l/
t

Substituting,

~' + '' ' (186)

From (185) and (186) Table XIII has been constructed, from

which (p) t can be found for any value of t or
j=.cv 2

/ xdy= xy-J ydx.
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In a given set of observations errors of different magnitude
should occur in proportion to their probabilities as found from

Table XIII. This gives a method of testing theory by practice,

as below in the eighteen independently observed values for the

angle Mednicken-Fuchsberg at station Trenk, given in Grad-

messung in Ostpreussen, p. 78.

Angle.
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145. Degree of Precision. It should be noted that the value

of p in 144 for a given value of A depends not on A but on t=
,

so that in two sets of observations the probability of an error less

than d in the first will be equal that of an error less than d f
in the

second, if d/ =
d'/e'; e.g., if e'= 2e, the probability of an error

less than d in the first will be the same as that of one less than

d'/2 in the second, or the probability of an error less than, say, I"

in the first will be as great as that of one less than 2" in the second,

or the degree of precision of the second is said to be only one-half

as great as that of the first.

The degree of precision is then inversely as e, and observations

can be reduced to the same degree of precision, and their errors

directly compared by dividing them by their corresponding e's.

J2

These quotients must in fact be abstract numbers, since -^ is

the exponent of e in (184).

146. Constant e. In a large number of observations errors of

different values will appear in proportion to their probabilities (as

found to be nearly the case for a small number of observations in

144, so that in n observations, or errors, there should be by (184)
'

Ji
7=.e 2 2 errors of value A'

,

SV27T

n-^Le~^ " " "
A",

\/27T

Squaring each error and adding, we have for the total the sum
of a series of terms of the form

. dA -J>L
A2U 7=6 2e2 .

>/2;r

J2

Placing ^~2=t
2 and dd=\/2dt as before, with the limits of

oo for A,

rj2i 2 2 /*+

Average square = - -= ~ I e~ t2
t
2dt

n ^
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Integrating by parts,

=
0+^, by 143.

Substituting,

*?-, ........ (187)

which by comparison with (120) shows that the constant of 142

is the m.s.e. of 121.

147. Average Error. As in 146, we have the mean value of

the errors taken without regard to sign :

3r(-K
whence

,
= ^=0.7979

,

]

or
*

[. . . . (188)

148. Probable Error r. If a series of errors are arranged in

order of magnitude, the central one is called the probable error.

There thus being as many errors with less values as with greater,
the probability that any error taken at random will be less than r

will be the same as that it is greater, and each equals one-half.

Its value is found by placing (p) t=% In 144, and solving for

v

=
777?) 'by Table XII

giving

J
',=, or -^ =

0.4769,
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from which
r=0.6745e (189)

The p.e. and m.s.e. are both used in expressing the precision of

observations. The p.e. is almost exclusively used in this country.
It should be remembered that this is not a limit for the actual

error, which will be greater as often as less.

149. Graphic Representation. If in (184) e= =. which re-
\/2

duces J to t,

from which the curve f(t) of Fig. 93 can be plotted by assuming

FIG. 93.

values for t and solving for f(t), as below,

shown in Fig. 91.

Its general form was

t

0.0
0.2
0.4

/(O

0.564
0.542
0.481

t

0.6
0.8
1.0

/(*)

0.394
0.297
0.208

t

1.5
2.0
3.0

/(O

0.079
0.010
0.000

Since p/dt is an ordinate, p, the probability of an error t, will

be an area= /($)cft; while (p)t of 144, the probability of an error

between and t, will be the area from to t below the f(t) curve.

Laying these values of (p) t off as ordinates for given values of t

by Table XIII, we have the curve (pYQ .

If J = e, t'=l/\/2= 0.707, corresponding to the m.s.e. If

J = 0.6745e, t"= 0.6745/V2"=0.477, corresponding to the p.e.

These ordinates are laid off at ab and cd. The latter, cd, will

bisect the area between the f(t) curve and the axes, and cut the

(p)*Q
curve at the height 0.5, from the definition of p.e.
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The former, ab, will give the point of inflection of the f(t) curve,

for, placing the second differential coefficient equal zero,

or

t=l/V2= t', as above.

150. Principle of Least Squares. In 142 we saw that with

n unknowns dependent upon observation, their most probable

values were those which made

a maximum, or substituting the values of /(Ji),/(J2)? from (184),

a maximum which, since dA\, dA2 , . . .
, i, 2> are constants, or

are known from the observations, will be a maximum when

is a minimum; i.e., each error being divided by its m.s.e., or re-

duced to a standard degree of precision, 145, the most prob-

able values of the unknowns will be those which make the sum

of the squares of the quotients a minimum. Hence the name

Least Squares.

If the degrees of precision are equal,, can be factored out,

leaving [A
2
] a minimum. When [A

2
] is a minimum [t] will also be

a minimum.

For, 124,

ne2
,

or [A
2
]
=

[v
2
]+ nd2 .

But
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Substituting,

(190)

Hence we may also say that each residual being divided by its

m.s.e., or reduced to a standard degree of precision, the most prob-

able values of the unknowns will be those which make the sum of

the squares a minimum.

We may also note that, since it was assumed as an axiom that

the arithmetic mean of a number of equally good observations is'

the most probable value, the arithmetic mean must make the sum
of the squares of the residuals a minimum.

To test this, take some other value of the unknown as

The residuals will be v i

'= v 1 +d, v2
'= v

Squaring and adding,

which, since [v]
= and nd2 is positive, will always be greater than

M.
151. Relation between Average, Mean Square, and Probable

Errors. To find the average error of 147 in terms of the resid-

uals v, with one unknown, directly observed, we have from (190),

Hence it may be concluded that on the average

A2 n A
\ n

~2
= --

1>
and ~=

\] ?>
v2 nl v \n 1

or, if v and A are added without regard to sign,

Hence the average error,

f)

-.
Vn nV n 1

. . (191)
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Substituting these values of ^ and
7?

i*1

=1.2533-Jir

( 151, Fig. 93,

\/w(n-l)

0=1.2533
1

. . (192)

which are known as Peter's formulas.

From (128) and (129),

From (189)

r= 0.6745,
n(n-l)

(193)

which are known as Bessel's formulas.

For the general case of indirect observations we have (150)

Hence as above,

_, while ^-.
n m n

or

n m)

-

m)
(194)

Vn(n-m)

which are known as Lueroth's formulas.

For the case of direct observations upon dependent quantities

m' takes the place of nm as in (160), giving
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\/nmr \/nm'

(150) and (160) being . . (195)

The values of and r derived from the first powers of the resid-

uals are often used because they are slightly more easy to com-

pute; they are not, however, as accurate as those derived from

the second powers. Weights are readily introduced if desired.

152. Limit of Accuracy. In deriving the preceding formulas

it has been assumed: (a) That the number of observations is

great, (b) That A can be regarded as a continuous variable.

(c) That all constant errors have been eliminated. With but few

observations, (a) and (6) are only partially satisfied, still if (c) is

satisfied, the computed m.s.e. will, on the average, be the true one,

although in an individual case it may be somewhat in error.

But as constant error is usually present, the computed m.s.e.

may be very misleading, unless the circumstances under which the

observations were taken, or the reputation of the observer, are

known. Again, when the number of observations is great, an

increase in the number does not_reduce the m.s.e. as rapidly as

theory would indicate (eo= s/VVi), and finally there is in every

species of observations an ultimate limit of accuracy beyond which

no mass of accumulated observations can ever penetrate.

For example, Chauvenet (Astronomy, Vol. I, p. 370) states that

the ultimate limit of accuracy in finding longitude from moon cul-

minations with a sextant is about one second of time, and that

this result can be reached by taking advantage of the available

clear nights for some two to three years. Professor Rogers found

the p.e. of a single complete determination of the declination of a

star with the meridian circle to be 0".36 and of the right ascension

of an equatorial star Os.026. He says: "If therefore the p.e. can be

taken as a measure of the accuracy of the observations, there ought
to be no difficulty in obtaining from a moderate number of observa-

tions the right ascension within s
.02 and the declination within

0".2. Yet it is doubtful, after continuous observations in all parts

of the world for more than a century, if there is a single star in the

heavens whose absolute coordinates are known within these limits."
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The reason is that the observations are not arranged so that con-

stant error is eliminated, but only the accidental errors.

Even the theoretical gain in accuracy by increasing the number
of observations is small after a fairly large number have been taken,

so that if it is possible to improve in instruments or in methods, it

is a waste of time to push the repetition of observations to any-

thing like the ultimate limit of accuracy. The improvement in

method is mainly in the arrangement of the observations so as to

eliminate constant error. A study of the methods of observing
which have been developed and of the instruments employed, as

described in Part I, is of interest in this connection.

153. Rejection of Doubtful Observations. This is one of the

most difficult points in connection with the adjustment of observa-

tions. An observer is at liberty to arrange the observations and

choose the conditions under which he will observe as his experience

and best judgment may dictate. Having begun the observations,

if he finds the conditions unfavorable he is at liberty to stop, reject

the work already done, and begin again under more favorable

auspices. When it comes to individual results in a set, if there is

reason to suspect that an observation is poor before obtaining the

result, a note should be made to that effect and a line drawn through
the value. If the only reason for suspecting it is because it differs

from the others, the young observer should hesitate about rejec-

tion unless the discrepancy is so great that a mistake is certain.

The attitude of an observer should be that of perfect honesty and

fairness, directing his effort each time to obtaining the best pos-

sible value of the quantity sought without being biased by the pre-

ceding results, and without regard to them except to know in a

general way that no mistakes are being made.

Having the different results together, and being familiar with

the circumstances under which the observations were made, the

observer can decide which, if any, he will leave out in making up
the mean.

The computer in revising the work usually assumes the right

to revise the rejection of observations. For this purpose he, if not

the observer, will usually require a criterion. Several have been

proposed. Peirce's is perhaps in most common use, but the follow-

ing, based upon Table XIII, has able advocates and is simple.

If J = 3, t= 3/V2= 2.12, giving,byTable XIII, (p)<= 0.997 ;Le.,
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only 3 errors in 1000 should exceed 3 times the m.s.e. On this

account the criterion calls for rejecting errors greater than

3e in limited series of observations. Many object to any criterion

and leave the matter to the judgment of the observer, or to the

computer in cases where more data are obtained by subsequent
observations or by an advance in theoretical knowledge.

See on this subject Wright and Hayford's Adjustment of Obser-

vations, pp. 87-93.



CHAPTER XL

APPLICATION TO TRIANGULATION.

154. Triangulation. In adjusting the horizontal angles of a

triangulation there are two classes of errors or discrepancies which

are to be considered, one in the adjustment of the observed angles

or directions at a station, the other in their adjustment in the

FIG. 94. FIG. 95.

triangulation. Strictly, both should be considered together, but

much labor can be saved by making a station adjustment first and

with the adjusted values thus obtained entering the triangulation

and making a second adjustment without reference to the first.

The discrepancies in the first adjustment are small in compari-

son with those in the second, as the effects of eccentricity, phase,

etc., are not wholly eliminated by the method of observing, but

enter more or less as constant errors which appear in the second

adjustment. On this account there is but little loss in accuracy

and the method of separation is usually adopted to save labor.

155. Station Adjustment. The station adjustment can be

avoided by measuring the angles at a station independently and

without checks. This can be done by measuring the angles between

adjacent stations, as in Fig. 94, or by measuring the angle from a

reference line around to the right to each station, as in Fig. 95o In
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the latter case each measured angle would correspond to a bearing

or direction for the line to its right. They are sometimes used as

directions in the figure adjustment and sometimes the differences

are taken and treated as angles. In the first case (Fig. 94) a con-

siderable gain in accuracy can be secured by closing the horizon.

This would reduce the station adjustment to simply dividing the

discrepancy equally among the angles if of equal weight, or

inversely as the weights if the weights are unequal. If instead of

closing the horizon the sum angle is measured the discrepancy
would be divided equally among the angles, including the sum, if

of equal weight, or inversely as the weights if unequal.

If the signals are tied together as in Fig. 96, either with a direc-

tion instrument or a repeating instrument, as described in 51 and

52, a station adjustment will be required. If treated as angles the

angle between each two adjacent lines would be considered an

unknown, X, Y, Z, . . .
,
while each observed value would furnish

an observation equation. Thus in Fig. 96 there would be four

unknowns, with four observation equations from the angles swung
from 1-6, three from 2-6, two from 3-6, and one from 4-6.

The first would be

X - Mi =
vi,

X +Y - M2 =v2 ,

X + Y + Z - M3 =v3 ,

X + 'Y + Z + U - M = vt.

The next

Y - M5 = t>5 ,

Y + Z - M6
= VQ}

This is a simple case under 128.

If treated as directions there would be five unknowns and the

observation equations would be written :

- Xi + Yi - M l
- vlt

- Xi + Zi - M 2
= v2 ,

- Xi + Ui - M3
=

tfe,

- Xi + Wi - M4 = iu

for the first, etc. for the others.

This method would be used for the observations of both 51

and 52.
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For the method of direction observations described in 50

denote the required directions of the signals

or the angles which they make with the ref-

erence line by Y, Z, U, . . .
,
and the angle

between the zero of the circle for each posi-

-5 tion and the reference line by Xf

,
X"

'

, X'", ....

Then if the readings of the circle on station

1 are MI', M\" ,
. . .

,
on station 2, M2 ,

FIG. 96. M2", . . .
,
the observation equations will be;

For the first position,

X' - Mi' =
vi'

X' +Y - M2
f = v2

f

For the second,

X" - MI" = vi"

X" + Y - M2
" = v2

"

The solution would be as given in 128.

It is stated in the 1903 Coast Survey Report, p. 846, that for

the method of direction observations as described in 54, no local

adjustments of directions were made on the ninety-eighth meridian

work because their method of observing has rendered them un-

necessary. With the repeating instrument it will be remembered

the angles between adjacent lines are measured and the horizon

closed, giving a very simple station adjustment.

156. Weighting. In the station adjustment the observed

values for the observation equations are the means of quite a num-

ber of observations, so that their p.e.'s can be found from the resid-

uals for the separate observations by (193). The reciprocals of the

squares will give the weights for the observation equations.

The p.e.'s for the computed angles can be found in solving the

normal equations as in the problems of 133. If the angles are

observed independently the p.e.'s can be found as for the station

adjustment above.

Having the adjusted angles or directions, the next step will be

to make up the triangles and compute the triangle errors. Usually

more triangles can be made up than are necessary to express all of

the angle checks, and as using this extra number will result in a

waste of labor, it is important to find the exact number required.
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The number of lines required to connect p points with a closed

figure is p,. and this will give one check upon the observed angles.

Every additional line will give an additional check, so that with

I lines and p points

No. of angle checks=lp+l (196)

This will usually give the number of required triangles. In

exceptional cases a sufficient number of triangles to satisfy (196)

cannot be found, and polygons will have to be used instead. When
there is an excess in the total number of triangles the best-shaped
ones should usually be taken.*

The triangle errors can then be computed by comparing the

sums of the angles in each with (180 + s) . f Squaring these, adding
and dividing by the number of triangles will give the average

square, or e
2 for a triangle. Dividing by three will give the average

e
2 for an angle, or by six the average e

2 for a direction. J Compar-
ing this value with the average e2 found for the adjusted angles or

directions at the station, it will' usually be found greater. The
reason is that the former include only the observing errors, while

the latter include both the observing and triangle errors, or those

due to eccentricity of signal and instrument, lateral refraction, one-

sided illumination, etc. Subtracting the former from the latter

will give the e2 due to triangle error, which must be regarded as

constant. Adding this to the e
2 due to observing error for each

angle we have the total for each angle; the weights for the triangle

adjustment will be proportional to the reciprocals of these.

In case more than three of the adjusted angles are required to

form a triangle, the sum of the squares of the triangle errors should

be divided by the total number of angles used for the average
2

for an angle; while in forming the sum of the e
2 for the adjusted

angles at a station, each should be repeated as many times as the

angle is used in different triangles and the total number of e's used

as a divisor in obtaining the average. Polygons can be included

* For a discussion of this subject see Wright and Hayford's Adjustment of

Observations, 154.

f s = spherical excess.

t An angle is made up of the difference of two directions, just as in

compass work it is made up of the difference of two bearings. Counting
clockwise the left-hand direction would be negative and the right-hand

positive.
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with the triangles in following out this method for angles or direc-

tions if there are not triangles enough to satisfy (196).

The effect of the triangle error is to make the weights more

nearly equal; if it is to be neglected, nearly as good results will be

obtained by neglecting weights as by taking them from the s
2 of

the adjusted angles and with less labor. It is good practice to

arrange the observations so as to avoid station adjustment, except
that due to closing the horizon when a repeating instrument is used,

to measure the angles with about equal accuracy, and then to

neglect weights in the figure adjustment.

157. Figure Adjustment. The geometrical conditions to be sat-

isfied in the triangulation are:

(a) A fixed sum for the angles in a figure.

For a triangle

S
For a polygon

where $=the stm of the angles, and Z=the number of sides in the

polygon.

(b) The same length for a triangle side when computed through
different systems from the same base or starting line.

(a) gives rise to angle equations; the number is given by (196).

(b) gives rise to side equations; the number will be found in 160

Both come under the case of independent observations upon de-

pendent quantities developed in 135.

PENTAGON WITH INTERIOR POINT. (FlG. 97).

ANGLE EQUATIONS.

There are five triangle checks besides the station condition that

the angles about the central point / must remain equal to 360.

Substituting in (155),

where qi, q^, . . . are the triangle errors, and

(i)> (&i) ai>e the corrections to the angles, or the v's of 135.
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SIDE EQUATIONS.

The triangles which give a side equation, or a check upon the

length of a side, will usually have one vertex in common, called a

pole, while the sides radiating from it will each be common to two

triangles.

In making up the check equation, the two radiating sides of

each triangle are written as a fraction, beginning with any one and

taking the adjacent ones in order in either direction around to the

first again, the denominator of the first becomes the numerator of

the second, etc., until finally the last denominator will be the same
as the first numerator, giving unity for the continued product.
Each fraction can be replaced by the ratio of the sines of the oppo-
site angles in the same triangle, giving the required check on the

angles.

Thus the five triangles have a common vertex at /, giving

a/ bf_ cf_ gf e]_

bf'cfgf'ef af
or

sin b\ sin c2 sin g3 sin 64 sin

sin ai sin 62 sin c% sin g sin 5

Taking logs,

log sin bi log sin a\ -flog sin c2 log sin 62 + log sin gs

log sin c3 + log sin 64 log sin </4 + log sin 0,5 log sin

The differential coefficients of 135 become

d (log sin V) ,
. f , . , . . d-~=--- = ratio of change in log sm to change in

arc=^ -77

where d= tabular difference of log sin for I" (minus for F>90).
Substituting, (155) becomes

di (bi)-d2 (a L ) +d3 (c2)-
+ d7 (e

- d8 (04) + dQ (a5) - dio (e5) +q7
=

Q,

where 57
= the value of the log sin equation when the observed

angles are substituted.

For convenience the decimal point is moved either six or seven

places to the right for d and q.
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158. Adjustment of a Quadrilateral. Method of Angles.

To illustrate the application of the method of least squares to

the adjustment of a figure, the following

jM example, taken from the triangulation of

Seneca Lake in "1882, will be worked out.

The angles were observed independently and

the weights of each angle determined from

the observations by the method of 156.

F Q8
The spherical excess was inappreciable, since

the distances were comparatively small.

The observed angles in the three triangles of the figure which

were used for angle equations were as follows :

TRIANGLE ONL.
1

0i = 49 13' 05"A -= 0.6
w

N1+2= 70 27 53 .0 1.5

L2
= 60 19 06 .5 0.6

180 00 04 .9

TRIANGLE LMO.

Li = 48 53' 29".3 i-0.4
w

Mi+2= 60 41 56 .9 0.5

2
- 70 24 31 .0 0.6

M2

179 59 57 .2

TRIANGLE NLM.

= 4121'25".8 -=1.1
w

= 60 19 06 .5 0.6

= 48 53 29 .3 0.4

= 29 25 52 .7 1.0

179 59 54 .3

These three triangles thus afford three angle equations of con-

dition, in which q'= + 04".9, q"= -02".8, and gr'"=-5".7. By
taking a pole at L, the following side equation is obtained:

log sin GI+ log sin Mi +2 + log sin AT

i

log sin A7i+o log sin 2 log sin M2
= 0.
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The absolute term g
iv is found from the following tabulation.
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V
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The figures in the check column now include the values of the

constants, and are to be used in checking the solution, which is to

be performed by one of the methods of Chapter IX.

The solution of the normal equations gives the values

A=-2.20, B= +1.52, (7=1.68, DI = -1.08, Z>=- 0.108.

Applying now equations (159), we have for triangle ONL:

Correction to Oi =0.6{ -2.20+ 18.1 (-0. 108) }
= -2".5

"
JV1+2 =1.5{-2.20- 7.5(-0.108)} = -2 .1

" L2 =0.6{-2.20+ 1.68| =-0.3

-4 .9= -q'
In like manner for triangles LMO and NLM,

Corr. to LI = + 1".3 Corr. to N 1
= - 1.0

" "
MI_KJ=+O .1

" " M2 =+5.7
2 =+1 A " " L1 + L2=+1.0

+ 2 .8= -2" +5.7= -q'"

We now substitute these corrections in the side condition equa-
tion:

ForO,, -2.5Xl8.1 = -45.2 For Nl+2 ,
-2. IX 7.5=- 15.7

" Ml+2, +0.1X11.8=+ 1.2 "
Q2 , +1.4X 7.5=+ 10.5

" Nlt -1.0X23.9=-23.9 " Ma , +5.7X37.4= +213.2

- 67.9 +208.0
-208.0

275.9, which should equal q
lv

.

The work of obtaining the corrections is now checked, and the

adjusted angles are obtained by adding these corrections to the

observed angles.

159. Adjustment of a Quadrilateral, Method of Directions.

To illustrate the application of the method of directions to the

adjustment of a figure, the angles of the previous example are

expressed as differences of direction. Weights are assumed for the

directions illustrated in Fig. 99, which correspond very nearly to the

weights of the angles in the preceding case.

In this example each direction has a correction applied to it,
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FIG. 99.

and consequently we have a case of twelve unknown quantities

_i 3 subject to the same four conditions as before.

As might be supposed, the method is pe-

culiarly adapted to the adjustment of obser-

vations made with a direction instrument.

In the present example the steps followed

are substantially the same as in the preced-

ing one, so that no further explanation is

necessary. The normal equations are stated and solved by the

method of 134, and the corrections when obtained are checked

by substitution in the condition equations.

TRIANGLES.

-(10) + (11) 49 13' 05".4
- (7)+ (9) 70 27 53 .0
- (5)+ (6) 60 19 06 .5

180 00 04 .9

(4)+ (5) 48 53 29 .3

(1)+ (3) 60 41 56 .9

(11) + (12) 70 24 31 .0

179 59 57 .2

(4)+ (6) 109 12 35 .8

(2)+ (3) 29 25 52 .7

(7)+ (8) 41 21 25 .8

179 59 54 .3

SIDE EQUATION.
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TABLE I OR FORMATION OF NORMAL EQUATIONS.

6d
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+ 2.50

-0.37

-0.28
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TESTS OF CORRECTIONS.

(a) -0.43 + 0.14*-0.87-1.22-1.27-1.25 = -4.90.

(6) -0.43 + 1.39 +0.19+0.43 + 1.25-0.03= +2.80.

(c) +4.74 + 1.39 +0.19 + 0.14-0.87 + 0.11 = +5.70.

(d) -1.18( + 0.43) + 3.74(-4.74)-2.56( + 1.39)-1.64( + 0.87) + 2.39( + 0.11)

-0.75(-1.22)-1.81( + 1.27) + 2.56(-1.25)-0.75(-0.03)
= -0.51 -17.73-3.56-1.43 + 0.26 + 0.92-2.30-3.20 + 0.02= -27.5.

160. Number and Formation of the Side Equations. When
in any system of triangles the first two points are determined by
the length of the line joining them, the determination of any
additional point will require two sides or two directions, so that

in any system of p points we have to determine p 2 points, which

requires 2(p 2) directions, or by adding the first 2p 3.

Hence in a system of I sides and p points,

No. of side equations =l2p+ 3, . . . (197)

where each side requires to be observed over from one end only.

Stations between which side equations exist form systems about

a central point or pole including it in a triangle or polygon. Fre-

quently the pole falls outside, which makes no difference in the

solution. In either case there is one characteristic property, i.e.,

at every station three lines meet, save one, where p - 1 meet, there

being p stations. Complications arise from systems within systems.

It involves less work to take the pole where the least angles have

been observed in cases which permit of choice

In a completed quadrilateral where the angles are measured in-

dependently, it is best to take the pole at the vertex of the three

triangles giving the angle equations; in other cases where the

adjacent angles are used giving four to a triangle the pole is con-

veniently taken at the intersection of the two diagonals.

The number of angle equations was found in (196), each side

requiring to be sighted over in both directions.

In a chain of triangles where two bases have been measured,
both being regarded perfect, the absolute term of the side equation

becomes the ratio of the bases instead of unity. If the discrepancy
in length is not all thrown into the angles the p.e. of the computed
base can tie found by 162. The discrepancy can then be divided

* Alterations are made in last place in order to close the equations. They
are necessitated by omitting the third places.
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in the ratio of the p.e. squared, and the portion thrown into the

angles used as the absolute term in the equation as above.

It is best in making up the equations in any difficult case to

start with a triangle or even with a side of the net, add a point and

draw all the lines connecting it with the first points, then apply the

formulas for the number of angle and side equations and write them
out. All equations added by the lines radiating from the point

must involve the point. Add a second point, draw the radiating

lines, apply the formulas, and add the new equations as before.

In this way it is comparatively easy to distribute the equations

among the proper stations and avoid an excess in one group, which

would mean an excess of labor, or a deficiency in another, which

would mean an imperfect adjustment.

161. Adjustment of Secondary to Primary Work. The pri-

mary work having been adjusted by itself, the entire discrepancy

would be thrown into the secondary. This would be accomplished

FIG. 100.

by placing the correction to the adjusted or perfect angle, or its v r

equal zero, so that the term containing it would disappear from

(155).

Thus in Fig. 100 we have given the angles of the primary

triangle 1-2-3, and those of the secondary triangles 1-2-4, 2-3-4,

3-4-1, derived as differences of direction.

Angle equations:

Tri. 1-2-4, -(6) -(16) + (15)+ (9)+ ?1
= 0.

'

2-4-3, -
(9)
-

(14) + (16) + (12) +?2
= 0.

1-3-4, + (6)
-

(12)
-

(15) + (14) +?3
= 0.
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Side equation, pole at station 4:

1-4 2-4 3-4

2-4*3-4* 1-4
'

or

sin 1-2-4 sin 2-3-4 sin 4-1-3

sin 4-1-2
'

sin 4-2-3
'

sin 4-3-1
~

Expressing the corrections as in 157,

di (9)

From these the corrections can be derived as usual.

If a secondary chain connects at each end with a primary sidef

and in many other cases, the checks due to the connection are often

brought in as a side equation, azimuth equation, latitude equation,

and longitude equation, thus making the computed side of the

same length as, parallel to, and coinciding with, the primary side.

162. Probable Error of Any Side. In Ex. 1 of 139 it was

found that
A

ea
2 = $ai*8m

2
l"(co t

2

Similarly for the next side, using p.e. instead of m.s.e.:

ra
2 = %a2

2 sin2 1" (cot
2 A 24 cot2 B2 -f-cot A 2 cotB2)r

2+ra

Substituting,

2^. .. (198)

This will give the p.e. of any side in a chain of triangles due to the

p.e. of the base and the p.e. of the intervening angles. If, as is

quite customary, the base is considered exact the last term will

disappear. A and B are the distance angles used in computing the

side a, and r is the average p.e. for the adjusted angles. If more

than one chain of triangles can be used the one giving the smallest

p.e. should be taken.

If in Ex. 1 of 139 the log equation for a had been used, the

differential coefficients a cot MI and a cot M2 would have been

c?A /sin I" and dB /sin I", as found in 157.

Substituting in (198) and calling the base exact,

B ], . .... (199)
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-where d& and dB are the tabular log sin differences for I" for the

angles A and B.

If the average p.e. ri for an adjusted direction is used (199)

becomes

IB] (200)

To find the p.e. of the adjusted directions requires considerable

extra labor in connection with the solution of the normal equations,

as shown in the problem of 133. On this account it is more con-

venient to determine the average value of the adjusted p.e. from

that of the observed from the relation developed in 138. The

average adjusted p.e. squared equals the average observed p.e.

squared multiplied by the ratio of the number of independent un-

knowns to the number of observed quantities; i.e., if d= average

p.e. for the observed direction, Nd= number of directions observed

and Nc
= number of conditions or checks to be satisfied.

r ^ d2
Nd-Nc

Substituting,

(201)Nd

as assumed in (1) of 9.

163. Approximate Adjustment for Azimuth. An azimuth equa-
tion may be due to joining new work at two points with a common
side at each to a triangulation which has already been adjusted,

or it may be formed in adjusting between astronomically observed

azimuths. Strictly the azimuth equation should be included with

the others in the figure adjustment, but much labor is saved, and

often sufficient accuracy attained, by considering it separately after

the first adjustment has

been made.

In Fig. 101 the dis-

tance angles used in

computing 6-8 from 1-2

8 are marked A and B.

F
The azimuth should be

computed through the C

angles. Counting azimuth clockwise as usual, the azimuth of 1-4

would be found from that of 1-2 by subtracting C\. The azimuth
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of 4-1 would be found from that of 1-4 by (85). The azimuth

of 4-3 can be found from that of 4-1 by adding 2, etc. If

qz
= computed azimuth of 6-8 less the observed or direct value,

we shall have, since the angles have already been adjusted to close

the triangles,
AZIMUTH EQUATION.

(C2)-(C3) . +fc = 0.

ANGLE EQUATIONS.

for n triangles.

Forming the normal equations as usual,

nA-B+C-D . .'. +q, = Q

-A+3/? =0
+ .4+3C =0

Finding the values of the correlatives B, C, . . .
,
in terms of

A and substituting in the first equation,

nA- JA-P- . . . +qe
=

0,

or, nAn\A + qs
= 0.

Solving,

A %* r> <lz n ,
<1* n Vz

A. = -; ,
r> , L- = ~r^~> /^~ ~7^~>2n 2n 2n 2n

Corrections (159):

i.e., divide the excess of the computed over the observed azimuth by the

number of the triangles and apply one-half of this quantity to each of

the angles used in computing distance through the chain, and the total

quantity, with the sign changed, to the third angle, the latter being so

applied each time as to reduce the discrepancy.

164. Approximate Adjustment Between Bases. This equation
should be added with the others in the figure adjustment, but fre-
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quently it is omitted until the other adjustment has been made in

order to see how closely the bases will check, or the check base may
not have been measured until the figure adjustment has been com-

pleted. In such cases the base adjustment can be made separately
as below.

BASE EQUATION.

where, as in Fig. 101, the A angles are opposite the required sides

and the B angles opposite the known ones in passing from the first

to the second base, dA and dB are the differences of the log sines of

the angles for 1", and qb is the discrepancy in the logs of the bases

when the observed values are substituted.

ANGLE EQUATIONS.

for n triangles.
NORMAL EQUATIONS.

(dAl-dBJA+3B = 0.

(dAt-dBJA+3C = 0.

From the second equation,

B=
From the third equation,

Substituting in the first,

A=-

Substituting in (159),
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The corrections to the C angles will tend to foot up zero, the

differences for V for the A and B angles averaging about equal in

a triangulation. The disturbance in the azimuth adjustment will

thus be small.

By calling the C corrections zero (dA = dB ) the angle equations

become

NORMAL EQUATIONS.

(dAl -dBl ) A + 2B =
0,

(dAa -dBJA+2C =
0,

from which

i 2<?

Substituting in (159),

These corrections when applied will not disturb the azimuth

adjustment, so that the length and direction of any line will be the

same computed from either end of the chain.

165. Adjustment for Latitude and Longitude. In joining new

work to old adjusted work at two points, as in filling in secondary

triangulations, the junction side computed through the new work

must be parallel to the old (azimuth equation), must have the same

length (base line equation), and must coincide in position at one

end, which is best effected by a latitude and longitude equation.

This last can be introduced in the figure adjustment, but the dis-

crepancy in good work will be so small that the equation can be

omitted in the first adjustment, and the error in latitude and

longitude distributed as in a land survey without serious loss of
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accuracy. Each station can then be reduced to center by 59,

making the figure consistent throughout.

For the development of the latitude and longitude equations in

form for use with the others in forming the normal equations, ref-

erence is made to Wright and Hayford's Adjustment of Observations,

184, 185.

1 66. Adjustment of Levels. The three methods described in

80 and 81 for finding the difference in level trigonometrically are

from non-simultaneous readings at the two stations, from simul-

taneous readings, and from readings at one of the stations only.

The corresponding approximate formulas are:

s2

hi
= s tan J (z2 zi) + (w2 mi ) 7-^-,2Ka

h2
= s tan ife 21),

s2

h3
= s cot zi + (l 2rai)^5-,2Ka

where s= horizontal distance; z\, z2
= observed zenith distances;

Wi, m2
= coefficients of refraction; Ra

= radius of curvature of the

arc joining the two stations.

The p.e. for each result can be found as in 122, remembering
that s is well known and that z is nearly 90.

Thus
o4r 2

rfc
2= is

2 sin2 l"r,
2 +^f2

..... (202)
2rCa

rtf-.&mPlrf+! ..... (203)

o4r 2

rh?= S2 sin2 l"r,
2 + |..... (204)

It should be remembered that in the third method there will

usually be a determination from the other end of the line. The
mean of the two will give the same value for r^

2 as the others. It

is usually assumed that placing mi =m2 in the second method does

away with the uncertainty due to refraction. If this assumption
is accepted the last term in (203) will disappear, leaving r^

2 the

smallest of the three.

In adjusting a triangulation net, the algebraic sum of the differ-

ences in height in going around a triangle must equal zero, cor-
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responding to the angle equations and giving for the number the

same as for the number of angle equations, I p+1.
There will usually be enough reciprocal observations so that the

value of m can be computed for the lines observed at each station,

assigning weights to each reciprocal set by BessePs empirical

formula,

where n\, n<z are the numbers of observations for z\, z%.

The weights to be given to the differences in height would be

the reciprocals of the rh
2 found above.

In adjusting a net of level circuits run as precise levels the

same method can be used as for trigonometric levels. The diffi-

culty is in assigning weights. In closing circuits the discrepancies

are usually considerably greater than indicated from the discrep-

ancies in rerunning short sections between temporary bench-

marks, thus indicating systematic error.

Accidental errors tend to accumulate as the square root of the

lengths, giving weights inversely as lengths

of circuit. Systematic errors tend to ac-

cumulate as the length, giving weights in-

versely as the squares of the lengths.

For examples of adjustment see App. 8,

Coast Survey Report 1899, and App. 3 for

1903.

167. Adjustment of a Compass Sur-

vey. For each side the length and bearing

are directly measured, while the latitude

and departure are computed.
The latitude equation is

L= lcosB. . .

dL dL

FIG. 102.

(a)

By 122,

For the departure

rL
2= rf cos2 B + rB2

l
2 sin2 B. (c)

D= lsmB.
dD . dD .

-jr
= sin B,

-
rF?
= l

dL an
rf sin2 B + rB2

l
2 cos2B.
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If we assume, as was practically done by Dr. Bowditch, that

rf = rB2l2 = lx constant= IC, ... . . (205)

(c) and (/) will reduce to

rL 2 = rD2 =
lC, ...... (206)

i.e., the squares of the p.e.'s in latitude and in departure are each

proportional to the lengths of the sides.

In 150 it is shown that the most probable corrections will be

those which make the sum of the squares of the quotients found by

dividing each correction by its p.e. a minimum. Hence denoting
the corrections in latitude for the different sides by VLV VL^ VL3,

-
,

^ 2
i

-j-
= minimum.

Differentiating,

(207)

The sum of the corrections must equal the total error in latitude

with its sign changed, =
q\, a constant, i.e.,

Differentiating,

. . . =0..... (208)

Comparing (207) and (208), and remembering that each must

hold whatever the number of sides, or v's,

T^T^T3

' (209)
k t2 3

i.e., the corrections in latitude are proportional to the lengths of the

sides, according to the Dr. Bowditch rule.

The same can be found for the corrections in departure, giving

... (210)

k k

If the corrections are required for computing area, they can be

applied directly to the values in the latitude and departure columns;
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but if they are required for a geometrically consistent map or

record the corresponding corrections must be found for the dis-

tances and bearings. This can be done by dividing the corrected

departure by corrected latitude for the tangent of the corrected

bearing, then dividing departure by sine and latitude by cosine for

the corrected distance, giving weight to the value having the larger
numerator and using the other as a check. This requires the use

of as many decimal places as the original computation.
From the differential equations (6) and (e), the total correction

to the side

cos B sin B

The total correction to the bearing

dL dD

or, in minutes,

dB'=-
dL dD

(212)

D sin 1' L sin 1' J

Equations (211) and (212) are readily computed with a slide

rule, or even by inspection from the coordinate sheet.

In equation (205) an uncertainty in chaining which would

amount to 1 ft. in 500 would give

r6oo=l=500C, or 0.0447.

ri
= 0.0447V/, TB (in minutes) = ^- .

V I sin 1'

Substituting for different distances :

Uncertainty in Uncertainty in

Chaining. Bearing.

0.14 feet 48'

0.32 21

0.45 15

1.00 07

1.41 05

2.00 03

TV ,

Distance.

10 feet

50

100

500

1000

2000
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An examination of these results shows that the assumption of

Dr. Bowditch is fairly reasonable, although it gives too great weight
to the bearings of long lines, and perhaps too small to those of very
short ones.

168. Adjustment of a Transit Survey. In an ordinary transit

survey no bearings are observed, but the horizontal angles between

the lines are measured. In computing coordinates a meridian is

observed or assumed and the bearings found from the angles. To

express these bearings in terms of the measured angles in the adjust-

ment equations, as should be done for accuracy, involves too muck
labor. To use them as observed quantities will give different bear-

ings and different coordinates, depending upon the direction taken

around the figure for each in case the angles do not "close."

In ordinary work the p.e. of an angle need not exceed 1 minute

if care is taken in setting over the points and in plumbing the flag

poles, using tacks on the stakes for all lines of less than 300 ft.,

swinging without delay from the back sight to the front sight, and

lining in a "range
"
point to swing from for all lines of less than 50

ft. With these precautions the p.e. need not increase with the

shortness of the line, as with the compass, for which it is a waste

cf time to guard against small errors of eccentricity in setting up
or flagging.

On very rough ground, or in going through brush, where the

flag pole is partly hidden, it may be difficult to keep the p.e. below

2 minutes, while for careful work the p.e. can be readily kept

within ^ minute.

For good work the length of sight should be limited to about

1200 ft. Ordinarily it will be more difficult to measure distances to

1:500 than angles to minutes, while an acccuracy of 1:1000 is.

seldom reached except on level ground or in city work.

The accuracy of angle work is thus considerably greater than

that of chaining, 1 minute in angle giving 0.15 ft. in 500 as com-

pared with 1 ft. in chaining; or 0.5 minute, 0.15 ft. in 1000 as com-

pared with the 1 ft. due to the more accurate chaining.

On this account it will be admissible to adjust the angles to

close the figure (i.e., so that the sum of the interior angles shall

equal twice as many right angles, less four, as the figure has sides)

by distributing the error equally among the angles to the nearest

J or | minute if they all have been equally well measured, or con-
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centrating the corrections somewhat upon the poorer angles if not

equally well measured. The bearings or azimuths are then com-

puted and assumed to be correct in the final adjustment. This

leaves only the two conditions:

Sum of latitudes equal zero;

Sum of departures equal zero;

that is,

h cos B,+12 cos B2 + . . .
=

0, 1

... = 0, j

where the total corrections are to be applied upon the basis of

inaccuracy in chaining.

Denote the observed distances by MI, M2 , M%, . . .
, and the

required corrections by v\, v2 , v%, . . . The corrected distances will

be

Substituting in (213),

(Mi +vi) cos BI 4- (M2 +v2) cos B2 + ... =0,

(Mi + Vi) sin BI -f (Af2+ 02) sin B2 + . . . =0,
or

v\ cos #i + i'2 cos -B2 + ... +<?! =0, 1

}. (214)
Vi sin B! + v2 sin B2 4- ... +q2

=
0, j

where qi M\ cos 5i +M2 cos B2 + . . .
= error in latitude,

22= -Mi sin BI +M2 sin B2 + ... = error in departure.

For convenience change (214) to

Li
, L^

(215)

12

where LI, L2 ,
. . .

, DI, D2 ,
. . .

, denote latitudes and departures.

If r2 for chaining increase as /, or the weights inversely as I,

the normal equations (158) become
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L2
. . . . (216)

(159) become

ll= L2A+D2B\ (217>

Adding,

[v]
= A[L] + B[D] = Q, nearly.

Also,

_ L!

v *_A_^ jrm
12 12 12

k k k

D2 L2D2
| B
D2

2

, J

with [DL]
=

#ij and [^1)]= 92-

If the inaccuracy in chaining increases directly with the dis-

tance (r varying as Z), or the weights inversely as I
2

, (158) become

[L
2
]A + [LD]B + <?i

=
0,1

[L>]A+[D
2
]5 + g2 =0,j

with

^gJLPl-gitP*]

(219>

[D
2
][L

2
]-[LD]2'
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Vl = LI/I

In order to equalize coefficients so as to retain the same number
of decimal places throughout, 100Z is used in place of I in (216),

making the values of A and B 100 times too great and requiring

the values of v to be divided by 100.

If it is assumed that the error in chaining increases directly with

the distance, (205) may be changed to

/C, ..... (220)

which changes
(206) to rL

2 = rD2 = l
2
C, ....... (221)

(207) to
*

+toh+ ... =0, . . (222)

(223)

i.e., the corrections in latitude and the corrections in departure are

each proportional to the squares of the sides.

An examination of (220) shows that an error of 1 : 500 in distance

will give 1/500= rB ,

~
500X 0.00029

~'

or for 1/1000, rB
'= 3'.5.

These ratios are more reasonable for transit work than those

tabulated from (205), but it would require an accuracy of 1/10 000

in chaining, or the best grade of level-ground city work, to reduce

the corresponding angle error to a value easily attained in ordinary
transit work, unless the figure has a very large number of sides.

In this method the error of closure of the angles would first have

to be distributed before computing the coordinates the same as by
the first method.
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Ex, The following field measurements wero made with transit and tape:
Sta. 1

,
44 38'.5/!, 287.24 ft,; sta. 2, 8 047*, 451.75 ft.; sta. 3, 129 17'.5/e,

921.00 ft.; sta. 4, 89 20'#, 212 ft.; sta. 6, 2 35'.5L, 317.3 ft.; sta.

9109'.6ft,443.0ft.
The deflections foot up 300, requiring no adjustment for anglu closure.

The line 0-1 is nearly north and south and it- is taken for the meridian.

In computing the coordinates, columns are added for 7>
2
/100/, D*/\(\Ql,

Ll)/\()()l, made up with slide rule from the distances and coordinates as

given below.

Station.
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TABLE I.

FORMULAS AND CONSTANTS.

sin 2 x + cos2 x = 1.................... i]
1 sin x ,
-

tanx =- =- =Vsec-;r 1. ... 21
cot x cos x

sin (xy) = sin x cosy cos x sin y . . . .......... 3]

cos (x2/) = cos # cosi/Tsin z sin y............ , 4]
.

, N tan a: it tan ytan (J
">-1=F tons toy................ 5]

cos (180 ?/)= cos i/; sin (180 + i/)= sin y......... 6]

sin x = tan x = x" sin \" =x" arc 1" (for small angles)....... 7]

sinzisin y=2 sin i(ary) cos \(x^y)............ 8]

cos (x + y) + cos (x ?/)=2 cos x cos y..... .... . . 9]

sin 2x = 2 sin x cos x. . . ........ ..... 10]
2 cos2

$z = 1 + cos x............ . . o . 11]
2 sin 2

Jx = l cos z......... <>... 12]

sino; =x- + -+-... . ...... . ..... 13]

X 2 X4 X 6 X S

-+---+- 14]

155925

Xs 3x 5 5z7 35i* 63x"

+

arc Bn x-* +
g
-+

i5
. +_

2
+_ +_+ ........... 16]

^.7 ^.9

+... , .......... 17]

(In the equations 13}-17] inclusive x is in 7r-measure. Should x be given
in seconds, multiply by sin 1".)

PLANE OBLIQUE TRIANGLES.

sin A _ sin B _ sin C~
~~b~
~ .............. .... 18]

a 2 = 6 2 + c 2 -26ccos A.................. 19]

tan i(A- )=^ tan J(A+B)......... ..... 20]

Area of a triangle = i be sin A........... .... 21]

ELLIPSE AND MERIDIAN SECTION.

= l-e 2 sin
2

<j5>
.................... 24]

s2 = :r^-
2................. 25]
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TABLE I. (Continued).

SPHERICAL OBLIQUE TRIANGLES.

sin A sin B sin C-= -: r =-:-...............
, . 26]sin a sin o sin c

cos a = cos b cos c + sin 6 sin c cos A............ 27]

..g3J............ . . 28]

sin c cot 6 cos c cos A
: ..... . ........ 291
sm A

Area of spherical triangle
= A =jrjT5- ^Trr

2
(s
=
spherical excess). . . . 30]yu

SPHERICAL RIGHT TRIANGLE.

tan A sin& = tana........... . . ..... 31]

BINOMIAL THEOREM.

MACLAURIN'S THEOREM.

32]

TAYLOR'S THEOREM.

du y d*u y
2 dnu i/

s-n+z?-lr+ as'Si.......... 34]

RADIUS OF CURVATURE.

(~2
~3 ~4 T 5 \

^-l+f-'T+F"-'-)
........... 36]

37]

A. R. Clarke of the English Ordnance Survey gives the following values for

the ellipsoid of revolution as found from the various degree measurements.

These values were adopted in 1875 by the U. S. Coast and Geodetic Survey,
and those of the following tables which involve the ellipsoid are based upon
these data.

Semi-major axis........ a = 6 378 206m44 log 6.804 6985
Semi-minor axis........ 6 =6 356 583 .8

"
6.803 2238

Square of eccentricity... e2 = 0.006 768 658 " 7.8305026
One meter = 39.37 inches (by Act of Congress).

The following are approximate values ef the coefficients of expansion for

1 F., the unit being 0.000 001 of the length:

Glass....................... 4.7 Zinc....................... 16.1
Platinum.................... 4.8 Nickel-iron (Coast Survey Pre-
Steel....................... 6.2 cise Level)............... 2.2
Iron ........................ 6.5 Nickel-steel (Coast Survey
Brass....................... 10 . 2 Base Tapes).............. 0. 17
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TABLE II.

LOGARITHMS OF FACTORS A, B, C, D, E, F, FOR LATITUDE*
LONGITUDE, AND AZIMUTH COMPUTATIONS. (See Chapter
VII.)

The distance or triangle side should be used in meters.

Latitude.
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TABLE II (Continued).

Latitude.
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TABLE II (Continued).

Latitude.
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TABLE II (Continued).

Latitude.
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TABLE II (Concluded).
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Latitude.
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TABLE III.

CORRECTIONS TO LONGITUDE FOR DIFFERENCE IN ARC AND
SINE.

Logs(-).
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TABLE IV.

VALUES AT VARIOUS LATITUDES OF 1 OF PARALLEL,
LOG N AND LOG R.

(Metric Units.)

Lati-
tude.
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TABLE IN (Continued).

Lati-
tude.
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TABLE IV (Concluded} .

Lati-
tude.
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TABLE V.

LENGTHS AT VARIOUS LATITUDES OF 1 OF MERIDIAN.

(Metric Units.)

Latitude.
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TABLE VI.

VALUES AT VARIOUS LATITUDES OF LOG R.
(Metric Units.)

Azimuth.
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TABLE VII.

VALUES OF LOGARITHM m.

Latitude.
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TABLE IX.
FOR PLOTTING MAPS IN POLYCONIC PROJECTION.

(Metric Units.)

Lati-
tude.
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TABLE IX (Continued).

Lati-
tude.
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TABLE IK (Continued).

Lati-
tude.
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TABLE IX (Concluded).

Lati-
tude.
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TABLE X.

CORRECTIONS FOR RUN OF THE MICROMETER.

Corrections same sign as r for m<2' 30". Opposite signs for m>2' 30".



318 TABLES.

TABLE XI.

RECTANGULAR SPHERICAL COORDINATES.

m 2n
VALUES OF THE CORRECTIVE TERM

2RN'

m
in
km.

10
20
30
40
50

60
70
80
90
100

n in. km.
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TABLE XIII.

PROBABILITY OF ERROR BETWEEN THE LIMITS AND _.

t.
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(Numbers refer to pages.)

Accuracy and cost, precise leveling,

152

Accuracy, limits of, in observing, 265

Adjustment,
angle equations, 271

angle instruments, 78

approximate for azimuth, 284

approximate between bases, 285

compass survey, 289

figure, 272
latitude and longitude, 287

levels, 288
line of collimation, 78

plate levels, 78

secondary to primary work, 282

station, 268

telescope axis, 79
transit survey, 292

vertical circle index error, 80

Adrian, 8

Airy, 62

eyepiece, 63

Angle equations, 272

instruments, development of, 48

measurement, method of, 83

Arc, length of meridional, 162

location of great, 183

meridional, parallel, oblique, 11, 12

reduction of measured to meridian,

193

Areas on the ellipsoid, 164

Arithmetic mean, 211, 213

control of, 215

Association, International Geodetic,

10
Middle European, 10

Astronomical telescope, 51

Auzout, 48

Average error, 260

Azimuth, approximate adjustment
for, 284

factors, table of, 301

Azimuth, radius of curvature for

given, 159, 311

Baeyer, 7, 10

Base apparatus,
Bessel, 96

Borda, 5, 95

Colby, 97
defects and difficulties, 114

early forms, 95

Ibanez, 101

length of apparatus, 112, 114

length of tape, 122

metallic thermometer, 5, 95-100

Porro, 99

Repsold, 100
Base apparatus, Coast Survey,
Bache-Wurdemann, 98

duplex, 104, 120, 123

gridiron compensating apparatus,
103

iced bar, 105

secondary apparatus, 102, 103

Base lines,

adjustment between, 285

field work, 116

grades, 23

sites, 23

tape measurements, 120

Bessel. 7, 10, 131

base apparatus, 96

Brightness for telescope, 57

Calibration of thermometers, 111

Cassini, 4, 5

Chauvenet, 75
Chromatic aberration of telescope, 61

Circle, repeating, 48

Clarke, 5, 6, 7, 10, 113, 132, 300

Classes of errors, 206
Closeness of computation, 216

323
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Coast Survey (see base apparatus), _.

accuracy of results, 90

authorized, 8
base sites and base nets, 23
character of figures, 16

frequency of bases, 22
hours for observing, 87
instruments and observing, 87
intersection stations, 23

length of line, 13

strength of figure, 18

examples of, 19

superintendents, 9

theodolites, 78, 79

uncertainty of length, 16
vertical measurements, 90

Coefficient of expansion, 112
of refraction, 131

Colby, 6
base apparatus, 97

Comparators, 107
measurement of 100m interval,

119

Compass,
parallels by solar, 186

survey adjustment, 289

Computation, closeness of, 216

Comstock, 9, 10
Conditions favorable for observing, 85
Constant C, 254
Constant e, 259

Constants, table of, 299

Controls, 215, 220, 239

Convergence of meridians, 178

Coordinates,
mapping spherical, 190
of point, 156

rectangular spherical, 187
tables for rectangular spherical, 318

Corps of Engineers, 9, 10, 142
Correction formulas (base lines),

alignment, 123
base lines, 122

duplex bars, 123
iced bar, 122
inclination 4m bar, table, 312
index error spring balance, 124
to sea level, 125

Correction,

leveling rod, 150
run of micrometer (table), 317

Cost,

precise leveling, 152
elevated signals and observing
stands, 38

Cross-hairs, 64
Curve of probability, 261

Datum, mean sea level, 154
Deflections from the vertical, 203

Degree measurements,
description of, 4, 7, 10, 192-198
in Europe, 194
meridional arcs, 10

oblique arcs, 11

principal arcs, 11

results of, 4, 202

spheroids of revolution, 202

Degree of meridian, table, 310

Degree of parallel, table, 307

Degree of precision, 259
Determination of instrumental con-

stants, 80

Diagonal eyepieces, 64
Difference of height from observed

zenith distances, 129
Difference of latitude, 173

of longitude, 177

Direction,
instruments, 76, 78, 87, 88, 89
of invisible stations, 32

observations, method of, 82
Direction observations,

adjustment of quadrilateral, 277
form for record, 92

Doubtful observations, 266

Duplex base bars, 120

Earth, figure of, 2

Eccentricity, 94
Effect of height upon horizontal an-

gles, 169
Elevated signals, 37
Elevation of signal, 24

Ellipsoid,
areas on, 164

Bessel, 10, 202

Clarke, 10, 202

degree measurements, 192-202
Encke, 217
End measures, 107, 108

English Ordnance survey, 6

Equations,
angle, 271,272
base, 286
derived from normal, 228
of the ellipse, 156
methods of solution, 235
normal form for solution, 229
normal, 219, 220, 226, 242, 276, 279
observation, 197, 218, 270

side, 273, 278, 281
table for normal, 222, 233, 242, 279

Eratosthenes, 2

Error,
accidental, of observation, 251, 258

average, 260
classes of, 206
due to change in collimation in

leveling, 154
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Error,
due to change in height of instru-

ment in leveling, 154
due to eccentricity, 74
effects of triangle, 272
of a function, 243, 247
of graduated circles, 75
index of vertical circle, 80
law of propagation, 208, 210
mean square, 207, 225

probable, 260

probable, of any side, 283

probability of, table, 321
relation of probable and average,

263

Example, difference of longitude, 241

Extension, Picard's triangulation, 4

Eyepieces, 62

micrometer, 81

Femel, 3
Field of view of telescope, 59
Field-work instructions, 116

Figure adjustment, 272

Form,
computation for latitude and longi-

tude, 179
of /(A), 252
for solution of normal equations,

229, 230
Forms for record,

angles, horizontal, 92

angles, vertical, 127
100m comparator, 119

precise levels, 143, 144, 146, 149,
150

Formulas and constants, 299

Forster, 51

Fraunhofer eyepiece ,
63

Function of required quantities,
m. s. e. of, 243, 247

Gauss, 7, 8

Geodesy, definition of, 1

historic outline, 2, 6

Geodetic Association,
International, 10
Middle European, 10

Geodetic survey, objects of, 2

work in the United States, 8
Graduated circles, 68

errors of, 74
method of graduating, 68, 69, 70

Graphic representations of law of

error, 261
Great arcs, location of, 183

Heliotropes, 41

adjustment of, 42

description and use, 43

Heliotropes,
gas-pipe, 41
size of, 43

Steinheil, 42
Hints in selecting stations, 25
Historic Outline, Geodesy, 2, 6
Horizontal angles, effect of height on,

169

Huygenia-n eyepiece, 62

Huygens, 4

Ibanez, 8
Ibanez base apparatus, 101

Independent observations on inde-

pendent quantities, 218

Independent observations on depend-
ent quantities, 237

India, geodetic work in, 6
Indirect observations, problem, 231

Inequality of pivots, precise level, 149
Instrumental constants, 80, 134

value 1<* level, 80
value ld micrometer eyepiece, 81
wire intervals, 81

Instruments,
altazimuth, 76

direction, 76

precise level, 134, 135, 137, 139

repeating, 76
Instruments and observing, 87

Intensity and brightness of tele-

scope, 57
International Bureau Standards, com-

parator, 109
International Geodetic Association,

10
Intersection stations, 23

Italy, geodetic work in, 7-8
Jaderin, method of tape measure-

ment, 120

Jordan, 3 51

Kellner eye-piece, 63

Lambton, 6

Lapland, degree measurement, 4

Latitude,
difference of, 173
factors for computation, table, 301
and longitude adjustment, 287
meridional length of 1, 310

Law of propagation of error, 208, 210
Least squares,

application to triangulation. 268

development of, 8
introduction to, 205

principle of, 262

Legendre, 5, 8

Legend re's theorem, 166

Length of line, triangulation, 22
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Length,
. determination of, for tape, 122

meridian, table, 310
for 1 of parallel, table, 307
standards of, 106

Level, adjustment of, 288
Coast Survey, new, 139

French, 135

Kern, or Swiss, 135

Mendenhall, 137

precise, instruments, 134
Level trier, 81

tubes, 67

Leveling (see trigonometric),
Coast Survey, forms of record, for

precise, 146, 149
Coast Survey methods for precise,

145
French Government method for

precise, 143, 144
U. S. Corps Engineers' method for

precise, 142
U. S. Geological survey method

for precise, 145

Leveling rods, 139, 140, 141, 150
Limits of accuracy,

precise leveling, 152

observing, 265
Line measures, 107, 108
Local deflections of the vertical, 203
Location of great arcs, 183

of parallels, 184

Longitude, difference of, 177
factors for computation, table, 301,

306

Magnifying power of telescope, 52
measurement of, 55

Map projection,
Mercator, 182

polyconic, 181

polyconic, tables, 313
Mason and Dixon line, 8

Mayer, Tobias, 48
Mean sea-level, 154
Mean square error, 207

of the arithmetic mean, 211, 214
function of required quantities,

243, 247
of an observation, 225
of triangle side, 248
of the unknowns, 222

Measurement of magnifying power of

telescope, 55

Measures, line and end, 107, 108
Mechain, 5, 8
Mercator map projection, 182
Mercurial thermometers, 109

Meridian,
convergence of, 178

Meridian,
from latitude degree measure-

ments, 192, 193, 198

length of 1, 310
reduction of measured arc to, 193
section, 156

Meridional arcs, 10, 162
Method of,

angles, adjustment of a quadri-
lateral, 274

direction observations, 82

directions, adjustment of a quadri-
lateral, 277

repetitions, 84

simple angle measurements, 83
solution, normal equations, 235

Micrometer,
corrections for run, table, 317
eyepiece, 81

microscope, 71
run of the, 72

Newton, 3, 4

Night signals, 44

Nolan, 63
Normal equations,

control, 220
form for solution, 229, 230
solution of, 226, 234

Normal vision, 50

N-point problem, 29
Number and formation of,

angle equations, 271
side equations, 281

Nunez, 48

Observations,
accidental errors of, axioms, 251
accuracy of results, 90

equations, 218
forms for record, 91, 119, 127, 143,.

144, 146, 149, 150

independent upon dependent quan-
tities, 237

independent upon independent
quantities, 218

indirect, problem, 231

non-simultaneous, 129
reduction for difference in height,.

128

rejection of doubtful, 266

trigonometric leveling, 126
Observed angle of elevation in sec-

onds, 132

Observing,
conditions favorable for, 85
stands, 37, 39
tents for, 86

Outfit for reconnoissance, 33
Outline, historic, of geodesy, 2, 6
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Parallel,

length of 1, table, 307
location of, 184
location of 49th, 185

by solar compass, 186

Perrier, 8, 44

Phase, 93
Picard 3, 4, 48
Pole signals, 34

Polyconic map projection, 181

projection, tables, 313

Porrp base apparatus, 99
Precise leveling, 134

Coast Survey methods, 145
forms for record, 143, 144, 146, 149
French government method, 143

inequality of pivots, 149

instruments, 134, 135, 137, 139

rod correction, 150

rods, 139, 150
U. S. Corps of Engineers method,

142
U. S. Geol. Survey method, 145

Precision, degree of, 259
Prime vertical, 158

Principal radii of curvature, 158

Principle,
of least squares, 262
of probability, 250

Pritchett, 12

Probability,
curve, 251, 261

integral by series, 256

principles of, 250

table, 321
Probable error, 260

Problem, N-point, 29

two-point, 31

Propagation of error, law of, 208, 210

Pyrometer, 114

Pythagoras, 2

Quadrilateral, adjustment of, 274,
277

Radii of curvature, principal, 158
Radius of curvature, for given

azimuth, 159, 311
of meridian, table, 307

prime vertical, table, 307
Ramsden eyepiece, 63

theodolite, 5, 50

Reconnoissance, 26
outfit for, 33

Records, see Forms for

Rectangular spherical coordinates,
187

mapping, 190

tables, 318

Reduction,
for difference in height of telescope

and object, 128
to sea-level, for base line, 125

Reference, station, 46

Refraction, coefficient of, 131

Rejection of doubtful observations,
266

Relation between average, m. s. and
p. errors, 263

Repeating and direction instruments,
76

altazimuth, 76

circle, 5, 48
form of record for, 92

Repeating instruments, 87, 88, 89
form for record, 92

Repetitions, method of, 84

Repsold base apparatus, 100

Results, accuracy and cost of, for

precise levels, 152

degree measurements, 202

Richer, 3

Rod, correction methods, 150

Rods, leveling, 139
Run of the micrometer, 72, 317

Saegmuller, 76

Schott, 14

Sea-level, datum for levels, 154
reduction of base, 125

Side equations, no. and formation of,
281

Signals, 33

cost, 38
diameter and height, 36
elevated and observing stands, 37
elevation of, 24

gas-pipe, 39
method of erection, 39

night, 44

pole, 34

portable, 35, 40
without phase, 36

Snellius, 3, 48
Solar compass, parallels by, 186
Solution of normal equations, 226,234
methods of, 235

Spherical and chromatic aberration,
61, 66

Spherical excess, 166

Spherical rectangular coordinates, 187

mapping of, 190
tables for, 318

Spheroids of revolution from differ-

ent degree measurements, 202
Standards of length, 106
Station adjustment, 268

reference, 46

error, 183, 198, 203
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Stations,
direction of invisible, 32
hints in selecting, 25

Steinheil eyepiece, 63

Strength of figure, 18
Buffalo base net, 21

completed quadrilateral, 19

examples of, 19

five-point figure with interior point,
20

quadrilateral with interior point, 20

table, 319

triangle wtli interior point, 19

Struve, 7
base apparatus, 96

Superintendents, Coast and Geodetic

Survey, 9

Survey Northern and N. W. Lakes, 9

Svanberg, 4

Tables

brightness for telescope, 58
correction for inclination, 4-meter

bar, 312
correction to hydrogen scale for

thermometer, 112
correction for run of micrometer.

317
factors for latitude, longitude and

azimuth computation, 301
factors for longitude computation,

306
formulas and constants, 299

length of meridian, 310

length of parallels, 307

polyconic projection, 313

probability of error, 321
radius of curvature, meridian, 307
radius of curvature, prime vertical,

307
radius of curvature, vertical sec-

tion, 311

spherical excess, log m, 312

strength of figure in triangulation,
319

Tapes
correction formulas, 124
field work, 116

length, 122
mathematical theory, 121

measurements, 120
measurement of tension, 125

Telescopes, astronomical, 51
chromatic aberration, 61

cross-hairs, 3, 64

Telescope eyepieces, 62

Airy, 62, 63

diagonal, 64

Fraunhofer, 63

Huygenian, 62

Telescope eyepieces,
Kellner, 63

Ramsden, 63

Steinheil, 63

terrestrial, 63

Telescope,
field of view, 59, 60

focusing, 56

intensity and brightness, 57

magnifying power, 52
measurement of magnifying power,

55
micrometer eyepiece, 81

spherical aberration, 61
wire intervals, 81

Tests of telescopes,

centering of lenses, 65
chromatic aberration, 66

definition, 65
field of view, 59
flatness of field, 66

focusing, 56

object-glass slide, 67

spherical aberration, 66

Tenner, 7

Theodolites,
Coast Survey, 78, 79

Ramsden, 5

Theory of least squares, 250

Thermometers,
Borda metallic, 5, 95-1CO
calibration of, 111
correction for hydrogen scale, 112

mercurial, 109
scales of, 111

Thullier, 6, 7
Transit survey, adjustment of, 292

Triangle side computations, 170

Triangulation,
accuracy of results, 90

application of least squares, 268

computation, form for geodetic
positions, 179

length of line, 22

net, 1

observing stands, 37, 39

primary, 13

reconnoissance, 26, 33

secondary, 13

signals, 33, 34, 36, 37, 44

strength of figure, 18, 19, 319

systems, 14

tertiary, 13
vertical measurements, 90

weighting of horizontal angles, 270
Two-point problem, 31

United States (see Coast Survey,
see precise leveling),

boundary survey, 49th parallel, 185
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United States,

geodetic work in the, 8

Value of probability integral by
series, 256

Variation of gravity with latitude, 153
Variation of refraction, 153
Vernerius, 48

Vertical, local deflection of, 203

Vision, normal, 50

Weighting, angles of triangulation,

Wilson, method of directions, 83
Wire intervals, 81

Woodward, 75
Wiirdemann comparator, 108

Zach von, 7
Zenith distance,

reciprocal for difference in height,
129

of sea horizon, 132
at one station, 130
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24mo, leather, 50
* Weaver's Military Explosives 8vo, 3 00
* Woodhull's Military Hygiene for Officers of the Line Large 12mo, 1 50

ASSAYING.

Betts's Lead Refining by Electrolysis 8vo, 4 00
*Butler's Handbook of Blowpipe Analysis I6mo, 75
Fletcher's Practical Instructions in Quantitative Assaying with the Blowpipe.

16mo, mor. 1 50
Furman and Pardoe's Manual of Practical Assaying 8vo, 3 00
Lodge's Notes on Assaying and Metallurgical Laboratory Experiments..8vo, 3 00
Low's Technical Methods of Ore Analysis 8vo, 3 00
Miller's Cyanide Process 12mo, 1 00

Manual of Assaying 12mo, 1 00
Minet's Production of Aluminum and its Industrial Use. (Waldo. )...12mo, 2 50
Ricketts and Miller's Notes on Assaying 8vo, 3 00
Robine and Lenglen's Cyanide Industry. (Le Clerc.) 8vo, 4 00
* Seamon's Manual for Assayers and Chemists Large 12mo, 2 50
Ulke's Modern Electrolytic Copper Refining

'

8vo, 3 00
Wilson's Chlorination Process 12mo, 1 50

Cyanide Processes 12mo, 1 50

ASTRONOMY.

Comstock's Field Astronomy for Engineers 8vo, 2 50
Craig's Azimuth 4to, 3 50
Crandall's Text-book on Geodesy and Least Squares 8vo, 3 00
Doolittle's Treatise on Practical Astronomy 8vo, 4 00
Hayford's Text-book of Geodetic Astronomy 8vo, 3 00
Hosmer's Azimuth.^ 16mo, mor. 1 00

* Text-book on Practical Astronomy 8vo, 2 00
Merriman's Elements of Precise Surveying and Geodesy . .8vo, 2 50
* Michie and Harlow's Practical Astronomy . . 8vo, 3 00
Rust's Ex-meridian Altitude, Azimuth and Star-Finding Tables . .8vo, 5 00
* White's Elements of Theoretical and Descriptive Astronomy 12mo, 2 00

CHEMISTRY.

* Abderhalden's Physiological Chemistry in Thirty Lectures. (Hall and
Defren.) 8vo, 5 00

* Abegg's Theory of Electrolytic Dissociation, (von Ende.) 12mo, 1 25
Alexeyeff's General Principles of Organic Syntheses. (Matthews.) 8vo, 3 00
Allen's Tables for Iron Analysis 8vo, 3 00
Armsby's Principles of Animal Nutrition 8vo, 4 00
Arnold's Compendium of Chemistry. (Mandel.) Large 12mo, 3 50
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Association of State and National Food and Dairy Departments, Hartford
Meeting, 1906 8vo, $3 00

Jamestown Meeting, 1907 8vo, 3 00
Austen's Notes for Chemical Students , 12mo, 1 50
Baskerville's Chemical Elements. (In Preparation.)
Bernadou's Smokeless Powder. Nitro-cellulose, and Theory of the Cellulose

Molecule 12mo, 2 50
* Biltz's Introduction to Inorganic Chemistry. (Hall and Phelan.). . . 12mo, 1 25

Laboratory Methods of Inorganic Chemistry. (Hall and Blanchard.)
8vo, 3 00

* Bingham and White's Laboratory Manual of Inorganic Chemistry. . 12mo. 1 00
* Blanchard's Synthetic Inorganic Chemistry 12sno, 1 00
* Browning's Introduction to the Rarer Elements 8vo, 1 50
* Butler's Handbook of Blowpipe Analysis 16mo, 75
* Claassen's Beet-sugar Manufacture. (Hall and Rolfe.) 8vo, 3 00
Classen's Quantitative Chemical Analysis by Electrolysis. (Boltwood.).8vo, 3 00
Cohn's Indicators and Test-papers 12mo, 2 00

Tests and Reagents 8vo, 3 00
* Danneel's Electrochemistry. (Merriam.) 12mo 1 25
Dannerth's Methods of Textile Chemistry 12mo, 2 00
Duhem's Thermodynamics and Chemistry. (Burgess.) 8vo, 4 00
Effront's Enzymes and their Applications. (Prescott.) 8vo, 3 00
Eissler's Modern High Explosives 8vo. 4 00
* Fischer's Oedema 8vo, 2 00

* Physiology of Alimentation Large 12mo, 2 00
Fletcher's Practical Instructions in Quantitative Assaying with the Blowpipe.

16mo, mor. 1 50
Fowler's Sewage Works Analyses 12mo, 2 00
Fresenius's Manual of Qualitative Chemical Analysis. (Wells.) 8vo, 5 00

Manual of Qualitative Chemical Analysis. Part I. Descriptive. (Wells. )8vo, 3 00

Quantitative Chemical Analysis. (Cohn.) 2 vols 8vo, 12 50
When Sold Separately, Vol. I, $6. Vol. II, $8.

Fuertes's Water and Public Health 12mo, 1 50
Furman and Pardoe's Manual of Practical Assaying 8vo, 3 00
* Getman's Exercises in Physical Chemistry 12mo, 2 00
Gill's Gas and Fuel Analysis for Engineers 12mo, 1 25
* Gooch and Browning's Outlines of Qualitative Chemical Analysis.

Large 12mo, 1 25
Grotenfelt's Principles of Modern Dairy Practice. (Woll.) 12mo, 2 00
Groth's Introduction to Chemical Crystallography (Marshall) 12mo, 1 25
* Hammarsten's Text-book of Physiological Chemistry. (Mandel.) 8vo, 4 00
Hanausek's Microscopy of Technical Products. (Winton.) 8vo, 5 00
* Haskins and Macleod's Organic Chemistry 12mo, 2 00
* Herrick's Denatured or Industrial Alcohol , 8vo, 4 00
Hinds's Inorganic Chemistry 8vo, 3 00

* Laboratory Manual for Students 12mo, 1 00
* Holleman's Laboratory Manual of Organic Chemistry for Beginners.

(Walker.) 12mo, 1 00
Text-book of Inorganic Chemistry. (Cooper.) 8vo, 2 50
Text-book of Organic Chemistry. (Walker and Mott.) 8vo, 2 50

* Holley's Lead and Zinc Pigments Large 12mo, 3 00
Holley and Ladd's Analysis of Mixed Paints, Color Pigments, and Varnishes.

Large 12mo, 2 50
Hopkins's Oil-chemists' Handbook 8vo, 3 00

Jackson's Directions for Laboratory Work in Physiological Chemistry. .8vo, 1 25

Johnson's Rapid Methods for the Chemical Analysis of Special Steels, Steel-

making Alloys and Graphite Large 12mo, 3 00
Landauer's Spectrum Analysis. (Tingle.) 8vo, 3 00
Lassar-Cohn's Application of Some General Reactions to Investigations in

Organic Chemistry. (Tingle.) 12mo. 1 00
Leach's Inspection and Analysis of Food with Special Reference to State

Control 8vo, 7 50
Lob's Electrochemistry of Organic Compounds. (Lorenz.) 8vo, 3 00
Lodge's Notes on Assaying and Metallurgical Laboratory Experiments..8vo, 3 00
Low's Technical Method of Ore Analysis 8vo, 3 00
Lowe's Paint for Steel Structures 12mo, 1 00
Lunge's Techno-chemical Analysis. (Cohn.) 12mo, 1 00



* McKay and Larsen's Principles and Practice of Butter-making 8vo, $1 50
Maire's Modern Pigments and their Vehicles 12mo, 2 00
Mandel's Handbook for Bio-chemical Laboratory 12mo, 1 50
* Martin's Laboratory Guide to Qualitative Analysis with the Blowpipe

12mo, 60
Mason's Examination of Water. (Chemical and Bacteriological.) 12mo, 1 25

Water-supply. (Considered Principally from a Sanitary Standpoint.)
8vo, 4 00

* Mathewson's First Principles of Chemical Theory 8vo, 1 00
Matthews's Laboratory Manual of Dyeing and Textile Chemistry 8vo, 3 50

Textile Fibres. 2d Edition, Rewritten 8vo, 4 00
* Meyer's Determination of Radicles in Carbon Compounds. (Tingle.)

Third Edition 12mo. 1 25
Miller's Cyanide Process 12mo, 1 00

Manual of Assaying 12mo, 1 00
Minet's Production of Aluminum and its Industrial Use. (Waldo.). . .12mo, 2 50
* Mittelstaedt's Technical Calculations for Sugar Works. (Bourbakis.) 12mo, 50
Mixter's Elementary Text-book of Chemistry 12mo, 50
Morgan's Elements of Physical Chemistry 12mo, 00

Outline of the Theory of Solutions and its Results 12mo, 00
* Physical Chemistry for Electrical Engineers 12mo, 50

* Moore's Outlines of Organic Chemistry 12mo, 50
Morse's Calculations used in Cane-sugar Factories 16mo, mor. 50
* Muir's History of Chemical Theories and Laws 8vo, 4 00
Mulliken's General Method for the Identification of Pure Organic Compounds.

Vol. I. Compounds of Carbon with Hydrogen and Oxygen. Large 8vo, 5 00
Vol. II. Nitrogenous Compounds. (In Preparation.)
Vol. III. The Commercial Dyestuffs Large 8vo, 5 00

* Nelson's Analysis of Drugs and Medicines 12mo, 3 00
Ostwald's Conversations on Chemistry. Part One. (Ramsey.) 12mo, 1 50

Part Two. (Turnbull.) 12mo, 2 00
* Introduction to Chemistry. (Hall and Williams.) Large 12mo, 1 50

Owen and Standage's Dyeing and Cleaning of Textile Fabrics 12mo, 2 00
* Palmer's Practical Test Book of Chemistry 12mo, 1 00
* Pauli's Physical Chemistry in the Service of Medicine. (Fischer.) . . 12mo, 1 25
Penfield's Tables of Minerals, Including the Use of Minerals and Statistics

of Domestic Production 8vo, 1 00
Pictet's Alkaloids and their Chemical Constitution. (Biddle.) 8vo, 5 00
Poole's Calorific Power of Fuels 8vo, 3 00
Prescott and Winslow's Elements of Water Bacteriology, with Special Refer-

ence to Sanitary Water Analysis 12mo, 1 50
* Reisig's Guide to Piece-Dyeing. 8vo, 25 00
Richards and Woodman's Air, Water, and Food from a Sanitary Stand-

point 8vo. 2 00
Ricketts and Miller's Notes on Assaying 8vo, 3 00
Rideal's Disinfection and the Preservation of Food 8vo, 4 00

Sewage and the Bacterial Purification of Sewage 8vo, 4 00

Riggs's Elementary Manual for the Chemical Laboratory 8vo, 1 25
Robine and Lenglen's Cyanide Industry. (Le Clerc.) 8vo, 4 00
Ruddiman's Incompatibilities in Prescriptions 8vo, 2 00

Whys in Pharmacy 12mo, 1 00
* Ruer's Elements of Metallography. (Mathewson.) 8vo, 3 00
Sabin's Industrial and Artistic Technology of Paint and Varnish 8vo, 3 00
Salkowski's Physiological and Pathological Chemistry. (Orndorff.) 8vo, 2 50
Schimpf's Essentials of Volumetric Analysis 12mo, 1 25

Manual of Volumetric Analysis. (Fifth Edition, Rewritten) 8vo, 5 00
* Qualitative Chemical Analysis 8vo, 1 25

* Seamon's Manual for Assayers and Chemists Large 12mo 2 50
Smith's Lecture Notes on Chemistry for Dental Students 8vo, 2 50
Spencer's Handbook for Cane Sugar Manufacturers 16mo, mor. 3 00

Handbook for Chemists of Beet-sugar Houses 16mo, mor. 3 00
Stockbridge's Rocks and Soils 8vo, 2 5Q
Stone's Practical Testing of Gas and Gas Meters 8vo, 3 50-
* Tillman's Descriptive General Chemistry 8vo, 3 OO

* Elementary Lessons in Heat ." 8vo, 1 50>

Treadwell's Qualitative Analysis. (Hall.) 8vo, 3 OO
Quantitative Analysis. (Hall.) 8vo, 4 OO
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Turneaure and Russell's Public Water-supplies 8vo, $5 00
Van Deventer's Physical Chemistry for Beginners. (Boltwood.) 12mo, 1 50
Venable's Methods and Devices for Bacterial Treatment of Sewage 8vo. 3 00
Ward and Whipple's Freshwater Biology. (In Press.)
Ware's Beet-sugar Manufacture and Refining. Vol. 1 8vo. 4 00

Vol. II 8vo, 5 00
Washington's Manual of the Chemical Analysis of Rocks 8vo. 2 00
:* Weaver's Military Explosives 8vo, 3 00
Wells's Laboratory Guide in Qualitative Chemical Analysis 8vo, 1 50

Short Course in Inorganic Qualitative Chemical Analysis for Engineering
Students 12mo, 1 50

Text-book of Chemical Arithmetic , 12mo, 1 25
Whipple's Microscopy of Drinking-water 8vo, 3 50
Wilson's Chlorination Process 12mo, 1 50

Cyanide Processes 12mo, 1 50
Wmton's Microscopy of Vegetable Foods 8vo, 7 50
Zsigmondy's Colloids and the Ultramicroscope. (Alexander.).. Large 12mo, 3 00

CIVIL ENGINEERING.

BRIDGES AND ROOFS. HYDRAULICS. MATERIALS OF ENGINEER-
ING. RAILWAY ENGINEERING.

* American Civil Engineers' Pocket Book. (Mansfield Merriman, Editor-

in-chief.) 16mo, mor. 5 00
Baker's Engineers' Surveying Instruments 12mo, 3 00
Bixby's Graphical Computing Table Paper 19 X 24i inches. 25
Breed and Hosmer's Principles and Practice of Surveying. Vol. I. Elemen-

tary Surveying 8vo, 3 00
Vol. II. Higher Surveying 8vo, 2 50

* Burr's Ancient and Modern Engineering and the Isthmian Canal 8vo, 3 50
Comstock's Field Astronomy for Engineers

*

8vo, 2 50
* Corthell's Allowable Pressure on Deep Foundations 12mo, 1 25
Crandall's Text-book on Geodesy and Least Squares 8vo, 3 00
Davis's Elevation and Stadia Tables 8vo, 1 00
Elliott's Engineering for Land Drainage 12mo, 1 50
* Fiebeger's Treatise on Civil Engineering . 8vo, 5 00
Flemer's Photographic Methods and Instruments 8vo, 5 00
Folwell's Sewerage. (Designing and Maintenance.) 8vo, 3 00
Freitag's Architectural Engineering 8vo, 3 50
French and Ives's Stereotomy 8vo, 2 50
Goodhue's Municipal Improvements 12mo, 1 50
* Hauch and Rice's Tables of Quantities for Preliminary Estimates. . . 12mo, 1 25

Hayford's Text-book of Geodetic Astronomy 8vo, 3 00

Hering's Ready Reference Tables (Conversion Factors.) 16mo, mor. 2 50
Hosmer's Azimuth 16mo, mor. 1 00

* Text-book on Practical Astronomy 8vo, 2 00
Howe's Retaining Walls for Earth 12mo, 1 25
* Ives's Adjustments of the Engineer's Transit and Level 16mo, bds. 25
Ives and Hilts's Problems in Surveying, Railroad Surveying and Geod-

esy 16mo, mor. 1 50
* Johnson (J.B.) and Smith's Theory and Practice of Surveying . Large 12mo, 3 50

Johnson's (L. J.) Statics by Algebraic and Graphic Methods 8vo, 2 00
* Kinnicutt, Winslow and Pratt's Sewage Disposal 8vo, 3 00
* Mahan's Descriptive Geometry 8vo, 1 50
Merriman's Elements of Precise Surveying and Geodesy 8vo, 2 50
Merriman and Brooks's Handbook for Surveyors 16mo, mor. 2 00

Nugent's Plane Surveying 8vo, 3 50

Ogden's Sewer Construction 8vo, 3 00
Sewer Design , 12mo. 2 00

Parsons's Disposal of Municipal Refuse 8vo, 2 00
Patton's Treatise on Civil Engineering 8vo, half leather, 7 50
Reed's Topographical Drawing and Sketching 4to, 5 00
Rideal's Sewage and the Bacterial Purification of Sewage 8vo, 4 00
Riemer's Shaft-sinking under Difficult Conditions. (Corning and Peele.).8vo. 3

Siebert and Biggin's Modern Stone-cutting and Masonry 8vo, 1 50
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Smith's Manual of Topographical Drawing. (McMillan.) 8vo, $2 50
Soper's Air and Ventilation of Subways 12mo, 2 50
* Tracy's Exercises in Surveying 12mo, mor'. 1 00
Tracy's Plane Surveying 16mo, mor. 3 00
* Trautwine's Civil Engineer's Pocket-book 16mo, mor. 5 00
Venable's Garbage Crematories in America gvo, 2 00

Methods and Devices for Bacterial Treatment of Sewage 8vo, 3 00
Wait's Engineering and Architectural Jurisprudence 8vo, . 6 00

Sheep, 6 50
Law of Contracts 8vo, 3 00
Law of Operations Preliminary to Construction in Engineering and

Architecture 8vo, 5 00
Sheep, 5 50

Warren's Stereotomy Problems in Stone-cutting 8vo, 2 50
* Waterbury's Vest-Pocket Hand-book of Mathematics for Engineers.

21 X 5| inches, Imor. 1 00
* Enlarged Edition, Including Tables mor. 1 50

Webb's Problems in the Use and Adjustment of Engineering Instruments.

16mo, mor. 1 25
Wilson's Topographic Surveying ,8vo, 3 50

BRIDGES AND ROOFS.

Boiler's Practical Treatise on the Construction of Iron Highway Bridges..8vo, 2 00
* Thames River Bridge Oblong paper, 5 00

Burr and Falk's Design and Construction of Metallic Bridges 8vo, 5 00
Influence Lines for Bridge and Roof Computations 8vo, 3 00

Du Bois's Mechanics of Engineering. Vol. II Small 4to, 10 00
Foster's Treatise on Wooden Trestle Bridges 4to, 5 00
Fowler's Ordinary Foundations 8vo, 3 50
Greene's Arches in Wood, Iron, and Stone 8vo, 2 50

Bridge Trusses 8vo, 2 50
Roof Trusses 8vo, 1 25

Grimm's Secondary Stresses in Bridge Trusses 8vo, 2 50
Heller's Stresses in Structures and the Accompanying Deformations. . . . 8vo, 3 00
Howe's Design of Simple Roof-trusses in Wood and Steel 8vo. 2 00

Symmetrical Masonry Arches 8vo, 2 50
Treatise on Arches 8vo,' 4 00

* Hudson's Plate Girder Design 8vo, 1 50
* Jacoby's Structural Details, or Elements of Design in Heavy Framing, 8vo, 2 25
Johnson, Bryan and Turneaure's Theory and Practice in the Designing of

Modern Framed Structures Small 4to, 10 00
* Johnson, Bryan and Turneaure's Theory and Practice in the Designing of

Modern Framed Structures. New Edition. Part 1 8vo, 3 00
* Part II. New Edition 8vo, 4 00

Merriman and Jacoby's Text-book on Roofs and Bridges:
Part I. Stresses in Simple Trusses 8vo

v 2 50
Part II. Graphic Statics 8vo, 2 50
Part III. Bridge Design 8vo, 2 50
Part IV. Higher Structures 8vo, 2 50

Sondericker's Graphic Statics, with Applications to Trusses, Beams, and
Arches 8vo, 2 00

Waddell's De Pontibus, Pocket-book for Bridge Engineers 16mo, mor. 2 00
* Specifications for Steel Bridges 12mo, 50

Waddell and Harrington's Bridge Engineering. (In Preparation.)

HYDRAULICS.

Barnes's Ice Formation 8vo, 3 00
Bazin's Experiments upon the Contraction of the Liquid Vein Issuing from

an Orifice. (Trautwine.) 8vo, 2 00
Bovey's Treatise on Hydraulics 8vo, 5 00
Church's Diagrams of Mean Velocity of Water in Open Channels.

Oblong 4to, paper, 1 50
Hydraulic Motors 8vo, 2 00
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Coffin's Graphical Solution of Hydraulic Problems 16mo, mor. $2 50

Flather's Dynamometers, and the Measurement of Power 12mo, 3 00

Folwell's Water-supply Engineering 8vo, 4 00

Frizell's Water-power . 8vo, 5 00

Fuertes's Water and Public Health 12mo, 1 50

Water-filtration Works. . : 12mo, 2 50

Ganguillet and Kutter's General Formula for the Uniform Flow of Water in

Rivers and Other Channels. (Hering and Trautwine.) 8vo, 4 00

Hazen's Clean Water and How to Get It Large 12mo, 1 50
Filtration of Public Water-supplies 8vo, 3 00

Hazelhurst's Towers and Tanks for Water-works ,8vo, 2 60
Herschel's 115 Experiments on the Carrying Capacity of Large, Riveted, Metal

Conduits 8vo, 2 00

Hoyt and Grover's River Discharge . 8vo, 2 00
Hubbard and Kiersted's Water-works Management and Maintenance.

8vo, 4 00
* Lyndon's Development and Electrical Distribution of Water Power.

8vo, 3 00
Mason's Water-supply. (Considered Principally from a Sanitary Stand-

point.) 8vo, 4 00
Merriman's Treatise on Hydraulics 8vo, 5 00
* Molitor's Hydraulics of Rivers, Weirs and Sluices .8vo, 2 00
* Morrison and Brodie's High Masonry Dam Design . . . 8vo, 1 50
* Richards's Laboratory Notes on Industrial Water Analysis 8vo, 50

Schuyler's Reservoirs for Irrigation, Water-power, and Domestic Water-

supply. Second Edition, Revised and Enlarged Large 8vo ( 6 00
* Thomas and Watt's Improvement of Rivers 4to, 6 00
Turneaure and Russell's Public Water-supplies 8vo, 5 00
* Wegmann's Design and Construction of Dams. 6th Ed., enlarged 4to, 6 GO

Water-Supply of the City of New York from 1658 to- 1895 4io, 10 00

Whipple's. Value of Pure Water Large 12mo, 1 00

Williams and Hazen's Hydraulic Tables 8vo, 1 50

Wilson's Irrigation Engineering 8vo, 4 00

Wood's Turbines 8vo, 2 50

MATERIALS OF ENGINEERING.

Baker's Roads and Pavements 8vo, 5 00
Treatise on Masonry Construction 8vo, 5 00

Black's United States Public Works Oblong 4to, 5 00
Blanchard's Bituminous Roads. (In Preparation.)

Bleininger's Manufacture- of Hydraulic Cement. (In Preparation.)
* Bovey's Strength of Materials and Theory of Structures 8vo, 7 50
Burr's Elasticity and Resistance of the Materials of Engineering 8vo, 7 50

Byrne's Highway Construction 8vo, 5 00

Inspection of the Materials and Workmanship Employed in Construction.

16mo, 3 00
Church's Mechanics of Engineering 8vo, 6 00
Du Bois's Mechanics of Engineering.

Vol. I. Kinematics, Statics, Kinetics Small 4to, 7 50
Vol. II. The Stresses in Framed Structures, Strength of Materials and

Theory of Flexures Small 4to, 10 00
* Eckel's Cements, Limes, and Plasters 8vo, 6 00

Stone and Clay Products used in Engineering. (In Preparation.)
Fowler's Ordinary Foundations 8vo, 3 50
* Greene's Structural Mechanics o 8vo, 2 50
* Holley's Lead and Zinc Pigments Large 12mo, 3 00

Holley and Ladd's Analysis of Mixed Paints, Color Pigments and Varnishes.

Large 12mo, 2 50
* Hubbard's Dust Preventives and Road Binders 8vo, 3 00

Johnson's (C. M.) Rapid Methods for the Chemical Analysis of Special Steels,

Steel-making Alloys and Graphite Large 12mo, 3 00

Johnson's (J. B.) Materials of Construction Large 8vo, 6 00

Keep's Cast Iron 8vo. 2 50
Lanza's Applied Mechanics 8vo, 7 50

Lowe's Paints for SteeJ Structures ... 12mo, 1 00
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Maire's Modern Pigments and their Vehicles , 12mo, $2 00
Maurer's Technical Mechanics 8vo, 4 00
Merrill's Stones for Building and Decoration .8vo, 5 00
Merriman's Mechanics of Materials , 8vo, 5 00

* Strength of Materials 12mo, 1 00
Metcalf 's Steel. A Manual for Steel-users 12mo, 2 00
Morrison's Highway Engineering , 8vo, 2 50
Murdock's Strength of Materials. (In Press.)

Patton's Practical Treatise on Foundations 8vo. 5 00
Rice's Concrete Block Manufacture 8vo, 2 00
Richardson's Modern Asphalt Pavement 8vo, 3 00
Richey's Building Foreman's Pocket Book and Ready Reference. 16mo,mor. 5 00

* Cement Workers' and Plasterers' Edition (Building Mechanics' Ready
Reference Series) 16mo, mor. 1 50

Handbook for Superintendents of Construction 16mo, mor. 4 00
* Stone and Brick Masons' Edition (Building Mechanics' Ready

Reference Series) 16mo, mor. 1 50
* Ries's Clays : Their Occurrence, Properties, and Uses 8vo. 5 00
* Ries and Leighton's History of the Clay-working Industry of the United

States 8vo. 2 50
Sabin's Industrial and Artistic Technology of Paint and Varnish 8vo, 3 00
* Smith's Strength of Material 12rr.o 1 25
Snow's Principal Species of Wood 8vo, 3 50
Spalding's Hydraulic Cement 12mo, 2 00

Text-book on Roads and Pavements 1 2mo, 2 00
* Taylor and Thompson's Extracts on Reinforced Concrete Design 8vo, 2 00

Treatise on Concrete, Plain and Reinforced 8vo, 5 00
Thurston's Materials of Engineering. In Three Parts 8vo, 8 00

Parti. Non-metallic Materials of Engineering and Metallurgy. ... 8vo, 2 00
Part II. Iron and Steel 8vo, 3 50
Part III. A Treatise on Brasses, Bronzes, and Other Alloys and their

Constituents 8vo, 2 50
Tillson's Street Pavements and Paving Materials 8vo, 4 00
* Trautwine's Concrete, Plain and Reinforced 16mo, 2 00
Turneaure and Maurer's Principles of Reinforced Concrete Construction.

Second Edition, Revised and Enlarged 8vo, 3 50
Waterbury's Cement Laboratory Manual 12mo, 1 00
Wood's (De V.) Treatise on the Resistance of Materials, and an Appendix on

the Preservation of Timber 8vo, 2 00
Wood's (M. P.) Rustless Coatings: Corrosion and Electrolysis of Iron and

Steel
m 8vo, 4 00

RAILWAY ENGINEERING.

Andrews's Handbook for Street Railway Engineers 3X5 inches, mor. 1 25
Berg's Buildings and Structures of American Railroads 4to, 5 00
Brooks's Handbook of Street Railroad Location 16mo, mor. 1 50
Burt's Railway Station Service (In Press.) 12mo,
Butts's Civil Engineer's Field-book 16mo, mor. 2 50
Crandall's Railway and Other Earthwork Tables 8vo, 1 50
Crandall and Barnes's Railroad Surveying 16mo, mor. 2 00
* Crockett's Methods for Earthwork Computations 8vo, 1 50
Dredge's History of the Pennsylvania Railroad. (1879) Paper, 5 00
Fisher's Table of Cubic Yards. Cardboard, 25
Godwin's Railroad Engineers' Field-book and Explorers' Guide. . 16mo, mor. 2 50
Hudson's Tables for Calculating the Cubic Contents of Excavations and Em-

bankments 8vo, 1 00
Ives and Hilts's Problems in Surveying, Railroad Surveying and Geodesy

16mo, mor. 1 50
Molitor and Beard's Manual for Resident Engineers 16mo, 1 00
Nagle's Field Manual for Railroad Engineers 16mo, mor. 3 00
* Orrock's Railroad Structures and Estimates 8vo, 3 00
Philbrick's Field Manual for Engineers 16mo, mor. 3 00
Raymond's Railroad Field Geometry 16mo, mor. 2 00

Elements of Railroad Engineering 8vo, 3 50
Railroad Engineer's Field Book. (In Preparation.)

Roberts' Track Formulae and Tables 16mo, mor. 3 00
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Searles's Field Engineering 16mo, mor. $3 00
Railroad Spiral , 16mo, mor. 1 50

Taylor's Prismoidal Formulae and Earthwork 8vo, 1 50
* T-autwine's Field Practice of Laying Out Circular Curves for Railroads.

12mo, mor. 2 50
* Method of Calculating the Cubic Contents of Excavations and Em-

bankments by the Aid of Diagrams 8vo, 2 00
Webb's Economics of Railroad Construction Large 12mo, 2 50

Railroad Construction 16mo, mor. 5 00
Wellington's Economic Theory of the Location of Railways Large 12mo, 5 00
Wilson's Elements of Railroad-Track and Construction 12mo. 2 00

DRAWING

Barr's Kinematics of Machinery 8vo, 2 5o
* Bartlett's Mechanical Drawing 8vo, 3 00

Abridged Ed 8vo, 1 50
* Bartlett and Johnson's Engineering Descriptive Geometry 8vo, 1 50

Coolidge's Manual of Drawing 8vo, paper, 1 00
Coolidge and Freeman's Elements of General Drafting for Mechanical Engi-

neers Oblong 4to, 2 50

Durley's Kinematics of Machines 8vo, 4 00
Emch's Introduction to Protective Geometry and its Application 8vo, 2 50
Hill's Text-book on Shades and Shadows, and Perspective 8vo, 2 00

Jamison's Advanced Mechanical Drawing 8vo, 2 00
Elements of Mechanical Drawing 8vo, 2 50

Jones's Machine Design:
Part I. Kinematics of Machinery .8vo, 1 50
Part II. Form, Strength, and Proportions of Parts. : .8vo, 3 00

Kaup's Text-book on Machine Shop Practice. (In Press.)
* Kimball and Barr's Machine Design 8vo, 3 00
MacCord's Elements of Descriptive Geometry 8vo, 3 00

Kinematics; or, Practical Mechanism 8vo, 5 00
Mechanical Drawing 4to, 4 00

Velocity Diagrams 8vo, 1 50
McLeod's Descriptive Geometry Large 12mo, 1 50
* Mahan's Descriptive Geometry and Stone-cutting 8vo, 1 50

Industrial Drawing. (Thompson.) 8vo, 3 50

Moyer's Descriptive Geometry 8vo, 2 00
Reed's Topographical Drawing and Sketching 4to, 5 00
* Reid's Mechanical Drawing. (Elementary and Advanced.) 8vo, 2 00

Text-book of Mechanical Drawing and Elementary Machine Design..8vo, 3 00
Robinson's Principles of Mechanism 8vo, 3 00
Schwamb ani Merrill's Elements of Mechanism 8vo, 3 00
Smith (A. W.) and Marx's Machine Design 8vo, 3 00
Smith's (R. S.) Manual of Topographical Drawing. (McMillan.) 8vo, 2 50
* Titsworth's Elements of Mechanical Drawing Oblong 8vo, 1 25

Tracy and North's Descriptive Geometry. (In Press.)

Warren's Drafting Instruments and Operations 12mo, 1 25
Elements of Descriptive Geometry, Shadows, and Perspective 8vo, 3 50
Elements of Machine Construction and Drawing 8vo, 7 50
Elements of Plane and Solid Free-hand Geometrical Drawing. . . . 12mo, 1 00
General Problems of Shades and Shadows 8vo, 3 00
Manual of Elementary Problems in the Linear Perspective of Forms and

Shadow 12mo, 1 00
Manual of Elementary Projection Drawing 12mo, 1 50
Plane Problems in Elementary Geometry l~mo, 1 25

Weisbach's Kinematics and Power of Transmission. (Hermann and
Klein. ) 8vo, 5 00

Wilson's (.H. M.) Topographic Surveying 8vo, 3 50
* Wilson's (V. T.) Descriptive Geometry 8vo, 1 50

Free-hand Lettering 3vo, 1 00
Free-hand Perspective 8vo, 2 50

Woolfs Elementary Course in Descriptive Geometry Large 8vo, 3 00
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ELECTRICITY AND PHYSICS.

* Abegg's Theory of Electrolytic Dissociation, (von Ende.) 12mo, $1 25
Andrews's Hand-book for Street Railway Engineering 3X5 inches, mor. 1 25
Anthony and Ball's Lecture-notes on the Theory of Electrical Measure-

ments 12mo, 1 00
Anthony and Brackett's Text-book of Physics. (Magie.) Large 12mo, 3 00
Benjamin's History of Electricity 8vo, 3 00
Betts's Lead Refining and Electrolysis 8vo, 4 00
Classen's Quantitative Chemical Analysis by Electrolysis. (Boltwood.).8vo, 3 00
* Collins's Manual of Wireless Telegraphy and Telephony 12mo, 1 50
Crehore and Squier's Polarizing Photo-chronograph 8vo, 3 00
* Danneel's Electrochemistry. (Merriam.) 12mo, 1 25
Dawson's "Engineering'' and Electric Traction Pocket-book. . . . 16mo, mor. 5 00
Dolezalek's Theory of the Lead Accumulator (Storage Battery), (von Ende.)

12mo, 2 50
Duhem's Thermodynamics and Chemistry. (Burgess.) 8vo, 4 00
Fiather's Dynamometers, and the Measurement of Power 12mo, 3 00
* Getman's Introduction to Physical Science 12mo, 1 50
Gilbert's De Magnete. (Mottelay.) 8vo, 2 50
* Hanchett's Alternating Currents 12mo, 1 00

Hering's Ready Reference Tables (Conversion Factors) 16mo, mor. 2 50
* Hobart and Eihs's High-speed Dynamo Electric Machinery 8vo, 6 00
Holman s Precision of Measurements 8vo, 2 00

Telescopic Mirror-scale Method, Adjustments, and Tests.. . .Large 8vo, 75
* Hutchinson's High-Efficiency Electrical Illuminants and Illumination.

Large 12mo, 2 50
Karapetoff's Experimental Electrical Engineering:

* Vol. I 8vo, 3 50
* Vol. II 8vo, 2 50

Kinzbrunner's Testing of Continuous-current Machines. 8vo, 2 00
Landauer's Spectrum Analysis. (Tingle.) 8vo, 3 00
Le Chatelier's High-temperature Measurements. (Boudouard Burgess.)

12mo, 3 00
Lob's Electrochemistry of Organic Compounds. (Lorenz.) 8vo, 3 00
* Lyndon's.Development and Electrical Distribution of Water Power. .8vo, 3 00
* Lyons's Treatise on Electromagnetic Phenomena. Vols, I .and II. 8vo, each, 6 00
* Michie's Elements of Wave Motion Relating to Sound and Light 8vo 4 00
Morgan's Outline of the Theory of Solution and its Results 12mo, 1 00

* Physical Chemistry for Electrical Engineers 12mo, 1 50
* Norris's Introduction to the Study of Electrical Engineering 8vo, 2 50
Norris and Dennison's Course of Problems on the Electrical Characteristics of

Circuits and Machines. (In Press.)
* Parshall and Hobart's Electric Machine Design 4to, half mor, 12 50

Reagan's Locomotives: Simple, Compound, and Electric. New Edition.

Large 12mo, 3 50
* Rosenberg's Electrical Engineering. (Haldane Gee Kinzbrunner.) . .8vo, 2 00
Ryan, Norris and Hoxie's Electrical Machinery. Vol. 1 8vo, 2 50
Schapper's Laboratory Guide for Students in Physical Chemistry 12mo, 1 00
* Tillman's Elementary Lessons in Heat 8vo, 1 50
* Timbie's Elements of Electricity Large 12mo, 2 00

Tory and Pitcher's Manual of Laboratory Physics Large 12mo, 2 00
Ulke's Modern Electrolytic Copper Refining 8vo, 3 00
Waters's Commercial Dynamo Design. (In Press.)

LAW.

* Brennan's Hand-book of Useful Legal Information for Business Men.
16mo, mor. 5 00

* Davis's Elements of Law 8vo, 2 50
* Treatise on the Military Law of United States 8vo, 7 00

* Dudley's Military Law and the Procedure of Courts-martial. . Large 12mo, 2 50
Manual for Courts-martial , 16mo, mor. 1 50
Wait's Engineering and Architectural Jurisprudence 8vo, 6 00

Sheep, 6 50
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Wait's Law of Contracts 8vo, $3 00
Law of Operations Preliminary to Construction in Engineering and

Architecture , , 8vo, 5 00
Sheep, 5 50

MATHEMATICS

Baker's Elliptic Functions. ,
,

.-. 8vo, 1 50
Briggs's Elements of Plane Analytic Geometry, (Bocher.) 12mo, 1 00
* Buchanan's Plane and Spherical Trigonometry 8vo, 1 00
Byerly 's Harmonic Functions 8vo 1 00
Chandler's Elements of the Infinitesimal Calculus 12mo, 2 00
* Coffin's Vector Analysis 12mo, 2 50
Compton's Manual of Logarithmic Computations 12mo, 1 50
* Dickson's College Algebra Large 12mo, 1 50

* Introduction to the Theory of Algebraic Equations Large 12mo, 1 25
Emch's Introduction to Protective Geometry and its Application 8vo, 2 50
Fiske's Functions of a Complex Variable , .8vo, 1 00
Halsted's Elementary Synthetic Geometry 8vo, 1 50

Elements of Geometry 8vo, 1 75
* Rational Geometry 12mo 1 50
Synthetic Projective Geometry 8vo, 1 00

* Hancock's Lectures on the Theory of Elliptic Functions 8vo, 5 00
Hyde's Grassmann's Space Analysis 8vo, 1 00
* Johnson's (J. B.) Three-place Logarithmic Tables: Vest-pocket size, paper, 15

* 100 copies, 5 00
* Mounted on heavy cardboard. 8X10 inches, 25

* 10 copies, 2 00
Johnson's (W. W.) Abridged Editions of Differential and Integral Calculus.

Large 12mo, 1 vol. 2 50
Curve Tracing in Cartesian Co-ordinates 12mo, 1 00
Differential Equations 8vo, 1 00
Elementary Treatise on Differential Calculus . . Large 12mo, 1 50
Elementary Treatise on the Integral Calculus Large 12mo, 1 50

* Theoretical Mechanics 12mo, 3 00
Theory of Errors and the Method of Least Squares 12mo, 1 50
Treatise on Differential Calculus Large 12mo, 3 00
Treatise on the Integral Calculus , . .Large 12mo, 3 00
Treatise on Ordinary and Partial Differential Equations. . .Large 12mo, 3 50

Karapetoff's Engineering Applications of Higher Mathematics. (In Preparation.)
Laplace's Philosophical Essay on Probabilities. (Truscott and Emory.) . 12mo, 2 00
* Ludlow's Logarithmic and Trigonometric Tables 8vo, 1 00
* Ludlow and Bass's Elements of Trigonometry and Logarithmic and Other

Tables 8vo, 3 00
* Trigonometry and Tables published separately Each, 2 00

Macfarlane's Vector Analysis and Quaternions 8vo, 1 00
McMahon's Hyperbolic Functions 8vo, 1 00
Manning's Irrational Numbers and their Representation by Sequences and

Series 12mo, 1 25
Mathematical Monographs. Edited by Mansfield Merriman and Robert

S. Woodward Octavo, each 1 00
No. 1. History of Modern Mathematics, by David Eugene Smith.
No. 2. Synthetic Projective Geometry, by George Bruce Halsted.
No. 3. Determinants, by Laenas Gifford Weld. No. 4. Hyper-
bolic Functions, by James McMahon. No. 5. Harmonic Func-
tions, by William E. Byerly. No. 6. Grassmann's Space Analysis,
by Edward W. Hyde. No. 7. Probability and Theory of Errors,
by Robert S. Woodward. No. 8. Vector Analysis and Quaternions,
by Alexander Macfarlane. No. 9. Differential Equations, by
William Woolsey Johnson. No. 10. The Solution of Equations,
by Mansfield Merriman. No. 11. Functions of a Complex Variable,
by Thomas S. Fiske.

Maurer's Technical Mechanics 8vo 4 00
Merriman's Method of Least Squares 8vo 2 00

Solution of Equations 8vo 1 00
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* Moritz's Elements of Plane Trigonometry 8vo, $2 00
Rice and Johnson's Differential and Integral Calculus. 2 vols. in one.

Large 12mo, 1 50
Elementary Treatise on the Differential Calculus Large 12mo, 3 00

Smith's History of Modern Mathematics 8vo, 1 00
* Veblen and Lennes's Introduction to the Real Infinitesimal Analysis of One

Variable 8vo, 2 00
* Waterbury's Vest Pocket Hand-book of Mathematics for Engineers.

2J X 5| inches, mor. 1 00
* Enlarged Edition, Including Tables mor. 1 50

Weld's Determinants 8vo, 1 00
Wood's Elements of Co-ordinate Geometry 8vo, 2 00
Woodward's Probability and Theory of Errors 8vo, 1 00

MECHANICAL ENGINEERING.

MATERIALS OP ENGINEERING, STEAM-ENGINES AND BOILERS.

Bacon's Forge Practice 12mo, 1 50
Baldwin's Steam Heating for Buildings 12mo, 2 50
Barr's Kinematics of Machinery 8vo, 2 50
* Bartlett's Mechanical Drawing 8vo, 3 00
* Abridged Ed 8vo, 1 50
* Bartlett and Johnson's Engineering Descriptive Geometry 8vo. i 50
* Burr's Ancient and Modern Engineering and the Isthmian Canal. . .8vo, 3 50

Carpenter's Experimental Engineering , 8vo. 6 00
Heating and Ventilating Buildings 8vo, 4 00

* Clerk's The Gas, Petrol and Oil Engine 8vo, 4 00
Compton's First Lessons in Metal Working 12mo, 1 50
Compton and De Groodt's Speed Lathe 12mo, 1 50

Coolidge's Manual of Drawing 8vo, paper, 1 00

Coolidge and Freeman's Elements of General Drafting for Mechanical En-
gineers Oblong 4to, 2 50

Cromwell's Treatise on Belts and Pulleys 12mo, 1 50
Treatise on Toothed Gearing 12mo, 1 50

Dingey's Machinery Pattern Making 12mo, 2 00
Durley's Kinematics of Machines 8vo, 4 00
Flanders's Gear-cutting Machinery Large 12mo, 3 00
Flather's Dynamometers and the Measurement of Power 12mo, 3 00

Rope Driving 12mo, 2 00
Gill's Gas and Fuel Analysis for Engineers 12mo. 1 25
Goss's Locomotive Sparks 8vo, 2 00
Greene's Pumping Machinery. (In Press.)

Hering's Ready Reference Tables (Conversion Factors) 16mo, mor. 2 50
* Hobart and Ellis's High Speed Dynamo Electric Machinery 8vo, 6 00
Button's Gas Engine 8vo, 5 00

Jamison's Advanced Mechanical Drawing 8vo, 2 00
Elements of Mechanical Drawing 8vo, 2 50

Jones's Gas Engine 8vo. 4 00
Machine Design:
Part I. Kinematics of Machinery 8vo, 1 50
Part II. Form, Strength, and Proportions of Parts 8vo, 3 00

Kaup's Text-book on Machine Shop Practice. (In Press.)
* Kent's Mechanical Engineer's Pocket-Book 16mo, mor. 5 00
Kerr's Power and Power Transmission 8vo, 2 00
* Kimball and Barr's Machine Design 8vo, 3 00
Leonard's Machine Shop Tools and Methods vo, 4 00
* Levin's Gas Engine 8vo, 4 00
* Lorenz's Modern Refrigerating Machinery. (Pope, Haven, and Dean). .8vo, 4 00
MacCord's Kinematics; or Practical Mechanism 8vo, 5 00

Mechanical Drawing 4to, 4 00
Velocity Diagrams 8vo, 1 50

MacFanand's Standard Reduction Factors for Gases. . 8vo, 1 50
Mahan's Industrial Drawing. (Thompson.) 8vo, 3 50
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Mehrtens's Gas Engine Theory and Desijgn Large 12mo, $2 50
Oberg's Handbook of Small Tools Large 12mo, 2 50
* Parshall and Hobart's Electric Machine Design. Small 4to, half leather, 12 50
* Peele's Compressed Air Plant for Mines. Second Edition, Revised and En-

larged , 8vo, 3 50
Poole's Calorific Power of Fuels 8vo, 3 00
* Porter's Engineering Reminiscences, 1855 to 1882 8vo, 3 00
* Reid's Mechanical Drawing. (Elementary and Advanced.) 8vo, 2 00

Text-book of Mechanical Drawing and Elementary Machine Design.8vo, 3 00
Richards's Compressed Air 12mo, 1 50
Robinson's Principles of Mechanism 8vo, 3 00
Schwamb and Merrill's Elements of Mechanism 8vo, 3 00
Smith (A. W.) and Marx's Machine Design 8vo, 3 00
Smith's (O.) Press-working of Metals 8vo, 3 00
Sorel's Carbureting and Combustion in Alcohol Engines. (Woodward and

Preston.) Large 12mo, 3 00
Stone's Practical Testing of Gas and Gas Meters 8vo, 3 50
Thurston's Animal as a Machine and Prime Motor, and the Laws of Energetics.

12mo, 1 00
Treatise on Friction and Lost Work in Machinery and Mill Work. . .8vo, 3 00

* Tillson's Complete Automobile Instructor 16mo, 1 50
* Titsworth's Elements of Mechanical Drawing Oblong 8vo, 1 25
Warren's Elements of Machine Construction and Drawing 8vo, 7 50
* Waterbury's Vest Pocket Hand-book of Mathematics for Engineers.

2lX5f inches, mor. 1 00
* Enlarged Edition, Including Tables mor. 1 50

Weisbach's Kinematics and the Power of Transmission. (Herrmann
Klein.) 8vo, 5 00

Machinery of Transmission and Governors. (Hermann Klein.). .8vo, 5 00
Wood's Turbines 8vo, 2 50

MATERIALS OF ENGINEERING.

* Bovey's Strength of Materials and Theory of Structures 8vo, 7 50
Burr's Elasticity and Resistance of the Materials of Engineering 8vo, 7 50
Church's Mechanics of Engineering 8vo, 6 00
* Greene's Structural Mechanics 8vo, 2 50
* Holley's Lead and Zinc Pigments Large 12mo 3 00
Holley and Ladd's Analysis of Mixed Paints, Color Pigments, and Varnishes.

Large 12mo, 2 50

Johnson's (C. M.) Rapid Methods for the Chemical Analysis of Special

Steels, Steel-Making Alloys and Graphite Large 12mo, 3 00
Johnson's (J. B.) Materials of Construction ,8vo, 6 00
Keep's Cast Iron 8vo, 2 50
Lanza's Applied Mechanics 8vo, 7 50
Lowe's Paints for Steel Structures 12mo, 1 00
Maire's Modern Pigments and their Vehicles 12mo, 2 00
Maurer's Technical Mechanics 8vo, 4 00
Merriman's Mechanics of Materials 8vo, 5 00

* Strength of Materials 12mo, 1 00
Metcalf's Steel. A Manual for Steel-users 12mo, 2 00
Sabin's Industrial and Artistic Technology of Paint and Varnish 8vo, 3 00
Smith's (A. W.) Materials of Machines 12mo, 1 00
* Smith's (H. E.) Strength of Material 12mo, 1 25
Thurston's Materials of Engineering 3 vols., 8vo, 8 00

Part I. Non-metallic Materials of Engineering 8vo, 2 00
Part II. Iron and Steel 8vo, 3 50
Part III. A Treatise on Brasses, Bronzes, and Other Alloys and their

Constituents. 8vo, 2 50
Wood's (De V.) Elements of Analytical Mechanics 8vo. 3 00

Treatise on the Resistance of Materials and an Appendix on the

Preservation of Timber 8vo, 2 00
Wood's (M. P.) Rustless Coatings: Corrosion and Electrolysis of Iron and

Steel 8vo, 4 00
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STEAM-ENGINES AND BOILERS.

Berry's Temperature-entropy Diagram. Third Edition Revised and En-
larged 12mo, $2 50

Carnot's Reflections on the Motive Power of Heat. (Thurston.) 12mo, 1 50
Chase's Art of Pattern Making 12mo, 2 50
Creighton's Steam-engine and other Heat Motors 8vo, 5 00
Dawson's "Engineering" and Electric Traction Pocket-book. .. . 16mo, mor. 5 00
* Gebhardt's Steam Power Plant Engineering 8vo, 6 00
Goss's Locomotive Performance 8vo, 5 00
Hemenway's Indicator Practice and Steam-engine Economy 12mo, 2 00
Hutton's Heat and Heat-engines 8vo, 5 00

Mechanical Engineering of Power Plants 8vo, 5 00
Kent's Steam Boiler Economy : 8vo, 4 00
Kneass's Practice and Theory of the Injector 8vo, 1 50
MacCord's Slide-valves ; 8vo, 2 00

Meyer's Modern Locomotive Construction 4to, 10 00
Moyer's Steam Turbine 8vo, 4 00

Peabody's Manual of the Steam-engine Indicator 12mo, 1 50
Tables of the Properties of Steam and Other Vapors and Temperature-

Entropy Table 8vo, 1 00

Thermodynamics of the Steam-engine and Other Heat-engines. . . .8vo, 5 00

Valve-gears for Steam-engines 8vo, 2 50

Peabody and Miller's Steam-boilers 8vo, 4 00

Pupin's Thermodynamics of Reversible Cycles in Gases and Saturated Vapors.

(Osterberg.) 12mo, 1 25

Reagan's Locomotives: Simple, Compound, and Electric. New Edition.

Large 12mo, 3 50
Sinclair's Locomotive Engine Running and Management 12mo, 2 00
Smart's Handbook of Engineering Laboratory Practice 12mo, 2 50
Snow's Steam-boiler Practice 8vo, 3 00

Spangler's Notes on Thermodynamics 12mo, 1 00

Valve-gears 8vo, 2 50

Spangler, Greene, and Marshall's Elements of Steam-engineering 8vo, 3 00
Thomas's Steam-turbines 8vo, 4 00
Thurston's Handbook of Engine and Boiler Trials, and the Use of the Indi-

cator and the Prony Brake 8vo, 5 00

Handy Tables 8vo, 1 50
Manual of Steam-boilers, their Designs, Construction, and Operation 8vo, 5 00
Manual of the Steam-engine 2 vols., 8vo, 10 00

Part I. History, Structure, and Theory 8vo, 6 00
Part II. Design, Construction, and Operation 8vo, 6 00

Wehrenfennig's Analysis and Softening of Boiler Feed-water. (Patterson.)

8vo, 4 00
Weisbach's Heat, Steam, and Steam-engines. (Du Bois.) .8vo, 5 00
Whitham's Steam-engine Design 8vo. 5 00
Wood's Thermodynamics, Heat Motors, and Refrigerating Machines. . .8vo, 4 00

MECHANICS PURE AND APPLIED.

Church's Mechanics of Engineering 8vo, 6 00
* Mechanics of Internal Works 8vo, 1 50
Notes and Examples in Mechanics 8vo, 2 00

Dana's Text-book of Elementary Mechanics for Colleges and Schools .12mo, 1 50
Du Bois's Elementary Principles of Mechanics:

Vol. I. Kinematics 8vo, 350
Vol. II. Statics 8vo, 4 00

Mechanics of Engineering. Vol. I Small 4to, 7 50
Vol. II Small 4to, 10 00

* Greene's Structuraf Mechanics 8vo, 2 50
* Hartmann's Elementary Mechanics for Engineering Students 12mo, 1 25

James's Kinematics of a Point and the Rational Mechanics of a Particle.

Large 12mo. 2 00
* Johnson's (W. W.) Theoretical Mechanics 12mo, 3 00
Lanza's Applied Mechanics 8vo, 7 50
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* Martin's Text Book on Mechanics, Vol. I, Statics 12mo. $1 25
* Vol. II, Kinematics and Kinetics. 12mo, 1 50

Maurer's Technical Mechanics 8vo. 4 00
* Merriman's Elements of Mechanics 12mo, 1 00

Mechanics of Materials 8vo, 5 00
* Michie's Elements of Analytical Mechanics 8vo, 4 00
Robinson's Principles of Mechanism 8vo, 3 00
Sanborn's Mechanics Problems Large 12mo, 1 50
Schwamb and Merrill's Elements of Mechanism 8vo, 3 00
Wood's Elements of Analytical Mechanics 8vo, 3 00

Principles of Elementary Mechanics 12mo, 1 25

MEDICAL.

* Abderhalden's Physiological Chemistry in Thirty Lectures. (Hall and
Defren.) 8vo, 5 00

von Behring's Suppression of Tuberculosis. (Bolduan.) 12mo, 1 00
Bolduan's Immune Sera 12mo, 1 50
Bordet's Studies in Immunity. (Gay.) 8vo, 6 00
* Chapin's The Sources and Modes of Infection Large 12mo, 3 00
Davenport's Statistical Methods with Special Reference to Biological Varia-

tions 16mo, mor. 1 50
Ehrlich's Collected Studies on Immunity. (Bolduan.) 8vo, 6 00
* Fischer's Oedema 8vo, 2 00

* Physiology of Alimentation .Large 12mo, 2 00
de Fursac's Manual of Psychiatry. (Rosanoff and Collins.).. . .Large 12mo, 2 50
Hammarsten's Text-book on Physiological Chemistry. (Mandel.) 8vo, 4 00
Jackson's Directions for Laboratory Work in Physiological Chemistry. .8vo,
Lassar-Cohn's Praxis of Urinary Analysis. (Lorenz.) 12mo,
Mandel's Hand-book for the Bio-Chemical Laboratory 12mo,
* Nelson's Analysis of Drugs and Medicines 12mo, 3 00
* Pauli's Physical Chemistry in the Service of Medicine. (Fischer.) . .12mo,
Pozzi-Escot's Toxins and Venoms and their Antibodies. (Cohn.). . 12mo,

25
00

Rostoski's Serum Diagnosis. (Bolduan.) 12mo, 1 00
Ruddiman's Incompatibilities in Prescriptions 8vo, 2 00

Whys in Pharmacy 12mo, 1 00
Salkowski's Physiological and Pathological Chemistry. (Orndorff.) ....8vo, 2 50
* Satterlee's Outlines of Human Embryology 12mo, 1 25
Smith's Lecture Notes on Chemistry for Dental Students 8vo, 2 50
* Whipple's Tyhpoid Fever Large 12mo, 3 00
* Woodhull's Military Hygiene for Officers of the Line Large 12mo, 1 50

* Personal Hygiene 12mo, 1 00
Worcester and Atkinson's Small Hospitals Establishment and Maintenance,

and Suggestions for Hospital Architecture, with Plans for a Small

Hospital : 12mo, 1 25

METALLURGY.

Betts's Lead Refining by Electrolysis 8vo, 4 00
Bolland's Encyclopedia of Founding and Dictionary of Foundry Terms used

in the Practice of Moulding 12mo, 3 00
Iron Founder 12mo, 2 50

Supplement 12mo, 2 50
* Borchers's Metallurgy. (Hall and Hayward.) 8vo, 3 00

Douglas's Untechnical Addresses on Technical Subjects 12mo, 1 00
Goesel's Minerals and Metals: A Reference Book 16mo, mor. 3 00
* Iles's Lead-smelting 12mo, 2 50

Johnson's Rapid Methods for the Chemical Analysis of Special Steels,

Steel-making Alloys and Graphite Large 12mo, 3 00

Keep's Cast Iron 8vo, 2 50
Le Chatelier's High-temperature Measurements. (Boudouard Burgess.)

12mo, 3 00
Metcalf's Steel. A Manual for Steel-users 12mo, 2 00
Minet's Production of Aluminum and its Industrial Use. (Waldo.). . 12mo, 2 50
Price and Meade's Technical Analysis of Brass. (In Press.)
* Ruer's Elements of Metallography. (Mathewson.) 8vo, 3 00
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Smith's Materials of Machines 12mo, $1 00
Tate and Stone's Foundry Practice 12mo, 2 00
Thurston's Materials of Engineering. In Three Parts. 8vo, 8 00

Part I. Non-metallic Materials of Engineering, see Civil Engineering,
page 9.

Part II. Iron and Steel 8vo, 3 50
Part III. A Treatise on Brasses, Bronzes, and Other Alloys and their

Constituents 8vo, 2 50
Ulke's Modern Electrolytic Copper Refining 8vo 3 00
West's American Foundry Practice 12mo, 2 50

Moulders' Text Book 12mo. 2 50

MINERALOGY.

Baskerville's Chemical Elements. (In Preparation.)
* Browning's Introduction to the Rarer Elements. . . 8vo, 1 50
Brush's Manual of Determinative Mineralogy. (Penfield.). .. . 8vo, 4 00
Butler's Pocket Hand-book of Minerals 16mo, mor. 3 00
Chester's Catalogue of Minerals 8vo, paper, 1 00

Cloth, 1 25
* Crane's Gold and Silver 8vo, 5 00
Dana's First Appendix to Dana's New "System of Mineralogy". .Large 8vo, 1 00
Dana's Second Appendix to Dana's New "System of Mineralogy."

Large 8vo, 1 50
Manual of Mineralogy and Petrography 12mo, 2 00
Minerals and How to Study Them. 12mo, 1 50
System of Mineralogy Large 8vo, half leather, 12 50
Text-book of Mineralogy 8vo, 4 00

Douglas's Untechnical Addresses on Technical Subjects 12mo, 1 00
Eakle's Mineral Tables 8vo, 1 25
Eckel's Stone and Clay Products Used in Engineering. (In Preparation.)
Goesel's Minerals and Metals: A Reference Book 16mo, mor. 3 00
* Groth's The Optical Properties of Crystals. (Jackson.) 8vo, 3 50
Groth's Introduction to Chemical Crystallography (Marshall) 12mo, 1 25
* Hayes's Handbook for Field Geologists , 16mo, mor. 1 50

Iddings's Igneous Rocks 8vo, 5 00
Rock Minerals 8vo, 5 00

Johannsen's Determination of Rock-forming Minerals in Thin Sections. 8vo,

With^Thumb Index 5 00
* Martin's Laboratory Guide to Qualitative Analysis with the Blow-

pipe c 12mo, 60
Merrill's Non-metallic Minerals: Their Occurrence and Uses 8vo, 4 00

Stones for Building and Decoration 8vo, 5 00
* Penneld's Notes on Determinative Mineralogy and Record of Mineral Tests.

8vo, paper, 50
Tables of Minerals, Including the Use of Minerals and Statistics of

Domestic Production 8vo, 1 00
* Pirsson's Rocks and Rock Minerals 12mo, 2 50
* Richards's Synopsis of Mineral Characters 12mo, mor. 1 25
* Ries's Clays : Their Occurrence, Properties and Uses 8vo, 5 00
* Ries and Leighton's History of the Clay-working Industry of the United

States 8vo, 2 50
* Rowe's Practical Mineralogy Simplified 12mo, 1 25
* Tillman's Text-book of Important Minerals and Rocks 8vo, 2 00

Washington's Manual of the Chemical Analysis of Rocks 8vo, 2 00

MINING.
* Beard's Mine Gases and Explosions Large 12mo, 3 00
* Crane's Gold and Silver 8vo, 5 00

* Index of Mining Engineering Literature 8vo, 4 00
* 8vo, mor. 5 00

* Ore Mining Methods 8vo, 3 00
Dana and Saunders's Rock Drilling. (In Press.)

Douglas's Untechnical Addresses on Technical Subjects 12mo, 1 00
Eissler's Modern High Explosives 8vo, 4 00
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Goesel's Minerals and Metals: A Reference Book 16mo, mor. $3 00
Ihlseng's Manual of Mining 8vo, 5 00
* Iles's Lead Smelting 12mo, 2 00
Peele's Compressed Air Plant for Mines 8vo, 3 00
Riemer's Shaft Sinking Under Difficult Conditions. (Corning and Peele.)8vo, 3 00
* Weaver's Military Explosives 8vo, 3 00
Wilson's Hydraulic and Placer Mining. 2d edition, rewritten 12mo, 2 50

Treatise on Practical and Theoretical Mine Ventilation 12mo, 1 25

SANITARY SCIENCE.

Association of State and National Pood and Dairy Departments, Hartford

Meeting, 1906 8vo, 3 00
Jamestown Meeting, 1907. 8vo, 3 00

* Bashore's Outlines of Practical Sanitation 12mo, 1 25
Sanitation of a Country House 12mo, 1 00
Sanitation of Recreation Camps and Parks 12mo, 1 00

* Chapin's The Sources and Modes of Infection Large 12mo, 3 00
Folwell's Sewerage. (Designing, Construction, and Maintenance.) 8vo, 3 00

Water-supply Engineering 8vo, 4 00
Fowler's Sewage Works Analyses 12mo, 2 00
Fuertes's Water-filtration Works 12mo, 2 50

Water and Public Health 12mo, 1 50
Gerhard's Guide to Sanitary Inspections 12mo, 1 50

* Modern Baths and Bath Houses 8vo, 3 00
Sanitation of Public Buildings 12mo, 1 50

* The Water Supply, Sewerage, and Plumbing of Modern City Buildings.
8vo, 4 00

Hazen's Clean Water and How to Get It Large 12mo, 1 50
Filtration of Public Water-supplies 8vo, 3 00

* Kinnicutt, Winslow and Pratt's Sewage Disposal 8vo, 3 00
Leach's Inspection and Analysis of Food with Special Reference to S'ate

Control 8vo, 7 50
Mason's Examination of Water. (Chemical and Bacteriological) 12mo, 1 25

Water-supply. (Considered principally from a Sanitary Standpoint).
8vo, 4 00

* Mast's Light and the Behavior of Organisms Large 12mo, 2 50
* Merriman's Elements of Sanitary Engineering 8vo, 2 00

Ogden's Sewer Construction 8vo, 3 00
Sewer Design 12mo, 2 00

Parsons's Disposal of Municipal Refuse 8vo, 2 00
Prescott and Winslow's Elements of Water Bacteriology, with Special Refer-

ence to Sanitary Water Analysis 12mo, 1 50
* Price's Handbook on Sanitation 12mo, 1 50
Richards's Conservation by Sanitation 8vo, 2 50

Cost of Cleanness 12mo, 1 00
Cost of Food. A Study in Dietaries 12mo, 1 00
Cost of Living as Modified by Sanitary Science 12mo, 1 00
Cost of Shelter 12mo, 1 00

* Richards and Williams's Dietary Computer 8vo, 1 50
Richards and Woodman's Air, Water, and Food from a Sanitary Stand-

point 8vo, 2 00
* Richey's Plumbers', Steam-fitters', and Tinners' Edition (Building

Mechanics' Ready Reference Series) 16mo, mor. 1 50
Rideal's Disinfection and the Preservation of Food 8vo, 4 00

Sewage and Bacterial Purification of Sewage 8vo, 4 00

Soper's Air and Ventilation of Subways 12mo, 2 50
Turneaure and Russell's Public Water-supplies 8vo, 5 00
Venable's Garbage Crematories in America 8vo, 2 00

Method and Devices for Bacterial Treatment of Sewage 8vo, 3 00
Ward and Whipple's Freshwater Biology. (In Press.)

Whipple's Microscopy of Drinking-water 8vo, 3 50
* Typhoid Fever Large 12mo, 3 00
Value of Pure Water Large 12mo, 1 00

Winslow's Systematic Relationship of the Coccaceae Large 12mo, 2 50
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MISCELLANEOUS.

* Chapin's How to Enamel 12mo. $1 00
Emmons's Geological Guide-book of the Rocky Mountain Excursion of the

International Congress of Geologists Large 8vo. 1 50
Ferrel's Popular Treatise on the Winds 8vo, 4 00
Fitzgerald's Boston Machinist 18mo, 1 00
Gannett's Statistical Abstract of the World 24mo, 75
Haines's American Railway Management 12mo, 2 50
Hanausek's The Microscopy of Technical Products. (Winton) 8vo, 5 00
Jacobs's Betterment Briefs. A Collection of Published Papers on Or-

ganized Industrial Efficiency 8vo, 3 50
Metcalfe's Cost of Manufactures, and the Administration of Workshops..8vo, 5 00
Putnam's Nautical Charts 8vo, 2 00
Ricketts's History of Rensselaer Polytechnic Institute 1824-1894.

Large 12mo, 3 00
Rotherham's Emphasised New Testament Large 8vo, 2 00
Rust's Ex-Meridian Altitude, Azimuth and Star-finding Tables. 8vo 5 00
Standage's Decoration of Wood, Glass, Metal, etc ; . < . 12mo 2 00
Thome's Structural and Physiological Botany. (Bennett) 16mo, 2 25
Westermaier's Compendium of General Botany. (Schneider) 8vo, 2 00
Winslow's Elements of Applied Microscopy 12mo, 1 50

HEBREW AND CHALDEE TEXT-BOOKS.

Gesenius's Hebrew and Chaldee Lexicon to the Old Testament Scriptures.

(Tregelles.) .Small 4to, half mor, 5 00
Green's Elementary Hebrew Grammar 12mo, 1 25
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